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In this paper we consider simple groups G which can be represented as a product of
two their proper non-Abelian simple subgroups A and B. The representation G = AB
is called a (simple) factorization of G. Here we suppose that G is a simple group of Lie
type of Lie rank 4 over the finite field GF(q) except the orthogonal groups Py (q)
and determine all the factorizations of G.

1. Introduction. Let G be a finite (simple) group. We are interested in the
factorizations of G as a product of two simple subgroups. In previous papers (see [1], [3],
[4], and [5]) we have determined all the factorizations of the finite simple groups of Lie
type of Lie rank 3. The present paper continues this investigation for the finite simple
groups of Lie type of Lie rank 4. The following result is proved:

Theorem. Let G be a group of Lie type of Lie rank 4 over the finite field GF(q)
except the orthogonal groups PQg(q), and let G = AB, where A, B are proper non-
Abelian simple subgroups of G. Then, one of the following holds:

(1) G = Fu(q), q=2", A= PSps(q), B= *D4(q);

(2) G="Us(q), ¢# —1 (mod 7), A= Uz(q), B = PSps(q);

(3) G =PQy(q), ¢=2", and n # 2 (mod 4), A= Us(q), B = PSps(q);

(4) G = PQy(q), q odd, ¢ # —1 (mod 5), A= Us(q), B = Qy(q).

Throughout this paper we freely use the notation and basic information on the finite
(simple) classical groups given in [8]. Especially, L,(q), U,(q) stand for PSL,(q), re-
spectively PSU,(q). The list of all finite simple groups of Lie type of Lie rank 4 is the
following: A(q) = Ls(q), PSps(q), *Az(q) = Us(q), *As(q) = Us(q), Ba(q) = Qo(q)(q is
0dd), Di(q) = P (q), 2Ds(a) = Py(a), Fala), *Fo(a).

The factorizations of all the finite simple groups as a product of two maximal sub-
groups (so called maximal factorizations) have been determined in [9]. Particularly, an
explicit list of the maximal factorizations of the groups of Lie type of Lie rank 4 can be
derived from [9]. We make use of this result here. It follows immediately that the groups
Ug(q) have no factorizations; the linear groups Ls(g) have no factorizations too (this is
indicated in [1]). The complete list of all the factorizations (for any subgroups A, B) of
the groups Fy(q) and ?Eg(q) appeared in [7]. This gives (1) in the theorem; the existence
of this factorization is also proved there.
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Note that some of the possible cases of factorizations of the symplectic groups PSps(q)
have been already treated in our paper [2]. As for the orthogonal groups PQé|r (¢), we have
excluded, they possess many classes of isomorphic maximal factorizations and accordingly
a lot of possible cases of simple factorizations should be considered; this will be done in
a forthcoming paper. Many of the maximal factorizations of finite classical groups of
the list above, involve (maximal) subgroups which are stabilizers of totally singular,
or nonsingular subspaces of the vector space on which the corresponding groups act
naturally. Following the notation in [8], we denote by Py the subgroup stabilizing a
k - dimensional totally singular subspace, and Nf(where ¢ = £ or blank) means the
stabilizer of a nonsingular ¢ - subspace of an appropriate type.

2. Proof of the Theorem. We treat the remaining members of the above list of
finite groups of Lie type case by case. If G is such a group, we suppose that G = AB for
some proper non-Abelian simple subgroups A and B of G.

a) Let G = Qg(q), where ¢ is a power of an odd prime. There exists a single class

of maximal factorizations G = A B in which A = N; = Qg(q).2 and B = Py =
1
[q'Y] : §GL4(q). Using the implicitly given in [9] list of the subgroups of G, by order

considerations we only come to the following possibilities: A = Qg (q) and B = L4(q),
or PSpa(q) (both in a SL4(q) subgroup of Py). However, standard linear algebra yields
that any Eg subgroup of SL4(q), ¢ odd, contains the central involution of SL4(g). Since
the 2 - rank of B is at least 3, B can not be a subgroup of SL4(q), a contradiction.

b) Let G = PSps(q). It has been shown in [6] that PSpg(2) does not have any
factorizations, so we may assume that ¢ > 2. Again using the list of the maximal
factorizations of G, by order considerations we restrict them to the following possible
cases of simple factorizations:

1) A= PQ5(q) (in a maximal O§(q) subgroup of G), B = PSpys(¢?) (in a maximal
PSp4(q?).2 subgroup of G), where ¢ is even and € = =+;

