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The paper deals with the Bulgarian 2013 parliamentary elections. The results are
analyzed and a comparison of three bi-proportional methods (the methods of the
Central Electoral Commission (CEC) of 2009 and 2013 and a Double Hare-Niemeyer
method) is presented. Alabama paradoxes of higher order are considered as well as
the effects from the introduction of a new electoral region for the votes cast abroad.

Bulgarian parliamentary elections. In the period 1991-2013 there were seven
parliamentary elections in Bulgaria for Ordinary National Assembly of 240 members of
parliament (MP). Several variants of proportional electoral systems have been used in
these elections (in 2009 the system was mechanically mixed with 31 MP elected in single
constituencies). The voting is carried out in 31 regions in the country and abroad. A
party takes part in the distribution of seats if it has obtained no less than 4 per cent of
the valid votes. Independent candidates can also participate in the elections but none
have been elected in this period.

The electoral system functions in two steps. First the total number of seats (or
mandates) of each party is determined at nationwide level. This has been done by the
D’Hondt method (1991, 1994, 1997, 2001, 2005) and the Hare-Niemeyer method (HNM)
(2009, 2013).

Next the mandates of each party are personified by 31 regional candidate lists. In
each region the number of mandates is determined proportionally to its population. This
is done by a bi-proportional algorithm. Such algorithms have been studied, e.g., in [3, 7].
The mathematical aspects of the Bulgarian parliamentary elections are considered in [4,
5, 6, 7].

We shall use the notations: floor(x) — the entire part of the array (scalar, vector, or
matrix) z; sum(x) — the sum of elements of x; < — the component-wise partial order
relation for arrays of same size. If § = [s;;] is a matrix with elements s;; then s;o and
Se; are the ith row and the jth column of S respectively. If X is a scalar and x is an
array then A\ + z is the array with elements equal to those of x increased by A\. When
T = [1,T2,...,2,] is a row array then its transpose is written as ' = [1;2;...;Ty]
(some of these notations are inspired by MATLAB, a trademark of MathWorks).

*2010 Mathematics Subject Classification: Primary 91B12, Secondary 91B14.
Key words: bi-proportional methods, Bulgarian elections 2013, Alabama paradox.

124



Plain proportional methods (PPM). The PPM allocates M seats (or mandates)
among n parties Il;, I, . . ., II,, with number of votes vy, va, ..., v,. Let s; be the number
of seats assigned to party II;. Setting

v =[v,v2,...,0], v =v/sum(v), $=][s1,82,...,8,], s* =8/M

we have sum(v*) = 1, sum(s) = M and sum(s*) = 1. Here the numbers s; are approxi-
mately proportional to v;. Denoting by

o=Mv* =[o1,09,...,04]
the vector of fractional seats we have sum(o) = M.

The method is inplemented by an algorithm F = [F1,F,,...,F,], F; = F;(M,v)
such that s = F(M,v). It includes a random choice mechanism (when e.g. a mandate
must be distributed to two or more parties with equal votes). Note that here v and s are
row vectors. We shall use a similar notation for column vectors setting

F(M;v') = (F(M,v))"

More generally, let V' = [v;;] be an m x n matrix of votes, s = [s;] be the 1 x n vector
of party seats at nationwide level and r = [r;] be the m x 1 vector of seats allocated to
the electoral regions with sum(s) = sum(r) = M. Then F(s; V) is the m X n matrix of
seats with elements F;;(s; V') such that Fo;(s; V) = F(s;;ve;) while F(r,V) isan m x n
matrix with elements F;;(r, V') such that Fio(r,V) = F(r;,v;), where i = 1,2,...,m
and j =1,2,...,n.

Desirable properties of PPM. The next three conditions for PPM are desirable.
C1 If a given party has more votes than another party then it shall not have fewer
seats: (v; —v;)(s; —s;) > 0.
C2 If more seats are allocated then no party shall lose a seat: F(v, M) < F(v, M + k),
k > 1 (the violation of this condition is known as the Alabama paradoz).
C3 The fair share condition ¢ < s < 1+ ¢ is satisfied, where ¢ = floor(o).
An important result [1] says that there is no PPM that satisfies C1-C3.

