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Let ® and ¥ be “arbitrary” linear functionals on C'[0,a] and C*[0, ], respectively.
The class of BVPS uge + uyy = F(z,y) , 0 < z < a,0 < y < b, u(z,0) = 0,
u(0,y) = 0, Pe{ul€,y)} = g(y) , Un{u(z,n)} = f(x) is considered. An extension
of Duhamel principle, known for evolution equations, is proposed. An operational
calculus approach for explicit solution of these problems is developed. A classical
example of such BVP is the Bitsadze — Samarskii problem.

1. Introductions. Let ® be a linear functional on C*|0, a| and ¥ be a linear functional
on C|0, b]. Then they have Stieltjes type representations:

(1) B{f} = Af(a) + / f(tdoft), f €0,
and ’
b
) w{g} = By(b) + / 4 (0)dB(), g € C'0,b]
0

where « and (8 are function with bounded variation, A and B being constants.
We consider the potential equation

(3) Ugy + Uyy = F(x,y)

on the rectangle G = {(z,y) : 0 < z < a, 0 < y < b} with local BV conditions
(4) u(z,0) = ¢(z) and u(0,y) =¥ (z)

and nonlocal BV conditions

(5) Pef{u(€ y)} = 9(), Yn{u(z,n)} = f(2)

with some mild smoothness requirements for the given functions F, ¢, 9, f and g.
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The only restrictions on the functionals ® and ¥ are the requirements ®¢{¢} # 0 and
U, {n} # 0. They are connected with the approach chosen and may be ousted by means
of some technical involvements. For the sake of some normalization of the functionals ®
and ¥, we assume

(6) Pe{} =1 and ¥, {n}=1.

We consider the spaces C(G) and C1(G) of the continuous and smooth functions on
G = [0,a] x [0, ], respectively.
2 o2

Further, we introduce the right inverse operators L, and L, of n

0

@ and 6—y2 (6]
C([0,a] x [0,b]) as the solutions v(x,y) = Lyu(x,y) and w(z,y) = Lyu(z,y) of the
elementary BVPs

0%v
(7) W = U(Ia y)a U(Oa y) = 0) (I)ﬁ{v(gay)} =0
and
0%w
(8) a—yQ = u(x,y), w(ac, O) = 07 \Iln{w(ac, 77)} =0.
The operators L, and L, have the explicit representations:
x £
) Lofu(e. )} = [ (- Qut6.de —x2¢ [ (€~ myuta.v)an .
0 0
Y n
(10) Ly{u(z,y)} = /(y = nu(z,n)dn — y¥y / (n = Qu(x,<)d<
0 0

2. Convolutions. One of the authors had found a convolution (f; * f2)(z) in CO,
al and a convolution (g; i 92)(y) in C[0, b] such that the operators L, and L, are the

convolution operator {x}i and {y}z , correspondingly.

Theorem 1 [1]. The operations

¢
(1) (%)) = =5 q [ hamdn .
0
1 n
(12) (glzgz)(y):j‘l’n /k(y,<)d< :
0

where

(13) h(z,n) = / frn+ 2 — ) fa()ds — [ Fulln—z — o) fallsl)sgns(n — z — ¢))ds

x

g1(In —y —<Pga2(ls))sgn(s(n —y —<))ds

/
/

(14)  k(y,n) = /91(77 +y —<)ga(s)ds —
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are bilinear, commutative and associative operations on C([0,a]) and C([0,b]), respectively,
such that the representations

(15) Lof(z) = {z}* f(z)
and
(16) Lyg(y) = {y} *9(y)
hold.

For a proof see [1].
By means of (11) and (12) a two-dimensional convolution in C([0,a] x [0,b]) can be
defined

Theorem 2 [7]. The operation

(1) (s 0)(,y) = 78Ty (b9, & ),

where

€ n
Be(f(6)} = B / fo)do s, B {f()} =0, / f(r)dr
with

£
Wy &m) = [ Jule+a— oty — (o, r)dodr—
£ n oy
7/ /u<|s—x—a|,n+y—v>v<|a|,7>sgn<s—w—a)adodw
£
-/ / w(E+ 1z — o, ln—y — r)o(o, [7]) sgn (1 — y — T)rdo dr+
z J—y

t [ [ wle e ol g~y et i) son (€ — 2~ 0)n —y — rordo dn
is a bz’lz’nZar, ycommutative and associative operation in C(G) such that
(19 Lu{u(e )} = o} Hulz, )}, Lfu(e.0)} = {5} Hule. )
(19 LoLfu(e.9)} = (e} + (u(z. )}

The linear space C = C(G) equipped with the multiplication (17) is a commutative
Banach algebra (C, ).

