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The main purpose of this paper is to provide an alternative representation for the
generalized Fuler decomposition (with respect to arbitrary axes) obtained in [1, 2]
by means of vector parametrization of the Lie group SO(3). The scalar (angular)
parameters of the decomposition are explicitly written here as functions depending
only on the contravariant components of the compound vector-parameter in the ba-
sis, determined by the three axes. We also consider the case of coplanar axes, in
which the basis needs to be completed by a third vector and in particular, two-axes
decompositions.

1. Vector-parameters in the Fuler decomposition. Vector-parameters, also
known as Rodrigues’ or Gibbs’ vectors, are naturally introduced via stereographic pro-
jection. For the rotation group in R3 we consider the spin cover SU(2) & S§3 — SO(3) =
RP? and identify S* with the set of the unit quaternions (cf. [4])

= ¢O=0+ai+@i+ak  [F=¢=1L (=(0-¢ GEeR
The corresponding group morphism is given by the adjoint action of S® in its Lie algebra
of skew- Hermitian matrices, in which we expand vectors x € R3 — z1i+xoj+a3k € su(2).
The resulting SO(3) matrix transforming the Cartesian coordinates of x has the form

(1) R(Q) = (G — ¢TI +2¢®¢" +26C™,

where 7 and ¢ ®¢? denote the identity and the tensor (dyadic) product in R? respectively,
whereas ¢* is the skew-symmetric matrix, associated with the vector ¢ via Hodge duality.
The famous Rodrigues’ rotation formula then follows directly with the substitution

Co:cosg, Czsin%n, (n,n) = 1.

On the other hand, we may choose to get rid of the unnecessary fourth coordinate by

projecting ( — ¢ = CS = tan (g) n and thus obtain the entries of the rotation matrix
0
(1) expressed as rational functions of the vector-parameter c in the form

(1-c?)IT+2c®ct +2c*
2 R(c) = .
( ) (C) 1 CQ

*2010 Mathematics Subject Classification: 20C35, 22E70, 81R05.
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Quaternion multiplication then gives the composition law of vector-parameters as

Co+cCcp+cCcaXce
(3) (o, €1) = ——— -

1-— (CQ,Cl)

R(c2)R(e1) = R({ez2; €1))

and in the case of three rotations ¢ = (c3, ca, c1) we have
4) c— c3+catcpt+e3xegt+cezxcer+caxcer+(cgxce)Xxer —(c3,¢2)cn

1 — (c3,¢2) — (€3,€1) — (€2, €1) + (€3, €2, €1)
It is not difficult to see that the operation is associative and constitutes a representation of
SO(3), since the identity and inverse elements are also well-defined by (¢, 0)=(0, ¢)=c,
(c, —c) =0. Among the advantages of this representation are more economical calcula-
tions, rational expressions for the matrix entries of R(c) and a correct description of the
topology of SO(3) = RP?. For applications in rigid body mechanics we refer to [3, 5].

As for the generalized Euler decompositions, we start with the much simpler two
axes setting R(c) = R(cz) R(c1), where ¢, = 7€ and ¢ = 7n (¢ = n? = 1) are the
corresponding vector-parameters. We also denote (&;, R(c) &) = rjx and (&;, &) = gjk-
Taking an appropriate scalar product provides the necessary and sufficient condition
for the existence of the above decomposition in the form ro; = go1. Next, multiplying
¢ = (c2,c1) on the left by n* and projecting along ¢; and €2 respectively, we obtain
(5) = — = —2

g12v1 — V2 g12v2 — U1

where we make use of the notations
vk = (Ck,n), 01 = (€2 X €3,n), Uy = (€3X €1,n), U3 = (€1 X €2,n) -

Note that vanishing denominators in the above expressions are related to half-turns,
i.e., rotations by a straight angle. In particular, if n L €12 (v1 = vz = 0), we have
a decomposition into a pair of reflections, which is a well-known result in elementary
geometry.

In the case of three axes R(c) = R(c3)R(c2)R(c1), such that ¢ cannot be parallel
to €1 or €3, we use the scalar product (€3, R(c) &) = (€3, R(72€2) €1) to obtain

(ra1 + g31 — 2912923) Ta + 2w T2 + 731 — g31 = 0, w = (€1,€2 % €3).