The plain HNM. This method acts as follows: 1. the vectors ¢ and ¢ = [g;] =
floor(c) are calculated; 2. each party II; obtains ¢; initial seats and if ¢ = ¢ then all M
seats are allocated; 3. if ¢ # o then there are sum(o — ¢) seats for additional allocation;
4. the party IT; with maximum remainder oy — g = max;{o; — ¢;} gets one additional
seat first; 5. the second seat goes to the party with the next largest remainder, etc. If
this procedure cannot be continued because of equal remainders then additional criteria
or ties are applied.

HNM satisfies conditions C1 and C3 but may violate condition C2, i.e., it suffers
from the Alabama paradox. The result produced by this method is denoted as

s =HN(M,v)

More on Alabama paradoxes. The concept of Alabama paradox [2] may be ge-
neralized as follows (see also [5]).

The pair (M, v) is said to be an Alabama pair of order k if the inequalities F(M,v) <
F(M + j,v) are violated for j = 1,2,...,k but F(M,v) X F(M + k + 1,v).

Thus the standard Alabama paradox corresponds to an Alabama pair of order 1. We
also stress that a necessary condition for existence of the paradox is k¥ < min{n, M} — 2.
In particular n, M > 3 must be fulfilled, see Example 4 below.
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Example 1. Let v = [1,3,3]. Then HN(3,v) = [1,1,1], HN(4,v) = [0,2,2] and
hence (3,v) is an Alabama pair of order 1.

Example 2. Let v = [1,4,4,4]. Then HN(4,v) = [1,1,1,1], HN(5,v) = [0, 2,2, 1],
HN(6,v) = [0,2,2,2] and HN(7,v) = [1,2,2,2]. Thus (4,v) is Alabama pair of order 2.

Example 3. Let M =n, v = [v1,v2,...,0,],v1 =1, v =v3 =--- = v, =n and let
the parties Iy, ...II,, be ordered by ties. Then HN(n,v) = [1,1,...,1],

HN(n+id,v) =10,2,...,1], i=1,2,...,n—2
and HN(2n — 1,v) =[1,2,...,2]. Thus (n,v) is an Alabama pair of order n — 2.

Example 4. Generalizing the above examples, let M =n > 3, v1 = 1, v = v3 =

- =uvp and vy € (1+n/2,n+1). Then HN(n,v) =[1,1,...,1],

HN(n+ j,v)=1[0,2,...,1], 7=1,2,...,.n—2
and HN(2n — 1,v) = [1,2,...,2]. Thus (n,v) is an Alabama pair of order n — 2. Here
this phenomenon disappears if vo < 14 n/2 or vo > n + 1.

The Alabama paradox is important for the Bulgarian electoral system (described
below) since it may occur when a regional list contains fewer names than there are seats
allocated to this list. Such a theoretical possibility existed also in the 2007 elections
for members of the European parliament from Bulgaria. However, the purpose of the
analysis of Alabama-type paradoxes is not to avoid them but rather to inform the political
parties and the public about this phenomenon.

The Bulgarian electoral system (BES). The BES functions as follows. First
the country is divided into m = 31 electoral regions R;, Ra, ..., R,,. In each region R;
a number of seats r; is preassigned proportionally to its population by HNM. Denote
r = [r1;72;...;7m] (recently there is an additional requirement r; > 4). There is also
voting abroad, the corresponding results being accounted for in different ways.

Let parties II1, I, . . ., IL, have votes v1, va, . .., vy, so that v; /Vy > 0.04 (the 4-percent
barrier!), where Vj is the sum of all valid votes. We have v; = ¢; + a;, or v = ¢+ q,
where ¢; and a; are the votes for party II; in the country and abroad respectively. The
party seats at national level are determined (when there are no independent candidates
elected) from s = [s1, S2, ..., $,] = HN(240,v).

The data for distribution of seats among party lists IL;; is the m x n matrix V' = [v;5]
and the vector a = [a1, ag, . . ., a,], where v;; is the number of votes for the party list II;;
of party II; in region R;. The data is augmented as an (m + 1) X n matrix W = [V; a]
of votes in country regions and abroad.

The result is the m x n non-negative integer matrix S = [s;;], where s;; is the number
of seats assigned to II;;. The matrix S satisfies sum(s;qe) = r; and sum(se;) = s;.

