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The curvature tensor in the basic classes of the real time-like hypersurfaces of a Kahler
manifold with B-metric is given. The essential components of these curvature tensors
with respect to the standard complex coordinates are obtained. The case of a Kahler
manifold with B-metric and constant totally real sectional curvatures is considered.
These hypersurfaces are characterized in terms of the curvature tensor.

1. Introduction. In [5] two types of real hypersurfaces of a complex manifold
with B-metric are introduced. The obtained submanifolds are almost contact B-metric
manifolds. The real time-like hypersurface of an almost complex manifold with B-metric
is determined by the condition the normal unit to be time-like. The class of such hy-
persurfaces of a Kahler manifold with B-metric as almost contact B-metric manifolds is
determined in [7].

In this paper we study the curvature tensor of the real time-like hypersurfaces of
a Kahler manifold with B-metric and constant totally real sectional curvatures. We
give the essential components and the complex equalities for the curvature tensor and we
characterize these hypersurfaces by their curvature tensor according to the decomposition
from [9)].

Let (M',J,g’) be a (2n 4 2)-dimensional almost complex manifold with B-metric,
i.e. J be an almost complex structure and ¢’ be a metric on M’ such that: J? =
—1d, gl(J'aJ')
= —¢'(+,-). The associated metric §’ of ¢’ is given by §'(-,-) = ¢’(-, J-). Both metrics are
necessarily of signature (n+1,n+ 1) [2].

The class Wy of the Kéhler manifolds with B-metric is determined by the condition
V'J =0, where V' is the Levi-Civita connection of ¢’.

Let (M, ¢,&,m,g) be a (2n + 1)-dimensional almost contact manifold with B-metric,
ie. (¢,€,m) is an almost contact structure and g is a metric on M such that: p? =
—id+n®&nE&) =15 g(e-,¢) = —g(-,-) + n(-)n(-). Both metrics g and its associated
g:g(,) =g(,9)+n()n(-) are indefinite metrics of signature (n + 1,n) [3].

Further, X,Y, Z will stand for arbitrary differentiable vector fields on M and z,y, z
— arbitrary vectors in the tangential space T, M to M at some point p in M.
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A decomposition of the class of the almost contact manifolds with B-metric with
respect to the tensor F': F(X,Y,Z) = g((Vx)Y, Z) is given in [3], where are defined
eleven basic classes F; (i = 1,...,11). The Levi-Civita connection of g is denoted by
V. The special class Fy: F = 0 is contained in each F;. The following 1-forms are
associated with F: 0(-) = g F(e;,ej,-), 0°(:) = Y F(e;, e, ), w(-) = F(&,€, ), where
{ei,&} (i =1,...,2n) is a basis of T,M, and (¢%/) is the inverse matrix of (g;;).

Let M : ¢'(N,N) = —1 be a real time-like hypersurface of (M’,J, ¢') and let M be
equipped with the almost contact B-metric structure as in [5]

p:=J+cost.g'(,JN){cost.N —sint.JN}, &:=sint.N + cost.JN,
n:=cost.g'(-,JN), ¢g:=¢'|m, t:=arctan{g’(N,JN)}, te (—g; g) .
In [7] it is determined the class of real time-like hypersurfaces of a Wy-manifold in
terms of F' as Fy & Fs & Fe ® F11.
If h(X,Y) = g(AX,Y) is the second fundamental form of the hypersurface M, then
the formulas of Gauss and Weingarten in this case are:

(1) VY =VxY —h(X,Y)N, VN = -AX.
In [9] it is obtained an orthogonal and invariant decomposition of the space of the
(0, 2)-tensors over a vector space with (i, &, 7, g)-structure to nine subspaces L1, ..., Lg.

Using this decomposition and the results for i from [5] and [7], we obtain the following

Theorem 1.1. The basic classes of real time-like hypersurfaces of a Wy-manifold are
characterized in terms of their second fundamental form h as follows:

Fo: h=hg; Fi: h=hg+ h; (i:4,5,6,11),
where hg € Lg; ha,hs € L1 ® Lo; hg € L3; h11 € L7 and

no(X.Y) = L), (X Y) = B feostgeX, 1) — sintg(X, o))

hs(X,Y) = 9*2—(”5) {sint.g(¢X, ¢Y) + cost.g(X,pY)},

he(X,Y) = —%[sint.(ﬁgg)(X, Y) — cost.(Leg)(X, oY),
(Leg)(X,Y) = (Vxn)Y + (Vyn)X,
hi1(X,Y) = —sint[n(X)w(pY) + n(Y)w(eX)] — cost[n(X)w(Y) + n(Y)w(X)].

2. Curvature tensors. In this section we express the curvature tensor in the basic
classes of the real time-like hypersurfaces of a Kahler manifold with B-metric.