2) A = PQS(q) (as in case 1)), B = La(q¢*)(in PSps(q?) subgroup as in case 1)),
where ¢q is even and € = +;

3) A = PSps(q) (in Py or in PQ§(q) subgroup as in case 1)), B = PSp4(¢?) (as in
case 1)), ¢ is even;

4) A= Qg (¢)(in a maximal Og (¢g) subgroup of G), B = L4(q) (in P4), and g is even;

5) A = Qg (¢)(as in case 4)), B = PSp4(q) (in PSp4(q?) subgroup as in case 1), in
L4(q) subgroup as in case 4), or in a maximal PSpy(q)wrSs subgroup of G), ¢ is even.

We have already proved in [2] that in case 1) and in case 3) (if A is a subgroup of P;)
no factorizations arise. It follows immediately that the case 2) and the rest of the case
3) there are no possibilities for factorizations too. As for the case 5) we have to exclude
B to be a subgroup of PSp4(¢*) subgroup of G.

Let us deal with case 4) in which |A N B| = ¢?(¢®>—1)(¢*> —1). The subgroup structure
of L4(q) leads to only one possibility for AN B to be a subgroup of a maximal subgroup
of B isomorphic to [¢°] : GL3(q). It means that in L3(q) there should exist a proper
subgroup of order divisible by (¢* — 1)(¢ + 1)/(3,q — 1) which is a contradiction to the
subgroup structure of the group L3(g). So this case is eliminated. Nonexistence of the
factorization in 4) (and the yet mentioned) reduces the case 5) to only one possibility in
which B has to be a subgroup of a maximal PSp4(q)wrSs subgroup of G. In this case
let us denote by A; the subgroup Og (¢) of G containing A, and let By = PSpy(q) X
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PSp4s(q) be the subgroup (in a maximal subgroup PSp4(q)wrSs of G) which contains
the subgroup B. Tt could directly be verified that A; N By = OF (q) x Oy (¢q). Now, if
B = PSpy(q) is an arbitrary subgroup of By, it follows that BN A; = BN (41N By), and
[BO(A1 0 By)| > [BI.|41 N Byl /[By| = 4 — 1). Thus, |4, 0 B| > 4(¢* — 1) which
yields |[A N B| > 2(¢? — 1). Order considerations imply G # AB.

We have proved that G = PSpg(q) does not have any simple factorizations.

c) Let G = Ug(q). Only the following cases of possible simple factorizations have to
be taken into consideration:

A U7( B = PSps(q);
Uz(q), B = PQg (q)(in PSps(q) subgroup of G), ¢ is even;
A U:(q), B = L4(¢?);

) A=Uq(q ) B = PSpy(q?)(in Ly4(g?) subgroup of G, or in PSpg(q) subgroup of G).

Here A = Uz(q) is a subgroup of Ny = GUr(q)/(7,q+1), and, therefore, such a group
A exists if and only if (7,¢ + 1) = 1. Case 1) contains the factorization listed in (2)
of the theorem. It remains to show that this factorization actually exists. Proposition
3.3 in [10] claims the factorization SUs(q) = SUz(q).Sps(q) with natural embeddings of
SUz7(q) and Sps(q) in SUs(q); the interception group is isomorphic to Spg(g) naturally
embedded in SUs(q) too. Factoring out by Z(SUg(q)), we obtain the factorization in
(2), as SU7(q) = Uz(q) (by the condition (7,¢+ 1) = 1).

In case 2) (here ¢ is even) B is a subgroup of one Bi(2 PSps(q)) subgroup of G.
From G = AB we have G = AB; (a covering factorization of G = AB). G has a
single conjugacy class of subgroups isomorphic to Uz(q) , and a single conjugacy class
of subgroups isomorphic to PSps(q)). It follows (from case 1)) that AN By = PSps(q).
Hence, by the orders, the factorization B; = (AN By).B occurs. This is a contradiction
to the fact that PSps(q) does not have any simple factorizations.

In case 3) |ANB| = ¢°(¢® — 1)(¢* — 1).(8,¢+ 1)/(4,¢> — 1). A subgroup of B =
L4(q?) of such order could be contained only in a maximal subgroup of B isomorphic to
{[¢%] : GL3(¢®)}/(4,¢*> — 1). Hence, L3(g?) contains a proper subgroup of order divisible
by (¢°—1)(¢*>+1)/{2.(3,¢*— 1)}, which contradicts to the subgroup structure of Lz(q?).