Region for votes abroad (RVA). In the above scheme the vote vector a is
accounted for only at national level and this leads to a certain distortsion in the regional
allocation of seats. A possible way to overcome this problem is to introduce RVA. This
is motivated also by constitutional reasons: nowadays voters abroad cannot vote for
particular party lists as well as for independent candidates, which is a violation of their
constitutional rights.

A problem here is how to determine the number of seats in this region. This can
hardly be done a priori. Indeed, there is no reliable data on the Bulgarian population
abroad. At the same time the number of voters abroad is approximately one million but
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this data also cannot be used since the voting rate abroad is very low.

A way to overcome the problem is to determine the number of seats in RVA a posteriori
on the basis of votes cast therein. However, the same rule has to be applied to the electoral
regions in the country. Thus the number of mandates allocated to electoral regions is
determined proportionally to the number of votes cast (including invalid ones). A similar
rule is applied for federal elections in Swiss. The a posteriori determination of regional
seats has even a certain advantage: the voter knows beforehand that the number of seats
in his (her) region depends on the vote turnout and is thus additionally motivated to
vote.

When this latter approach is applied, denote by u = [u1,us, ..., us2] the vector of
votes cast (RVA is the 32nd electoral region). Then the 32-vector of seats allocated to
the electoral regions is HN(240 — N, u), where N is the total number of independent
candidates elected (if any). More comments on this issue are given below after Table 3.

CEC-2009 method. The method used by CEC in 2009 is a particular case of the
(o, B,7)-algorithm [7] for « = 4 = 0 and 8 = 1. The method starts with allocation of
seats among the lists of each party by HNM. At each step the algorithm computes a
current m x n matrix T' = [t;;] of seats. As a result lists II;; and regions R; obtain a
current number of seats ¢;; and sum(t;e ) respectively, while each party IT; has a constant
number s; = sum(t,;) of seats. The region R; is said to be with balance, surplus or
shortage of seats if its current number of seats is equal to, more than or less than r;
respectively. A brief description of the method is as follows.

1. The s; seats of each party II; are distributed among its lists IIy;,Ila;,. .., IIy;
by HNM. As a result the current seat matrix is set to T' = [t;;] = F(s; V). The
allocation of seats in regions with balance is final and these regions are excluded.

2. If there are regions with surplus then there are regions with shortage of seats. A
seat is taken from the list II;; with ¢;; > 1 in regions with surplus and with least
price v;; /t;; and is given to the list ITj; in regions with shortage and with greatest
future price vy;/(tr; + 1).

CEC-2013 method. This method, contrary to the previous one, starts with
allocation of seats in the regions. At each step the algorithm computes a current m x n
matrix T' = [¢;;] of seats. Initially the method ensures that the number of seats (obtained
as the integer parts of fractional mandates) is such that the column and row sums of
T do not exceed the corresponding elements of s and r. The lists II;; and parties 1I;
obtain a current number of seats ¢;; and sum(t.;) respectively, while each region R; has a
constant number r; = sum(t;q) of seats. The party II; is said to be with balance, surplus,
or shortage of seats if its current number of seats is equal to, more than or less than s;
respectively.

A brief description of a modification of the method follows since its published version
has been inconsistent (for the correct version see e.g. apa.bg).

1. The r; seats in each region R; are distributed among its lists IL;1, I1;o, ..., IL;, by
HNM. The current seat matrix is set to T = [t;;] = floor(F(r,V')). The allocation
of seats for parties (regions) with balance is final and these parties (regions) are
excluded. The matrix V and the vector s (r) are updated deleting the corresponding
columns (rows).

2. If there are parties with surplus then a seat is taken from the list II;; with ¢;; > 1 for
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parties with surplus and with least price v;;/t;;. New prices of lists are computed
and the procedure is repeated until each party is either excluded or with shortage.
The vector r is updated reducing the old values of r; with the sum of seats of
excluded parties in region R;.

3. The remaining seats are distributed by HNM according to T = F(r,V), where
(r,V) is the updated data. If t;; = 1 + floor(c;;), where o;; = 7;v;;/sum(v;e) the
list IL;; is marked. If a party is with balance it is excluded.