The curvature tensor R for V is defined as usual by R = [V, V] — V[ ;. The tensor
R’ is the corresponding curvature tensor of V.

It is known [1], that a Wy-manifold (dim M’ > 4) is of constant sectional curvatures
v and 7/ for nondegenerate totally real sections o (i.e. Jo/ L «') if and only if

(2) R =V'[r — mh] + U'ns.
Both functions v/ and 7’ are constant if M’ is connected and dim M’ > 6.

We use the following curvature-like tensors of type (0,4), which are invariant with
respect to the structural group. The tensor S is a symmetric and y-antiinvariant tensor
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of type (0, 2).

V1(S)(z,y, 2,u) = g(y, 2)S(z,u) — g(z,2)S(y, u) + g(z,u)S(y, 2) — g(y, w)S(z, 2),
V2 (S)(,y, 2,u) = ¥1(S) (2, y, pz, pu),

¥3(5) ) = —1(S)(z,y, pz,u) — P1(S) (2, y, 2, pu),

Ya(S)(x,y, 2,u) = ¥1(S) (2, y, & un(z) + P1(S) (2, y, 2, &)n(w),

V5 (S)(2,y, 2,u) = Y1(S) (2,9, &, pu)n(2) + ¥1(S) (2, y, 92, E)n(u).

1
We denote tensors m; = 51#,-(9) (1 =1,2,3),m = i(g9) (¢ =4,5). The tensor m;(S) is m;

with the substitution S for g, and «} is m; Wlth respect to ¢’ (i = 1,2, 3, respectively).
Having in mind the equations (1), (2), Theorem 1.1, the Gauss equation and the
Codazzi-Mainardi equation, we obtain the following

(
(
(x,y,2,u
(
(

Theorem 2.1 Let M be a real time-like hypersurface of a Wy-manifold with constant
totally real sectional curvatures v' and U'. Then

R(z,y,z,u) = {V' [m — ma — tant.mws] + ' [w3 — tant.my)} (z,y, 2, u)
—7T1(A$, Aya Z, U),

(Vah)2) = (V) @ 2) = ——— {0'7s + s} (29)2

and the tensor m (Ax, Ay, z,u) takes the following form in the basic classes:

mi(Az, Ay, 2,u) =
Fo | =0
_ 0(9di(s) .
Fi |l = W {sint.75 + cost.my}
in (5) {0052 t{m —ma] + sin? t.my — sint cost [m3 + 7r5]}
_ 9*(§)dt(§) -
]:5 = W {COS t.7T5 — Slnt.71’4}
+— 2 (5) {sin2 t{m — ma] + cos? t.my + sint cost [m3 + 7r5]}
Fo | = 2 in s (Leg) — costis (L)
1
+2 [sin® t.my (Leg) + cos® t.ma (Leg) + sint cost.ms (Leg)]
Fi1 | = —cos? t.ahy(w @ w) — sin® t.y (0 @ @)
—sintcost. w0+ o Qw), O=wop

Having in mind the K&hler property of R in the class Fy [4], we obtain the following

Corollary 2.2. Let M be a time-like hypersurface of a Wy-manifold M’ with constant
totally real sectional curvatures. If M belongs to the class Fy then M is a hyperplane of
the flat manifold M’.

3. The essential components of the curvature tensor. In this section we get
the essential (which may be nonzero) components of the curvature tensors in the basic
classes of the real time-like hypersurfaces of a Kahler manifold with B-metric.
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Let (V2L 0 €, m,9) be an almost contact vector space with B-metric and vC =
pCea {&}, where DT is the complexification of D = kern and {£{} = (imn)¢. It is valid

the decomposition D€ = D10 @ D1 where D0 and D% are the i-eigenspace and the
(—i)-eigenspace of ¢, respectively. Moreover, we have D'0 = span{Z, = e, — ipeqs},
D% = span{Zs = e, +ipes}, Zo = & for an orthonormal basis {eq, peq,E_; of V.

Let (M, p,&,1n,9) be a real time-like hypersurfaces of a Wy-manifold. Following [8]
we give the following

Lemma 3.1. The characteristic conditions for the basic classes of the considered hy-
persurfaces in terms of the essential components and the essential complex equalities for
the fundamental tensors are the following:

. ) 0 dt
Fs: hag = —eitFago = —eithao = if“wﬂam hoo = _QCOStlﬁ(E)
. . 1 .
: hag = —€®F 50 = —€®Fgo0 = —e™ a trh = hgg = ————=, tr*h =0;
Fe 8 e 80 e F3a0 2@ (Leg)ap, tr 00 Teont’ T 0;
dt(§)

Fii: hoa = —e"wa = —ie™(Ln)ao = —5€"(Lg)avo,  hoo = =5

The Codazzi-Mainardi equation implies the following

Lemma 3.2. The essential components of the covariant derivative of the second fun-
damental form h of M satisfy the following equalities:

(vah)bc - (vbh)ac = 07 be {@7 B}7 ce {77’77 0}7
(Voh)ab - (Vah)Ob = 0) ]I-) € {ﬁa 0}7

(Voh)ag — (Vah)og = —@(17/ + i) gap-
Having in mind the Gauss equation we get

Lemma 3.3. The essential components of the curvature tensor R of M are:

Raﬁ’yé = 2Vl(gﬁ’yga6 - ga’ygﬁé) + 22’9[(9@79&5 - gaégﬁ’y) - hﬁ’yhocé + ha'yh667

Ropys = —hpyhas + hayhps, Rapys = —hpyhas + hayhps,
Rogys = —hgyhas + hayhps, Rapyo = —hgyhao + havyhgo,
Rapyo = —hpyhao + hayhio, Rapy0 = —hgyhao + hayhgo,

Roapo = (V' — V' tant)gep — i(V' tant + ') gag — haghoo + hoghao,

Roapo = —haghoo + hoghao-
A decomposition of the set R of all curvature-like tensors over (V, ¢, &, n,g) into 20 mu-
tually orthogonal and invariant factors with respect to the structural group (GL(n, C)n
O(n, n)) x I is obtained in [9]. Each of these factors is described by the essential compo-
nents and the complex equalities for R with respect to the standard complex coordinates
in [10]. Let us recall, an almost contact manifold with B-metric is said to be in the class
hRi, hRi, vR;, ij-, wR, wg, vy, ws if R € KRy, KR}, vR;, ’uRj-, wR, wg, Uy, Ws,
respectively, where ¢ = 1,2,3; j = 1,2, k=1,...,11; r=1,...,5; s = 1,...,4. Using
the characterization from [10] of the twenty factors of R, Lemma 3.1 and Lemma 3.3, we
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express the essential components and the decomposition of R in the following
Theorem 3.4. Let M be a real time-like hypersurface of a Wy-manifold of constant
totally real sectional curvatures V' and . Then for the basic classes of the considered

hypersurfaces we have:
Fi: M Ew ®wr®ws P w ®wo,

62 62
Rogys =2 i[u’ — 87(7,52) cos Qt] —1 [f/' + # sin 24 } (gﬁ’ygaé - gavgﬁé)v
0=(€)

Raﬁ'yg = Wgoﬂgﬁga

Roago = [u’ — 0V tant — %dt({)] Gap — 1 |:l/l tant + ' + %dt({) tan t} GaB;
Fs: M€ w ®wr P ws P w wo,
0*2(€) o, 0
Rapgys =2 {[V' + g2 o8 2t] —1 [1/ — gz Sin Qt} } (98v9as — Gar9ps),
(€

Rogys = %gavgﬁ&

e, () il () ,
Roapo = [V — V' tant dt(§) tant| gag — @ [V tant + U 1 dt(&)| gap;

n n

Fo: M€ hRy ©hR1 O w S wy S ws,

(Leg)py  (Leglay

Ropys =2V — i) (98v9as — Gary9ss) + —— (Le)os  (Leg)us

Y

1
Rapys = 7(Leg)ar (Leg)ps:

it

Roapo = [V — V' tant] gag — i [V tant + V'] gap + i4COStdt(§)(ﬁgg)ag;
Fii: Mew; @WQ@MR,

Ropys =2 [Vl - iljl] (gﬁ’vgaé - 9@79&)7 4

Roago = [V — V' tant] gapg — i [V tant + '] gop + €2 wawpg,

Rodgo = WaWwg.
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KPUBVMHHUN TEH30PU B'bPXY XUITEPITOBbPXHUWHU HA
KEJIEPOBO MHOTOOBPA3UE C B-METPUKA

Mandvyo Xp. Manes, I'ans B. HakoBa

JlajieH e KpUBUHHISI TEH30P B OCHOBHUTE KJIACOBE Ha PEATHUTE BPEMENOJ00HN XUIEP-
IMOBbPXHUHM Ha €JIHO KeJIepoBO MHOroobpasue ¢ B-merpuka. [lomydyenn ca ocHoBHUTE
KOMITOHEHTH Ha Te3W KPUBUHHU TE€H30PU OTHOCHO CTAHIAPTHUTE KOMIIJIEKCHU KOOD-
nuHaTu. Pasrimenan e ciiydasiT Ha KeJlepoBo MHOroobpasue ¢ B- MeTpuka U MOCTOSTHHI
HAII'BJIHO PeajiHU CEeKIIMOHHU KPUBUHU. Te3u XUIeprio- BbPXHUHY Ca XapaKTepU3nupa-
HU Ype3 KPUBUHHUS TEH30D.
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