Further, we introduce the algebra 9 of the multipliers of (C, *). Let us remind the
definition of a multiplier of (C, *).

Definition 1. (See [3]) A mapping M : C — C is said to by a multiplier of the
convolutional algebra (C, *) iff the relation
(20) M(uxv) = (Mu)*v
holds for all u, v € C.

As it is shown in Larsen [2], each such mapping for our convolution (17) is automatically
linear and continuous. That’s why, further we consider each multiplier of (C, %) as a
continuous linear operator.
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If f € C[0,a] and g € C[0, ], then the convolutional operators fi and gz defined in C'
by (f i)u = fxu, (g i)u =g %u are multipliers of (C, %) (See Dimovski and Spiridonova
[7]). Of course, the operator { F(z,y)}x* is also multiplier of (C, ).

Further, we use the notations

(21) [f], = {f(x)} ¥ and [g], = {g(x)} *.

3. A two-dimensional operational calculus. In 91 there are elements which
are non-divisors of 0. Indeed, such elements are the multipliers {:c}i and {y} g, i.e. the
operators L, and L.

Denote by 91 the set of the non-zero non-divisors of the zero on 9. The set N is a
multiplicative subset of 91, i.e. such that p, ¢ € 91 implies pg € N.

M
Further, we consider multipliers fractions of the form — with M € 9t and N € 9t .

They are introduced in a standard manner, using the well-known method of “localisation”
from the general algebra [4].

Denote by M the set 91719 of multipliers fractions. We consider it as a commutative
xr

ring containing the basic field (R or C), the algebras (C[0, al, *), (C[0, ], i), (C,*) and
M, due to the embeddings

C—oMor C —- M: a’_’aLI:’
Ccoah — M: e B
y (Lyg)z
(C10,8,%) — Mz g —pr—,
L,
LyLyu)*
(C([0,a] x [0,8]),%) — M: “H%'

Further, we consider all numbers, functions, multiplier and multipliers fractions as
elements of a single algebraic system: the ring M of the multipliers fractions.

4. Explicit solution of nonlocal BVPs for the potential equation. We consider
the following boundary value problem:

%—F%:F(I,y), O0<z<a O<y<b
u(z,0) =u(0,y) =0
Peful€ )t =9(y),  Vy{u(z,n)} = f(z)
Definition 2. A function u(z,y) € C*([0,a]x[0,b]) is said to be a generalised solution
of (22) iff u(z,y) satisfies the integral relation
(23) Lo+ Lyu = Ly f(2).y + Lyg(y)-x + Ly Ly F(x,y)

(22)
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2 2
% + g—yZ = F(z,y) applying to
it the operator L,L, and taking into account the boundary value conditions.
Lemma 1. If u(z,y) € C([0,a] x [0,b]) satisfy (23), then u(z,y) satisfies the
boundary value conditions:
u(z,0) = u(0,y) = 0,
eful€ )t =9(y),  Wplu(z,n)} = f(2)

Formally, (23) could be obtained from the equation

Proof. Let us counsider (23). For y = 0 we find L,u(z,0) = 0. Next we apply the
2 2

operator % and find u(z,0) = 0. For « = 0 we find L,u(0,y) = 0. Applying %, we get
£ Y
62

u(0,y) = 0. If apply ¥ to (23), we obtain L, ¥, {u(z,n)} = Lo f(x). Then, applying 902
we obtain ¥, {u(x,n)} = f(z). At last, applying ® to (23), we get L, P {u(&,y)} = Lyg(y)
and, hence, ®c{u(&,y)} = g(y). O

Lemma 2. If u(z,y) € C?([0,a] x [0,b]) satisfy (23) then it is a classical solution of
(22).

4 2 2

Proof. Applying the operator %@gﬁ to (23), we get % + g—yg = F(z,y). The

fulfilment of the boundary value conditions follows from Lemma 1. [

Lemma 3. If u € C*(G), then it holds:

2u
(24) L { 5o b = e + @0el1) = Do) - a{uts. )
and
(25) L, {g—;} — u(a.) + (40, {1) — Du(,0) -y, fulz.n)).

For a proof, see [2].

Most important for our considerations are the algebraic inverses S, = — and
xr

1
Sy = - of the multipliers L, and L, correspondingly.

Lemma 4. If u € C?([0,a] x ([0,b]), then
(26) gy = Spu+ Sp{(#Pe{1} — Du(0,y)} — [Pe{u(€,y)}a,
(27) tyy = Syu + Sy{(yUy{1} = Du(z,0)} = [Ty{u(z,n)}]y.