4. If there are parties with surplus than a seat is taken from the marked list II;; among
such parties with least remainder o;; — floor(s;;) and is given to the unmarked list
II;;, with greatest remainder. The list II;; is unmarked and the list II;; is marked.

5. If the procedure from step 3 cannot be repeated because there are no appropriate
lists and there are seats for distribution then a seat is given to the list of party with
shortage and with the greatest future price. The data is updated.

The Double Hare-Niemeyer method (DHNM). This bi-proportional method

has been proposed in [7] and acts as follows (see also apa.bg).

1. A matrix Ty with elements t;; = Muv;;/sum(V) is constructed. The current dis-
tribution of seats is set to T' = floor(Tp). Regions and parties with balance are
excluded and the data are updated.

2. If sum(te;) > s, for some j a seat is taken from the list II;; with least price of one
seat. Parties with balance are excluded and the data is updated.

3. If there are additional seats for allocation after steps 1-2 then the list II;; with
the greatest remainder t¢;; — floor(¢;;) among the remaining lists takes the first
additional seat. Parties with balance are excluded and the data are updated.

4. If there are additional seats for allocation after step 3 then the list with the dreatest
future price takes the first additional seat.

Measures for estimating seat distributions. There are many possible measures
to estimate the quality of a seat distribution S corresponding to a given matrix W.

One of the most unpleasant effects in a seat distribution is connected to the so-called
discordances.

The apportionment S is called party-wise monotone, region-wise monotone and com-
pletely monotone if (vij —vi;j)(Sij — Skj) > 0, (vij —vi)(si; — i) > 0 and (vij — Vi) (835 —
sg) > 0 for i,k = 1,2,...,m and j,I = 1,2,...,n, respectively. The violation of a
monotonicity condition is called a discordance.

The number of party and region discordances are denoted as Ap and Agr while the
number of discordances among arbitrary lists is A (note that usually Agr + Ap < A).

A desirable property of a distribution is that the numbers of discordances are small.
As we shall see, this can only be achieved for regional discordances. Which, however, are
the most important ones from a psychological point of view.

Two other measures of the quality of a distribution are the number vy, of minimum
votes among the lists with one mandate and the number v, of maximum votes among
the lists with no mandates.

Another set of measures is connected with the price C;; = v;;/s;; of one mandate for
a list among the lists with s;; > 1.

Denote by C;e and C;, the maximum and minimum prices among lists in region R;

and by C_.J and C,; the maximum and minimum prices among lists of party II;. Let also
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Table 1. Votes cast in the country and abroad in 2013 elections

|| Reg | BSP | Ataka | CEDB | MRF || Reg | BSP | Ataka | CEDB | MRF

1 32060 | 11301 | 47664 | 19005 18 9721 2034 10325 28149
2 45566 | 7797 66533 | 22681 19 27581 9486 32545 10827
3 48500 | 19908 | 73171 | 14219 20 14052 2614 16127 17411
4 38381 | 9989 32966 7393 21 23874 6610 25791 5764
5 17662 | 3370 12335 474 22 17638 1403 15652 10148
6 28772 | 7669 23044 | 7975 23 62101 13036 78176 1156
7 15678 | 5046 21871 2983 24 46484 12367 63952 1128
8 23049 | 6016 25199 | 10465 25 54650 14951 70035 1553
9 8902 1325 12729 | 46407 26 35917 9921 37815 3278
10 | 22038 | 7312 19610 445 27 50103 12565 48090 13097
11 | 20218 | 4763 19431 4672 28 13306 2751 10783 21593
12 | 23062 | 8197 19721 2525 29 33219 8408 34038 17637
13 | 33395 | 13359 | 34994 | 17257 30 19478 5304 21603 25291
14 | 20687 | 7166 20046 455 31 21585 4364 19152 1770
15 | 41856 | 11448 | 34210 9270 Abr 4907 3018 23090 54353
16 | 41247 | 13252 | 62003 6200 Tot | 942541 | 258481 | 1081605 | 400466
17 | 46852 | 11731 | 48904 | 14885 || Man 84 23 97 36

C and C be the maximum and minimum prices among all lists. Set
pr =max{Cie/Cie: i =1,2,...,m}, pp :maX{C—.j/@: j=12,...,n}, p=C/C
where m = 31 without RVA and m = 32 with RVA.

