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ONE SUFFICIENT CONDITION FOR THINNESS
OF SEQUENCES"

Dimcho K. Stankov

It is known that every interpolating sequence of type 1 for H is a thin sequence,
which satisfies an additional topological condition by R. Mortini. In this paper, we
present another proof of this fact. More precisely, we prove that if there exists a thin
radial sequence in the open unit disk such that the interpolation problem admits a
solution with norm 1, then this condition is fulfilled.

1. Introduction. Let H* be the Banach algebra of all bounded analytic functions
in the open unit disk D = {z € C: |z| < 1} with the supremum norm. Its spectrum, or
maximal ideal space, is the space M (H®) of all nonzero multiplicative linear functionals
on H> endowed with the weak*-topology. Then M (H®°) is a compact Hausdorff space
and Carleson’s corona theorem says that D is dense in M (H>°). As usual we identify a
function f € H> with its Gelfand transform f, defined by f (z) = = (f) for z € M (H>).
Taking the boundary values of the functions on 0D = {z € C : |z| = 1}, we can consider
H® = H* (9D) as an essentially supremum-norm closed subalgebra of L>° = L* (9D).
The maximal ideal space M (L*°) of L*> can be identified with the Shilov boundary
of H*.

To proceed, we need to present a few definitions. For points  and y in M (H°) the
pseudohyperbolic distance is defined by

p(x,y) = sup{|h (z)| : h € ball (H>) , h (y) = 0}.
where ball (H*®) stands for the closed unit ball of H*. By Schwarz-Pick’s lemma
p(z,w) = |z —w|/|l —Zw| for z and w in D. It is well known that the relation de-
fined on M (H*) by z ~ y <= p(x,y) < 1 defines an equivalence relation on M (H).
The equivalence class containing a point x € M (H®°) is called the Gleason part of 2 and
is denoted by P (z) . If P (z) consists of a single point, we call the part (or point) trivial.
If the part consists of more than one point, the part (or point) is called nontrivial ([1]) .

A sequence {x,}, in M (H*) is called interpolating if for every bounded sequence
{an}, of complex numbers there is a function f € H* such that f(z,) = a, for all
n. A sequence {z,}, in M (H*) is said to be discrete if there exists a sequence of
open sets {Un}n with z,, € U, for every n, whose closures are pairwise disjoint. Every
interpolating sequence is discrete.
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An interpolating sequence {z,}, in D is characterized by Carleson ([2]) as follows:

1nf H

nin£j

>0,

1 — ZnZj

For a sequence {z,}, in D with Z (1 —|zn]) < o0, the function:

n=1
H “En 2 ,z€ D,
l2n] 1 —Zp2"
is called the Blaschke product with zeroes {z,},. If {2,},, is an interpolating sequence,
then B (z) is also called interpolating.

The study of interpolating sequences is useful in many areas of function theory and
operator theory. In [1] K. Hoffman proved that P (z) # {z} if and only if = belongs to the
closure of some interpolating sequence. Most of the results for interpolating sequences in
M (H®°) have been obtained by P. Gorkin, H.-M. Lingenberg, R. Mortini [3] , S. Axler
and P. Gorkin [4] and K. Izuchi [5].

An interpolating sequence {w,}, C M (H*) is said to be thin if it satisfies the
following condition:

(T) lim H plxj ) = 1.
nin#j

A Blaschke product is called thin Blaschke product if its zero set {2y, }, C D is a thin
sequence. Some results for thin sequences in different subsets of M (H*) can be found
in [6],[7],18].

In [9] R. Mortini introduces another, more topological sufficient condition for a se-
quence of nontrivial points to be interpolating.

Theorem 1.1 ([9]). Let {x,}, be a discrete sequence of nontrivial points in M (H>).
Suppose that there exist pairwise disjoint open sets {Uy}, in M (H*), x, € U, such that

[e.e]
s=inf [ o(U;,Un) >0
n:n#j

Then {xn}, is an interpolating sequence.
Here we shall consider the following condition:

There exist pairwise disjoint open sets {Uy}, in M (H*), z, € U,
such that lim [[ p(U;,U,) =1

J70 pin#j

(M)

o0 o0
From the inequality [] p(U;,U,) < [l p(zj,zn) we obtain that condition (M)
nin#j nin#j
implies condition (T) for a sequence {z,}, C M (H*).
A sequence {z,}, in M (H*) is called an interpolating sequence of type 1 (or an
isometric interpolating sequence) if for every sequence {a,}, C [*°, sup|a,| < 1, there

n
exists a function f € H™, || f|| = 1, such that f(z,) = a, for all n. The maximum
principle for holomorphic functions shows that any interpolating sequence of type 1 is
necessarily contained in the corona M (H*)\D of H*. In [8] it is shown that every
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interpolating sequence of type 1 for H> satisfies condition (M).

In this paper, we present another proof of this fact. More precisely, we prove that if
there exist a thin radial sequence {ay}, C D and a function f € H*, || f|| <1, such that
f(zy,) = ay, for all n, then {z,}, C M (H*) satisfies condition (M).

2. Sequences satisfying the condition (M). First, let us show that there are
sequences {x,}, C M (H*) with the following property: there exist a thin radial se-
quence {a,},, C D and a function f € H*, | f|| < 1, such that f (z,) = a, for all n.
This follows from the following well-known facts:

1. In [6] P. Gorkin and R. Mortini proved that every discrete sequence in the Shilov
boundary of H® is an interpolating sequence of type 1.

2. In [7] R. Mortini proved the following theorem:

Theorem 2.1 ([7]). Let E = {x,, : n € N} be a discrete sequence of points in M (H).
Then, for every sequence {an}, C 1°° with sup|a,| < 1 the interpolation problem

n

f(xn) = an, ||If]l < 1, admits a thin Blaschke product as a solution if and only if E
is contained in the zero set of a thin Blaschke product b on the corona of H°.

