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IMPROVED MINIMUM DISTANCE BOUNDS
FOR LINEAR CODES OVER GF(5)"

Rumen Daskalov, Elena Metodieva

Let [n, k, d]q-codes be linear codes of length n, dimension k& and minimum Hamming
distance d over GF(q). In this paper, nine new codes over GF(5) are constructed and
the nonexistence of fifty codes is proved. All of these results improve the respective
known lower and upper bounds on the minimum distance in [2].

1. Introduction and preliminary results. Let GF(q) denote the Galois field of
q elements, and let V(n,q) denote the vector space of all ordered n-tuples over GF(q).
The Hamming weight of a vector z, denoted by wt(x), is the number of nonzero entries in
z. A linear code C of length n and dimension k over GF'(q) is a k-dimensional subspace
of V(n,q). Such a code is called [n, k, d]4-code if its minimum Hamming distance is d.
For a linear code, the minimum distance is equal to the smallest of the weights of the
nonzero codewords.

A central problem in coding theory is that of optimizing one of the parameters n, k
and d for given values of the other two and ¢-fixed. Two versions are:

Problem 1: Find dg(n, k), the largest value of d for which there exists an [n, k, d]4-code.

Problem 2: Find ny(k,d), the smallest value of n for which there exists an [n, k, d]4-
code.

A code which achieves one of these two values is called optimal.

For the case of linear codes over GF'(5), Problem 2 has been solved for k£ < 3 (see
[6]). In addition, n5(4,d) has been found for all but 22 values of d in [1]. Now there are
only eight unsolved cases (see [8]) in this dimension. In [4], fourty-four new linear codes
over GF(5) were constructed, the nonexistence of twenty linear codes was proven and a
table of d5(n, k), k < 8,n < 100 was presented. Eight new quasi-cyclic (QC) linear codes
are constructed and the nonexistence of six codes is proved in [3]. New codes are also
given in [10], [11].

In this paper, new QC codes (for the definition and the properties of QC codes see
e. g. [3], [4]) are constructed, using a nonexhaustive algebraic-combinatorial computer
search. The parameters of these codes are given in Table 1. The minimum distances,
dpr [2], of the previously best known codes are given for comparison. The nonexistence
of many linear codes is also proven.
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Definition. The dual code C* of C is the set of words of length n that are orthogonal
to all codewords in C, w. r. t. the ordinary inner product.

Given an [n, k, d]4-code C, we denote by A; the number of codewords of weight ¢ in C.
The ordered (n + 1)-tuple of integers {4;}~, is called the weight distribution or weight
enumerator of C'.

Theorem 1 [9] (the MacWilliams’ identities). Let an [n, k, d]s-code and its dual code
have weight enumerators {A;}7, and {B;}I_, respectively. Then

n

ZKt(i)Ai =5%B,, for0<t<n,

where

are the Krawtchouk polynomials.

Lemma 1 [7]. For an [n,k,d]s-code, B; = 0 for each value of i (where 1 <i <k)
such that there does not exist an [n — i,k — i+ 1,d]5-code.

Definition. A k x n matrix G having as rows the vectors of a basis of a linear code
C' is called a generator matriz for C'.

Definition. Let C be an [n, k,d]q-code with generator matriz G and let ¢ be a row of
G. The residual code of C' with respect to c is the code generated by the restriction of
G to the columns where ¢ has a zero entry. The residual code of C with respect to c is
denoted Res(C,c) or Res(C,w) if the weight of ¢ is w (wt(c) = w).

Lemma 2 [5]. Let C be an [n,k,d]s-code and c € C, wt(c) = w and w < d + [¥].
Then Res(C,w) has parameters [n —w,k —1,d°]5, where d° > d —w + [¥].

Lemma 3 [7]. Let C be an [n,k,d]5-code with k > 2. Then:
a) A; =0 or4 fori> (5n —4d)/2
b) If A; =4, then Aj =0 for j+i>b5n—4d and i # j.
The Linear Programming Bound. The weight enumerator of an [n, k, d]s-code C
is a feasible solution of the following linear program (LP)

n
maximize: L =1+ Z A;
i=d

subject to: > Ki(i).A; = —K(0) t=1,...,d- -1

i=d
n
ZKt(Z)A’L > —Kt(O) t:dJ‘,...,n
i=d
A; >0 i=d,....n
A; =0 i € I (the set of absent weights).
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It is clear now that if L. < 5%, then the code C does not exist.