At last, in case 4) we can reckon (as the case 3) have been excluded) that B is a
subgroup of a B; = PSpg(q) subgroup of G. Similarly, as in case 2) we have G = AB;
and B; = (AN By).B. Here we can suppose that ¢ is odd (otherwise AN By = PSpg(q)
and B must have a simple factorization, a contradiction). Now, the list of the maximal
factorizations of PSpsg(q) leads to only one option: AN By < P;. This possibility has
already been excluded in [2].

d) Let G = PQjy(q). The list of maximal factorizations of G is given in [9]. This
leads, by order considerations, to the following options:

].) A= A12, B = Qg_(q) (11’1 Pl), q= 2,

2) A= Us(q), B=Qo(q) (in N1), ¢ Z —1 (mod 5);

3) A= Us(q), B= Qg (q) (in Py, or in Qg(g) subgroup in Ny), ¢ # —1 (mod 5).

In case 1) |[AN B| = 2.3%.5.7 and since AN B is a subgroup of AN Py 2 (Ag x Ay) : 2
(see [9], p.115), we conclude that in A exists a subgroup of order divisible by 32.5.7 and
dividing 2.32.5.7 which is impossible.

To discuss the next possibilities we need the following two realizations of the group
A = Us(q) (¢ # —1 (mod 5)) in G. Let V be the natural 5-dimensional unitary space
over the finite field GF(q2) on which some group A 2 Us(q) acts, and let [-,-] be an
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unitary form on V preserved by A. There is an element w € GF (¢) such that 1,w form
a basis of GF(q?) over the subfield GF(q), and w + w? = 1, w? = py + piw where py,
p1 € GF(q). The first realization applies if ¢ is even. There is a basis {d, ey, ea, f1, fa}
of V over GF(q?), called a standard unitary basis, such that [e;,e;] = [fi, f;] = 0,

lei, fi] = 0ij, [d,e;) =[d, fi] =0, [d,d] =1 for i, = 1,2. The group A has the following
(matrix) realization with respect to that basis:

1] 0 0

~ ~ —t

A={XeSLs(*)| XTX=T,T=| 0] 0 | Ezx2 ,
0] Fax2| O

where X stands for the matrix X in which each entry is replaced by its ¢*" power.

V is 10-dimensional vector space over the subfield GF(q) of the field GF(¢?) with
basis {d, e1, ea, f1, f2,wd,weq,wes, wf1,wf2}. The quadratic form Q(u) = [u,u] defined
in this space has as its associated a symmetric bilinear form (-,-) ((u,v) = Q(u +v) —
Q(u)—Q(v)), and it is directly checked that this basis is a standard basis of an orthogonal
space of type O~. Further, let XeA , X = (5% + ij)? = X+ X1.w with Xy =
(50’%)?, X, = (E}])?, féj € GF(q) 1 =0,1; i,5 = 1,2,3,4,5). With respect to the last
basis the following matrices form a subgroup A of G, isomorphic to Us(q):

X — )zo _ po)a ~
X1 Xo+pi Xy
The isomorphism is given by the map o : X - X.

The second realization does not depend on g. In this case we choose an orthonormal
basis {v;}2_; of V over GF(¢?), and, hence, A has the following matrix representation:

~ ~ —t -
A:{Xe&deXX:E}

{vi,wv;}5_, is a basis of V as an orthogonal space of type O~ over the field GF(q) (the
quadratic form @ and its associated bilinear form (-, -) have already been defined). With
respect to that basis the same matrices X as above form a subgroup A of G isomorphic
to Us(q). The isomorphism map is o.

Case 2) splits into factorizations (3) and (4) of the theorem according to ¢ even or
g odd, respectively (recall the well known isomorpism Qg(q) =& PSps(q) for ¢ even). It
remains to prove the actual existence of these factorizations. Here we use the second
realization of A in G and take N1 = G<U1>. Direct calculations show that A N N; =
o Y (ANN;) =S : H, where

S = {( (1) )0( ) X € SLu(¢?), X'X = E} ~ SUL(q),

_ —Faxa 0 ~
= () <o

Thus, AN Ny = SU4(q) : (2,q—1). If g is even, or ¢ = —1 (mod 4), then N7 = Qg(q)
and so B = N;. Now, by order considerations, it follows the factorization in (3) or the
factorization in (4) ( with ¢ = —1 (mod 4)) of the theorem. If ¢ = 1 (mod 4), then
Ny = B.{(ry, .y, ), where r,, and r,, are the reflections in v; and vq, respectively (see [8],
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Proposition 4.1.6, case my = 1). It is directly checked that

o(—E22l U )i
0 E3><3 vyt vay

where 7, and 7, are the matrices of the reflections r,, and r,, with respect to the basis
{vi,wv;}3_; considered above. Hence, AN B 2 SU,(q) and again G = AB.