Proof. By multiplication of (24) and (25) by S, and S, , correspondingly. O
Using the boundary value conditions of (22), the equation gz, + uy, = F(z,y) can
be reduced to a single algebraic equation in M. Indeed, by (26) and (27) we find
(28) Uzw = Sz — [9(y)]a

(29) Uyy = Syu — [f(v)]y
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and the equation g, + uyy = F(z, y) takes the algebraic form:

If S; + Sy is non-divisor of zero, then the last equation has the following formal

solution in M:
= (Pl + e @)+ s )
U= 51, Tt gy V@l + g gyl

The requirement S; + Sy to be a non-divisor of 0 in M is equivalent to a theorem for
uniqueness of the solution of (22). Therefore, our next task is to study the uniqueness for
problem (22). In the direct algebraic approach we are following, this problem reduces to
the purely algebraic requirement the elements S, + .S, of M to be non-divisors of zero
in M.

To this end we consider the following two eigenvalue problems:
(30) u”’(x) + Nu(xr) =0, z € (0,a), u(0) =0, ®{u()} =0 in C[0,a,
(31) v"(y) + pPo(y) =0, y € (0,b), v(0) =0, ¥, {v(n)} =0 in C[0,b].

Let A, and ., be the eigenvalues of (30) and (31) for n, m € N, correspondingly.

Lemma 5. If there exists a dispersion relation of the form A2 + u2 =0 for some n,
m € N, then S; + 5y is a divisor of zero in M.

Proof. Let for some n, m € N we have A2 + 2, = 0. Then
(Sz + Sy) sin Ay sin pny = f()\i + ufn) sin A sin g,y = 0. O
Theorem 3. Let a € supp®. If A2 + p2 # 0 for all n, m € N, then S, + Sy is a
non-divisor of zero in M.

Proof. Assume the contrary. It is easy to see, that S; + S, is a divisor of zero in
M iff there is a function u € C*(G) , u # 0, such that (S, + S, )u = 0. This relation is
equivalent to

(32) (Ly + Ly)u=0
Let A\, be an arbitrary eigenvalue of (30). Then, A, is a zero of the sine-indicatrix
in A
E(\) = CIDE{Sm 3

of the functional ®. Let y, be the multiplicity of A\, as a zero of
E(X). To A, it corresponds the finite sequence of the eigenfunction sin A,z and x,, — 1
associated eigenfunctions

1 S
On.s(x) = (Lx + —2> ©n,0,0<s<xp—1,
)\TL

1 sin \x
wolz) = — [ 2224
pnolz) = =5 /)\E()\)

FW,

where

(see Dimovski and Petrova [5], p. 94). Note that ¢y, —1() = oy sin A,z with some

an # 0.
The corresponding x,,-dimensional eigenspace is

ES(L") = span{goms(ac), s = 07 1) e 7Xn - 1}

The spectral projector Py, : C' — E(AX) is given by Py, {f} = f ¥ On-
110



According to a theorem of N. Bozhinov [8] in the case a € supp ®, the projectors Py,
form a total system, i.e. a system for which Py {f} = 0, Vn € N implies f = 0. For a
simple proof of Bozhinov’s theorem in our case, see [5] p. 97-98.

Denote uy, (2, y) = u(z, y) * on (). From (L, + L,) w =0 it follows
(33) (Ly + Ly)u, =0.

We show that (33) has only the trivial solution u, = 0 in E/(\X) Assume that there
exists a nonzero solution u, of (33), i.e. of the form

(34) Un(xa y) = An,k(y)@n,k(x) + An,k-‘rl(y)@n,k-i-l (I) +o 4+ An,xn—l(y)@n,xn—l(x)

1 Xn—k—1
with A, x(y) # 0 for some k , 0 < k < x,, — 1. We apply the operator (Lx + )\—2>
to (33) and obtain

n

(La: + Ly)An,X,Lfl(y) (pn’X7L,1(I') = 07
1 S
since <Lm + )\—2> ¥n,0 =0, for s > xp.
n
But ¢y, —1(x) = a, sin \,x with «,, # 0. Denote A, ,,—1(y) = A, (y) and consider
(Lg + Ly)An(y)sin Az = 0 as an equation for A, (y). It is equivalent to the BVP
0? ) 0? )
E(An(y) sin A, z) + 8—312(A”(y) sin A\p,z) =0
An(0) =0, ¥, {An(n)} =0,
which reduces to
Ax(y) - )‘iAn(y) =0, An(o) =0 and ‘Iln{An(n)}’ =0.