Votes cast in the elections. The votes cast are given in Table 1, where the par-
ties are denoted as BSP (Bulgarian Socialist Party), Ataka, CEDB (from Citizens for
European Development of Bulgaria) and MRF (Movement for Rights and Freedoms).

Seat allocation. Six seat allocations are computed by the three methods (DHNM,
CEC-2009 and CEC-2013) without and with RVA as follows (Table 2).

The two rows named “Man” in Table 3 clearly show the difference in the regional
number of seats with and without RVA.

The total number of seats in RVA is 8. Nine regions in the country (no. 1, 2, 3, 5, 13,
17, 19, 23, 25) “lose” a seat while region no. 10 “wins” a seat (this looks like an Alabama
paradox but in fact it is not) when RVA is introduced. If we denote the 31-vectors of
seats in the country regions with and without RVA by r and rrya, respectively, then

sum(abs (r — Trva)) _ 9 0.0375
sum(r) 240
i.e. the relative difference is less than 4%.

Comparison of results. The results obtained are compared according to Table 4,
where the methods get 6, 5, ..., 1 points for first, second, ..., sixth place.

The ranking is 1. CEC-13, 2. CEC-09, 3. DHNM for both cases without and with
RVA. We see that the introduction of RVA relaxes the problem and reduces the values
of the quality costs.

MATLAB codes for simulation of the above (and many other) methods have been
developed and widely used.
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Table 2. Distribution of seats without RVA by three methods:
Double Hare-Niemeyer, Modified CEC-2009, Modified CEC-2013