2. Bounds on minimum distance.
2.1. Lower bounds.
Theorem 2. There exists an optimal [54,5,40]5-code.

Proof. The generator matrix and the weight enumerator are as follows:

0000000001111111111111111111111111111711111111111111111
000111111000000111111111112222222222233333333333444444

G = | 011000222001144122233334441111222233400011123334223444 | ,
002014123230203111401242230112113333402313421124043223
111303133010313002424240430241241414110133412313244014

01405804172042420455204678050245280 .
Theorem 3. There exist QC' codes with parameters:
[33,11,15]s, [44, 11, 23], [55, 11, 30]5, [77, 11, 46]5,

88,11, 53]5, 99, 11, 61]5, [52, 13, 26]5, [65, 13, 35]5.

Proof. The coefficients of the defining polynomials of the new codes are as follows:

1. A [33,11,15]5-code: 00010112142, 00001112123, 00000000001;
2. A [44,11,23]5-code: 00102414424, 00010121423, 00001112123, 00000000001;
3. A [55,11, 30]5-code: 00001121322, 00110212114, 00010121423, 00001112123, 00000000001

4. A [77,11,46]5-code: 00101241113, 00014311142, 00001333412, 00110212114, 00010121423,
00001112123, 00000000001;

5. An [88,11,53]5-code: 00001131232, 00101241113, 00014311142, 00001333412, 00110212114,
00010121423, 00001112123, 00000000001;

6. A [99,11,61]s5-code: 00114234011, 00001141434, 00101241113, 00014311142, 00001333412,
00110212114, 00010121423, 00001112123, 00000000001;

7. A [52,13,26]5-code: 0001020332010, 0010322333012, 0001244224421, 0000000000001;

8. A [65,13,35]5-code: 0001111431431, 0001020332043, 0010322333012, 0001244224421,
0000000000001.

Table 1. Minimum distances of the new linear codes over GF(5).

code | d | dp[2] code | d | dp[2]
33,11] | 15 14 88,11] | 53 52

[ [

[44,11] | 23| 22 || [99,11] | 61 | 60
[55,11] | 30 | 29 | [52,13] | 26 | 25
(77,11] | 46 | 45 || [65,13] | 35 | 34
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2.2. Upper bounds.
Theorem 4. We have d5(106,5) < 82.

Proof. Suppose there exists a [106,5,83]5-code C. By [2] [103,3,83]5, [104,4, 83]5
and [105, 5, 83]5 codes do not exist. So by Lemma 1 it follows that B; = By = Bs = 0.
For codewords with weights 86, 87, 88, 89, 91, 92, 93, 96, 97, 98, 99, 101 and 102 we
calculate the parameters of the respective residual codes, using Lemma 2. From [2] these
residual codes do not exist and so Agg, As7, Ass, Asgg, Ag1, Aga, Ags, Agg, Ag7, Agsg, Agg,
Aqg1 and Aige are equal to zero.

By Lemma 3 AIOO; Alog, 141047 141057 Aloﬁ are either 0 or 4.

The first four MacWilliams identities are:

eo 1 Ags + Aga + Ags + Ago + Ags + Ags + A1oo + Aoz + Aroa + Aros + Aios = 3124

er: 9.Ag3 + 4. Agq — Ags — 26.Ago — 46.Ag4 — 51.Ags — 76.A100 — 91.A103
796"’4104 - 101-A105 - 106.A106 = —424

€ ! —185.1483 - 210A84 - 210A85 + 1651490 + 9151494 + 11651495 + 2790.A100
+4065.A103 + 4540.A104 + 5040.A195 + 5565. 4106 = —89040

es: —1445.Ag3 — 420. Agq + 630.Ags + 1880. A9 — 9420.Agq — 14995. Ag5 — 65620.A100
—118695.A103 — 140920.A104 — 165620.A105 — 192920.A106 = —12346880.

Calculating the linear combination (772.eq + 101.e;3 + 22.e5/5 + 3.e3/5)/25 we get
ay : 5. Ags — 220.Agq — 330.A95 — 1360.A100 — 2470.A103

—2940. A104 — 3465.A105 — 4048.A195 = —217240.

By Lemma 3 a) Ajos and Ajps are either 0 or 4. If Ajps or Ajgs equals 4 then using
Lemma 3 b) and equation a; we obtain that Ags < 0, a contradiction.
So A1ps = A105 = 0.