From this equation it follows that —\2 is an eigenvalue u2, of problem (31). Hence,
A2 +pu2, = 0 which is a contradiction. Hence, u, (z, y) = 0 for all n € N. By N. Bozhinov’s
theorem it follows that u(x,y) = 0. Thus, we proved, that S, + .S, is a non-divisor of 0
in M. )

4.1. Let us consider BVP (22) for f(x) = L,{z} = 5 and g(y) = F(z,y) =0.We

assume that there exists a generalized solution of this pr%blem and denote it by U(z, y).
It has the following algebraic representation:
1 1 1
U= -————L,{z} = L? = .
AR R AR A R A AR

Then, there exists also the solution of problem (22) for arbitrary f(x), g(y) and F(z,

y) and it can by represented in the form:
1 1 1

u = m{F(%y)} + m[f(fﬂ)]y + 545,

=52

9(Y)]e =

mF(x,y) + m[ﬂfﬂ)]y + m[g(y)]z]

4
- % U *(2,y) + U f(x) +U3¢g(y)}

provided the denoted derivative exists.

4.2. Let us consider BVP (22) for F(z,y) =2y = L,L, =

u

and g(y) = f(z) =
111
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0. We denote the solution of this problem by W (x, y). Then, we have an algebraic
representation of this solution:
1 1
W=———L,Ly=—————
(Sz+8y) 7Y (Sz+5y)S2Sy
The solution of problem (22) for arbitrary f(z), g(y) and F(x, y) can by represented
in the form:

1 1 1
u = 5,9y

m[f(x)]y + m[g(y)]x + m{F(I, y)}
U= azgiayg Wif(f) +W£g(y)+W*F(ac,y)

In order the denoted derivative to exist, some smoothness condition on the functions
f, g and F should be imposed. Here we not enter into details, but we illustrate these
conditions on the example of Bitsadze-Samarskii’s problem:

9%u  O%u
@Jra—yQ—O,, O<zr<l, O<y<l
(35) u(x, 0) = U(O,y) =0, ’U,(IC, 1) = f(ﬂj)

u(ly) —u (%y) ~0.

This is the special case of boundary value problem (22) when

De{u(€,y)} =2(u(l,y) — u(%,y)) and U, {u(z,n)} =u(x, 1).

Following the approach outlined above, we can find ([4], p 175) that the solution
S
U(z,y) of (35) for f(x) = Ly{z} = % - 2—i is

o

Uls,y) Z shdnmy sin dnmx Z 9sh 2(2n — 1)mysin 2(2n — )7z
x, = - 4
Y < 32m3n3 shdnm 4m3(2n — 1)3cos 2(1 + n)wsh Z(2n — 1)

n= n=1

Then, for f € C2[0, 1], with f(0) = f(1) — f (%) = 0, we obtain

1

we,y) = [ UG v o - ©de— [ Ut — 2 - €,y) 7 (1€])sene de -
2 2

1 1

f/Uza ba— &) (E) dE+ / Us(1 -z — &,y) " (€]) sgn € dé

T —x
as a generalized solution of (35). It can be shown that it is a classical solution too, if
1
f € C*0, 1] and additionally, f”(0) = f"(1) — f” <§> =0 (see this volume, p. 114).
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HEJIOKAJIHA TPAHNYHA 3AJAYA 3A IBYMEPHOTO
YPABHEHUWE HA ITOTEHIIVMAJIA BbPXY ITPABOBI"'BJIHUK

NBau Hdumoscku, FOnuan Ilankos

Heka ® u ¥ ca nmpousBoJiHK JIMHEHHN (DYHKIMOHATIN CHOTBETHO BbPXY Cl[O,a] u
C'[0,b]. Pasryiesian e K1achT OT TPAHMYHH 33a9H Uzz + Uyy = F(2,y), 0 < z < a,
0 <y<b, u(x,0)=0,u0y) =0, Pc{ul€y)} = 9(y), Yn{u(z,n)} = f(z). [Ipex-
JIOZKEHO € pas3lIupeHne Ha npuHnuna Ha loamen. 3a HAMUpaHe Ha SIBHO PEIeHUe Ha
HEJIOKAJIHY IPAHUYHU 33/[a<U OT TO3HU THUII € PA3BUTO OIEPAIMOHHO CMATAHE OCHOBAHO
BbPXY HEKJIACHUIECKa JByMepHa KOHBOOIus. IIpuMep oT TakbB THI € 3ajadaTa Ha
Bunaze-Camapcku.
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