The above quadratic equation has real roots given by

(6) o —w =t \/Z
27 731+ g31 — 2912923

as long as its discriminant is non-negative

1 g1z 1
(7) A=|ga 1 g3 |20
T3 gz2 1
which plays the role of a necessary and sufficient condition for the existence of the decom-
position. In order to find the remaining two scalar parameters, we use the composition

C1 = <_C2a _C37C>a Co = <_C3;C7 —C1 >7 C3 = (C, —Cq, —C2>.
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Namely, multiplying by ¢;; on the left and projecting over n, we obtain the linear-
fractional relations between 7, which yield the solutions for the generic case in the form

- 932 —T32
! (g32 + r32)TU1 — (931 + 1r31)TU2 + (131 — 931)/T2i

(8)
s g21 —T21
3 (g21 + 721)7U3 — (931 + 7r31)TV2 + (731 —931)/7'2i

while in the symmetric one we consider the limit 7 — oo and thus obtain

23 — U2U3 12 — U1V
(9 i . 5 .

g — — T = ~ — .
b i 4 vals + (v1vs — g13) /75 8 Uyl + 33 + (V103 — g13) /TS

In the three axes setting we may also have degenerate solutions, related to a singularity
of the map RP? — T3, known as gimbal lock, which is given by the condition

(10) 63 = iR(C) 61.

In that case the parameters 71 and 73 cannot be determined independently. Instead, we
have the effective two-axes decomposition R(c) = R(72¢2)R(71€1), where the solutions

- T £ T3 U3 U3
(11) T = = , T2
1F7mm  gi2vr — 02

form an one-parameter set, expressed in terms of the generalized Euler angles as

g12v2 — V1

p1 £ @3 = 2arctan (L) , (o = 2arctan <L> .
g12v1 — U2 g12v2 — U1

2. Covariant form of the solutions. First, we consider the simpler case of two
axes ¢ = (T2€2, 71€1), in which it is necessary to complete the basis with a third vector

(12) c=¢§1¢1 + & ¢+ &3¢ X Ca.

If we denote the adjoint matrix of g with ~, we have |&;x é; |2 = 1 — g2, = v33. Note
that in formula (5) we use the covariant components of ¢ in the same basis

(13) Tv1 = &1 + 91262, Tv2 = &2 + 91261, TO3 = 7*%¢s.

Thus, by direct substitution, we obtain the decomposability condition 751 = go1 as
(14) 1€+ (1 —g1283)&3 =0

and the solutions themselves are given by the expressions

(15) n=—8/&, T2=-8/&

One peculiar symmetry becomes apparent from the above formula, namely 7 &5 — &, = 0.
In the three axes setting we first consider the case, in which {¢} constitutes a basis
c =& €1 + &8+ §383 = (13€3,T2C2, T1C1).

We substitute the matrix entries r;;, calculated according to (2) in the solutions (6), (8)
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and use the inverse metric tensor g~ ! = w2~ for lifting the indices of c. Thus, we obtain

b —wEVW -2+ 2 o 1 P68 — 712608 + 9708 — w
2 o —2y13 ’ £ + &3 + &3 + 29126182 + 29238283 + 20136183
for the middle parameter and for the other two
713616 + 71268 — M Gl — G — why
W (€2 4 €2 4 29126162 + g136163 + gozbals) — ¥23E1 +Y13E + ko /TS
S €& + 77768 — 168 — 7126 — ws
’ w (€3 + €3 + 12616 + g13E1 83 + 29236283) + V136 — Y12E + Ko /TS

respectively, in which we use the notation kg = Y13¢3 — 43¢, & — 126283 + 7226163 — wéos.

+
T1 =

(16)

In the case w = 0 we use expansion in the basis (12) and the explicit relations (13)
between the covariant and contravariant components of ¢ in order to obtain

° 13¢2 _ 23 B 3342
(17) o 130 _ 5= 97 & . o 55152:;523) 91377785
P —o 1+ &7 + &5 + 73383 + 29126162

Denoting ko = y13€3 — 23 (&€ + &3) — g13723€3, we have for 71 3 the expressions

YB3 (&6 — &) — v3E] + g23v*3E3
(713 + g12723) €185 + (728 + g12713) &8s + ¥138 — 4231 + fa /75

= 91263 — 7P (L& + &) .