Calculating the next two linear combinations (1092.eg +126.e1 +32.e3/5+ 3.e3/5)/25
and (126.e9 — 42.e; + l.ea/5 — l.e3/5)/125 we get respectively:

as : 7.A83 - 180A94 - 275A95 - 1200.A100 - 2223.A103 - 2660.A104 = —184800
as 7.A90 + 33.A94 + 44.1495 + 136.14100 + 228.A103 + 266.A104 = 22904.

If Ajgs = 4 then by Lemma 3 Ajg3 = Ai1gp = Ags = 0 and equation as + 7.a3 gives
a contradiction. So Ajgs = 0. Analoguosly Ajg3 = 0 and A199 = 0. Now the equation
as~+T7.a3 gives 7.Ag3 +49.A90+51.A494 + 33. Ag5 = 160328 — 184800 < 0, a contradiction.
So a [106, 5, 83]5-code does not exist.

Theorem 5. We have d5(102,5) < 79.

Proof. Suppose there exists a [102,5, 80]5-code C. By Lemma 1 and [2] By = By =
B; = 0. Using Lemma 2 and the respective upper bounds in [2] we find that the only
nonzero weights that may occur in C are Agg, Agg, Aoy, A100, A101 and Ajge. Since
q = 5 divides d = 80, it follows by the remarkable result of Ward [12] that all weights
are divisilbe by ¢ = 5 and so only Agg, Agg and Ai1gp are not equal zero.

The first three MacWilliams identities are:

eo : Ago + Ago + A1o0 = 3124
€1 S.Ago - 42.A90 - 92.14100 = —408
es : —184.Ago + T41. Ago + 4166. 41099 = —82416.
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This system has the unique solution
Ago = 2625, Agp =490, A0 =09,
but by Lemma 3 Aj99 = 0 or 4, a contradiction. So a [102, 5, 80]5-code does not exist.

Theorem 6. There do not exist codes with parameters:

[104,6,80]5, [109,6,84]5, [114,6,88]5, [119,6,92]5, [124,6,96]5, [129,6,100]s,
[109,7,83]5, [114,7,87)5, [124,7,95]5, [128,7,98]s, [75,8,55]5,  [80,8,59]s,

[124,8,94]5, [75,9,54]5,  [80,9,58]5,  [103,9,76]5, [107,9,79]5, [112,9,83]s,
[117,9,87]5, [122,9,91]5, [127,9,95]5, [76,10,54]5, [80,10,57]s, [89,10,64]s,
[94,10,68]5, [103,10,75]5, [107,10,78]s, [112,10,82]s, [116,10,85]s5, [121,10,89]s,
[126,10,93]5, [130,10,96]5, [71,11,49]5, [76,11,53]5, [80,11,56]5, [85,11,60]s,
[76,12,52]5, [80,12,55)5, [84,12,58]5, [89,12,62]5, [93,12,65]5, [98,12,69]s,
[102,12,72]5, [107,12,76]5, [112,12,80]5, [117,12,84]5, [122,12,88]s, [126,12,91]s.

Proof. For every of the above codes we solve the respective linear program with the
aid of the well-known simplex method. In all of the cases we obtain L.,q. < 5% and so
the codes do not exist.
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IIOOJOBPEHUN I'PAHUIIA 3A MUHNMAJIHOTO PASCTOAHUE
HA JIMHEVNHUW KOJOBE HA/JI GF(5)

Pymen HackasioB, Ejqena MetoaueBa

Hexka [n, k, d]4-K0J e JIMHEEH KOJ| C JIbJDKUHA 1, PA3MEPHOCT k ¥ MUHUMAJIHO XeMUH-
roeo pascrosiaue d Hajy GF(g). B Tasu crarusi ca KOHCTpyMpaHHU JeBeT HOBH KOJa
U € JIOKa3aHO HECHIIEeCTBYBAHETO HA IIET/IECET KOJ@ HaJl II0JIe C IeT ejeMeHTa. llo-
JIyY€HHUTEe Pe3yJITaTh IO00psIBAT CHOTBETHUTE IO3HATH JI0 MOMEHTA JIOJIHA U TOPHU
IPaHUIM 33 MUHUMAJIHOTO pa3CTosiHue B Tabsmuara Ha Bpayep [2].
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