| Reg | BSP | Ataka [ CEDB | MRF | Man [| Reg [ BSP [ Ataka | CEDB | MRF | Man |

1 33,3 | 1,1,1 4,45 3,3,2 11 17 | 444 | 1,11 5,5,4 1,1,2 11
2 444 | 11,1 6,6,7 3,3,2 14 18 | 1,1,1 | 0,0,0 1,1,1 2,2,2 4
3 4,45 | 2,2,2 70T | 2,201 15 19 |323 ]| 1,1,1 3,3,3 1,2,1 8
4 33,3 | 1,1,1 3,3,3 1,1,1 8 20 | 1,1,1 | 0,0,0 1,1,1 2,2,2 4
5 2,2,2 | 0,0,0 1,1,1 1,1,1 4 21 222 | 1,1,1 2,2,2 1,1,1 6
6 2,32 | 1,0,1 2,2,2 1,1,1 6 22 1221 00,1 1,1,1 1,1,1 4
7 1,1,1 | 1,1,0 2,2,2 0,0,1 4 23 16,66 | 1,3,1 7,7,8 2,0,1 16
8 2,22 | 1,1,1 2,2,2 1,1,1 6 24 1444 | 1,21 6,6,6 1,0,1 12
9 0,0,1 | 0,0,0 1,1,1 4,43 5 25 | 5,55 | 22,1 7,7,7 | 0,0,1 14
10 | 2,2,2 | 0,0,1 2,2,1 0,0,0 4 26 |3,3,3| 1,1,1 4,4,3 0,0,1 8
11 | 2,22 | 1,0,1 2,2,2 0,1,0 5 27 1554 | 1,1,1 4,44 1,1,2 11
12 | 222 | 1,1,1 2,2,2 0,0,0 5 28 | 1,1,1 | 0,0,0 1,1,1 2,2,2 4
13 1333 1,1,1 3,3,3 2,2,2 9 29 |3,3,3| 1,0,1 3,3,3 1,2,1 8
14 | 2,2,2 | 0,0,0 2,2,2 0.0,0 4 30 | 222 00,0 2,2,2 2,2,2 6
15 | 444 | 1,1,1 3,3,3 1,1,1 9 31 |222/| 00,0 2,2,2 0,0,0 4
16 | 44,4 | 1,1,1 6,6,6 | 0,0,0 11 Tot 84 23 97 36 240
Table 3. Distribution of seats with RVA by three methods:
Double Hare-Niemeyer, Modified CEC-2009, Modified CEC-2013
| Reg | BSP | Ataka | CEDB | MRF | Man || Reg | BSP | Ataka | CEDB | MRF | Man |
1 1333 1,1,1 | 444 | 2,22 | 10(-1) 17 (444 1,1,1 | 444 | 1,1,1 | 10(-1)
2 444 1,11 | 6,6,6 | 2,2,2 | 13(-1) 18 |[1,1,1] 0,00 | 1,1,1 | 2,2,2 4
3 444 2,22 | 7,7,7 | 1,1,1 | 14(-1) 19 222 1,1,1 | 3,33 | 1,1,1 | 7(-1)
4 1333 1,1,1 | 3,33 | 1,1,1 8 20 | 1,1,1| 0,00 | 1,1,1 | 2,2,2 4
5 12221 00,0 | 1,1,1 | 0,0,0 | 3(-1) 21 1222 1,1,1 | 222 | 1,1,1 6
6 |232]| 1,01 | 222 | 1,1,1 6 22 1222|000 | 1,1,1 | 1,1,1 4
7T ol1,1,1) 1,11 | 2,22 | 0,0,0 4 23 16,66 1,21 | 7,7,8 | 1,0,0 | 15(-1)
8 1222 1,1,1 | 222 | 1,1,1 6 24 445 12,1 | 66,6 | 1,0,0 12
9 (001|000 | 1,1,1 | 44,3 5 25 | 555 1,11 | 7,76 | 0,0,1 | 13(-1)
10 22,2 1,1,1 | 2,22 | 0,0,0 | 5(+1) 26 3,33 1,2,1 | 434 | 0,00 8
1 12,22 1,01 | 2,22 |0,1,0 5 27 | 554 1,1,1 | 444 | 1,1,2 11
12 12,22 1,1,1 | 2,22 | 0,0,0 5 28 | 1,1,1| 0,00 | 1,1,1 | 2,2,2 4
13 (333 1,1,1 | 3,33 | 1,1,1 | 8(-1) 29 1333 1,01 | 3,33 | 1,2,1 8
14 12221 0,00 | 222 | 00,0 4 30 |2,2,2] 0,00 | 222 | 222 6
15 1444 1,1,1 | 3,33 | 1,1,1 9 31 |22,21 0,00 | 222 | 0,00 4
16 | 444 | 1,1,1 | 56,6 | 1,00 11 RVA | 1,0,0 | 0,0,0 | 2,2,2 | 5,6,6 | 8(+8)
Tot 84 23 97 36 240
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Table 4. Comparison of results

Met/RVA Ar | Ap | A | Umin | Umax | Cr Cp C Score
CEC-09/No 2 40 | 168 | 474 | 8902 | 26.02 | 31.40 | 34.02 | 18.5
CEC-09/Yes 1 31 91 | 4672 | 8902 | 3.11 3.69 3.69 38.5
CEC-13/No 2 45 126 | 474 | 7166 | 26.02 | 37.21 | 41.37 19.5
CEC-13/Yes 0 22 56 | 1553 | 7166 | 9.63 | 11.36 | 11.36 | 42.0
DHNM/No 2 52 | 166 | 474 | 8902 | 26.02 | 37.21 | 37.21 14.5
DHNM/Yes 0 20 60 1128 | 8902 | 11.28 | 15.64 | 15.64 | 35.0
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B'bJITAPCKUTE ITAPJIAMEHTAPHUN N350PU 2013:
CPABHEHUE HA TPU ABOMHO-IIPOIIOPIIMOHAJIH METOJA

Muxana M. Koucrantuaon, I'anmuna B. IlesmoBa

Paborara e mocBerena Ha pesyiTarure OT HapjamMeHTapHUTE n360pu B Bbirapus na
12 mait 2013. HampaBemo e cpaBHeHMe Ha JEHCTBHETO HA TPHU JABOHO-IIPOIOPIIMOHATHI
merozna (merogure Ha ITK or 2009 n 2013 u npoitaust Meroy Ha Xebp-Humaiiep).
Pasrirenanu ca mapagokcn Ha Astabama OT HO-BHCOK P€Jl, KAKTO U €(PEKTUTE OT Bb-
BeXK/laHe Ha HOB U30OpEH paioH 3a IJIacoBeTe OT Yy>KOWHA.

131