(91272 + g13733)&1&5 + (V23 + g23733)&als + Y136 + ho /TS
If the compound rotation is symmetric, i.e., p = m and R(c) = O(n) = 2n @ n! — T,
considering the limit 7 — oo in the solutions we substitute the coordinates & with the

contravariant components 7y in the expansion of the unit vector n (£, = 77x) dropping
all linear and constant terms in the expressions. For example, in the case w = 0 we have

+ _
T =

(18)

* = 7Ptz — 90 + g2y (

(713 + g12723)mms + (23 + g127"3)mams + (V1303 — v23mnz — g137303) /75
(19) 2 33
nt = 91273 — 72

(1272 + 913733 mns + (723 + 923733 )mans + (V1302 — v23mme — g13v3302) /735
where

(20) T o0 = mie — i3y
T2 =™\ o3 _g  CT T2 38321 9
2 o M0y N5 A+ 2912172

The case w # 0 is treated similarly and so is the decomposition with respect to two axes.

As for the degenerate case (10), if w = 0 we may use the result obtained in the two
axes setting combined with (11) in order to express

nEn & 8
&’ 3

21 o= —
@1 m 1F 7173
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If w # 0 on the other hand, the solutions are given by

. mEm w&s w&s
(22) T = = —3 3570 T2 = 37 s
LFnm %86 — 7760 SRS R AST
In both cases we may use 7 instead of & so that the expressions are valid when
T — 00.
If we need to express & on the other hand, it is straightforward to use the composition
law (4) and then take the correct scalar products. Thus, in the case w # 0 we obtain

(1 - 9237273)7'1 +w*1(7127'173 - ’7137'17'2 - ’)’11727'3)

&L=
1 —g12T172 — 137173 — g23T2T3 + WT1T2T3
(23) & = (14 g137173)72 + w (Y2173 — Y2103 — v 71m)
1 —g12T172 — 137173 — g23T2T3 + WT1T2T3
£ = (1 — gromim)ms + w ' (V3173 — v P7oms — 3% 71im)
3 = )

1 — g12T1T2 — 9137173 — g23T2T3 + WT1T2T3
For w = 0 the corresponding result is

. (1—gosmoms)T — '3 (1—gromim2)13/7*
1 —g127172 — 9137173 — 237273

é: _ (I4g137173)72 —3(
5 =

33 23 33 13 33
1—g1o7172)73 /7 O B K Vi e G LY Ao A S
) 3 = :
1 —g12T1T2 — 137173 — g23T2T3 1—g12T1T2 — 9137173 — g23T2T3

Likewise, in the case of two axes we have a linear system for &; » with solutions, given by

(24) &1

o T1 - T2
T 2T Togunm
— g12T1T2 — g12T1T2

Since the above expressions are rational in terms of the parameters 7;, if any of these
diverges, i.e., ¢ = w, we can still obtain the correct formulae, applying I’Hépital’s rule.

Similar expressions hold for the relations between the scalar parameters and the co-
variant components of ¢ in the corresponding basis. However, these are almost straight-
forward to write considering the results obtained in [1, 2]. Another possible generalization
involves the hyperbolic case, i.e., the three-dimensional Lorentz group SO(2, 1), which can
be treated in an analogous way. Some of the advantages of this new representation for the
numerous applications of the generalized Euler decomposition (cf. [3, 4, 5]) are quite ob-
vious. The explicit dependence only on the contravariant components allows, apart from
its purely geometric merits, for straightforward differentiation, as well as for obtaining
the decomposition in a rotated frame from one that has been given.
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KOBAPUWMAHTHO PA3JIATAHE HA TPUMEPHUN POTAIIUN

Hanann C. Bpesos, Kiemenruna /1. MaanenoBa, HWMsaitao M. MuaageHoB

B Tazu craTus npejjiarame ajaTepHATUBHO INpEJICTaBsHE HAa PEIIeHUATA, MOJIyYeHH
npean ToBa B [1, 2| 3a o6oGmeHoro pasnarane Ha Fuler (0OKOJIO TpH IPOU3BOJIHM
ocH) 4upe3 BeKTOpHa nmapamerpusanus Ha rpymnara SO(3). Ckanapuure (bryioBm) na-
paMeTpu B pas3jiaraHeTo ca NPEJCTaBeHM KaTo ABHU (DYHKIUMHU, 3aBUCENId CaMO OT
KOHTpaBapUaHTHUTE KOMIIOHEHTH Ha BEKTOP-TIapaMeTbpa Ha KOMIIO3UTHATA POTAIUS
B 0asmca, ONpEJIEIEH OT TPUTe OCU B pasiaranero. OTIETHO CMe pasTJIeJaan Cy-
yauTe, B KOUTO OCHTE Ca KOMILJIaHApHU U 6a3uChT ciejBa Ja Obje JONbIHEH, U B
YaCTHOCT pa3JlaraHeTo Ha JBe BbPTEHUs.
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