Discussing case 3), let us first suppose that B is a subgroup of Q9(q), a subgroup
of G which is contained in N;. Here we have |ANB| = ¢*(¢* + 1)(¢*> — 1).(4,¢° +
1)/(4,¢*+1). Moreover, AN B is contained (as a proper subgroup) in the stabilizer in A
of one-dimensional nonsingular subspace (over the field GF(¢?)) which is isomorphic to
GUy(q). Tt follows immediately that in Uy(g) exists a proper subgroup of order divisible
by ¢*(¢*> —q+1)(¢*> —1)/(2,q — 1) which is impossible if ¢ > 2. If ¢ = 2, from the shown
in the previous case, we obtain the factorization PSpg(2) = Us(2)Q5 (2), but PSps(2)
has no simple factorization, a contradiction.

Finally, let B is a subgroup in P;. This time A N B is a proper subgroup of the
stabilizer in A of one-dimensional singular subspace (over the field GF(¢?)) with the
following structure: [¢7] : (SU3(q).[¢> — 1]). It follows that Us(q) has a proper subgroup
of order divisible by (¢®+1)/(3,¢+1) which is possible if and only if ¢ = 2. So A = Us(2),
B = Qg (2), and B is a subgroup of P; = [28] : Qg (2). Since there is just one conjugacy
class of subgroups Us(2) in G, we can consider A in its first realization given above. It
is convenient to regard Py = G .y,). For a standard subgroup B(= Qg (2)) in P direct
computations show that A N B = SU3(2) naturally embedded in G. So, by the orders,
it follows that G # AB. Now, let By = Qg (2) be any subgroup of P; different from
the standard subgroup B. On one hand, obviously, |[B N By| > |B|* / |P1| = |B| /28 and,
hence, [B : BN By] < 2% On the other hand, B N B; is contained in a (maximal)
subgroup of B stabilizing one - dimensional isotropic subspace. Such a stabilizer has the
following structure: [2°] : Uy(2). So either BN By = [2°] : U4(2), or BN By is a subgroup
of index 2 in [25] : U4(2). Now, it could be seen directly that the naturally embedded in
G subgroup AN B = SUs3(2) is contained in BN By (for some g € B). Hence, G # AB
in any case.

This completes our considerations. The theorem is proved.
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PAKTOPU3AIINNN HA HAKOMU T'PVYIIN OT JIMEB TUII 1 JINEB
PAHT 4

Eneunka I'enueBa, Ilarnko I'enuen

B Hacrosiimara paboTa ce pasriexiar KpaiiHu npoctu rpynu G, KOUTO MOrar Ja ce
[IPEJICTABST KATO [IPOU3BEJIEHUE HA J[BE CBOM CODCTBEHM HeabeJIeBU IIPOCTHU IIOJATPY U
A u B. Besiko TakoBa npejscrassae G = AB e npuero fa ce Hapuda (DaKTOpU3aIUs
Ha (G, a Tbit Karo MHOXKUTeUTEe A 1 B ca u3bpanu ga 6bJaT MpOCTH NMOArpynu Ha (7,
TO pasriexjannre GaKTOPU3AINNA Ca U3BECTHU OIE KaTO TPOCTU (haKTOPU3AIUN HA
G. Tyk ce npepamnosara, ge G e npocta rpyia OoT JIMEB THUII U JINEB PAHT 4 HaJ| KPAWHO
none GF(q). B ciyuaii, ue G ue e rpyIa or cepusTa Ha oproronajamnute rpym PO (q)
ca OlpeJIe/IeHd BCUYKU Bb3MOXKHU 1IPOCTU pakTopusanuu Ha G.
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KuarouoBu gymm: KpailHu mpocTH Tpynd, TPyHOH OT JUEB THUI, (PAKTOPUIAINU HA
rpymu.
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