Lemma 2.2 ([10]). Let {2}, be a thin sequence in D. Then there exist sequences
{m},, € (0,1) and {vn}, C (0,1) with limy, o 7 = limy oo Vo = 1 such that whenever

o0
{&n},, is a sequence in D satisfying p(2n,&n) < 7 , n € N, it follows that T[] p(&;, &) >
kik£j
Vi, J € N. In particular, {£,},, is a thin sequence again.
Theorem 2.3. Let {x,}, be a sequence in M (H*). Let there exist a thin radial
sequence {an}, C D , |ay| < |ak| for n <k, and a function f € H*, || f|| <1, such that
f(xn) =an for all n. Then {x,}, satisfies condition (M).

Proof. We need some properties of the pseudohyperbolic distance in the open unit
disk D. It is well known ([2]) that p(z,w) = Etanhw(z,w), whenever ¢(z,w) is the
hyperbolic distance in D from z to w, i.e., the length of the arc on the circle via the
points z and w, which is orthogonal to the unit circle 0D = {z € C: |z| = 1}. If z and w
are on a diameter of D, then the hyperbolic distance 1(z, w) coincides with the Euclidian
distance between z and w. As is well known the pseudohyperbolic disk K (zp,r) is an

1—1r2 1— |z
'2/0(776)2 and radius R = 76(7|ZO|2)
(1 =7r2[z0]") (1 =r?[z0]")
that if 2z is a real number, then c is a real number and |¢| < 1.

Euclidean disk with center ¢ = . We note

Since {an}, C D is a radial sequence, i.e., we have arga, = argay for n # k, and
lan| < |ak| for n < k, there exists 6 € [0, 27) such that if g (2) = ze™, then:
vp = g (an) C [0,1) for every n and v, < vy, for n < k.

But the distance p(z,w) for z and w in D is invariant under Mobius transformations
([2]). Therefore,

plan, ar) = p(g (an) , g (ar)) = p(vn, vk)
for all n € N, k € N, and we obtain that the sequence {v,}, is interpolating and thin.
Moreover, the function F' = g o f belongs to H*®, ||[F|| <1 and f (z,) = v, for all n.
Since {vy},, is an interpolating sequence, then {v,}, is discrete, i.e., there exists is a
sequence {V}, }, of open sets in the open unit disk D, such that v, € Vj, and V,, NV}, = @
for n # k. By Lemma 2.2 there exist two sequences {7,}, C (0,1) and {,},, C (0,1)
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with limy, oo 7 = limy, o0 ¥ = 1 such that whenever {§n}n is a sequence in the open unit

o0
disk D satisfying p(vp,&,) < 7, for every n, it follows that [] p(&;,&k) > 74, for every
k:k#j
7. Let W, n € N, be the open pseudohyperbolic disk with centre v,, and radius 7,,. Then

W, is an open Euclidean disk with centre [0, 1). We obtain that U, =V, W, is an open
set (intersection of two open Euclidean disks), v, € U, for every n and U,, NU = & for
n # k. If [y, t,] = UnNRe z then n,, < t,, for every n, and the increasing sequences {7, },,
and {t,}, tend to 1, because the sequence {v,}, is an increasing and lim, . v, = 1.

Now fix j € N, j > 1.

Let A, € Uy, A; € U; for n < j are arbitrary points. Write v, ; = ¥ (A, 4;) and
Pn,j = |An — Aj|. Since A, and A; are points of Euclidean disks, then ay ; > pn; >
71; — tn. For the pseudohyperbolic distance between U,, and U; we obtain:

- — 1 — = 1
p(Un,Uj) = §tanhz/1(Un, Uj) = §tanh(infan,j)

1 1
= gtanh(n; —tn) = Stanh(tn, n;) = p(tn, 7).
because ¢, and 7; lie on a diameter of D.

Let A, € Un, A; € Uj for n > j are an arbitrary points. Write a,, ; = 9 (A,, 4;)
and pp ; = |An — Aj|. Analogously, since A, and A; are points of Euclidean disks, then
Oln,j > Dn,j = NMn —t;. For the pseudohyperbolic distance between U,, and U; we obtain:

- — 1 — = 1
p(Un,Uj) = §tanhz/1(Un, Uj) = §tanh(infan,j)

1 1
= gtanh(n, —t;) = Stanh(t;,1m) = p(t;, ).
because t; and 7, lie on a diameter of D.

Put §;, = t, for every n € N, n # j, and & = ;. We get §;, € U, =V,NW,,ie.
p(vn,&),) < 1, for every n. By the choice of {7}, and {v,},, we have:

(1) II etnn) = T] e(&. ) = T (€)=
n:n<j nn<j n:n#j

Put £, = n, for every n € N, n # j, and £ = t;. We get & € U,, for every n and
analogously:

(2) 1T ety = T etele)) = [ rl€r.&) =
nn>j nn>j n:n#j

Now we apply (1) and (2):

H p(Unavj) - H P(tmﬂj)- H P(Tlmtj) > 7]2-
n:n#j nn<j nn>j
Since the function F' = go f belongs to H*®, | F|| < 1, and f (x,) = v, for all n, then
the set O,, = F~1(U,) is open, z,, € O,, for every n € N, and O,, N Oy = @& for n # k.
By the properties of the pseudohyperbolic distance ([2]):
p(ns95) = p(F (¢n) , F (¢5)) = p(Un, Uj),
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where ¢, € O,, and ¢; € O; are arbitrary points. Hence

I 7000 = [ #(TnT;) =2

nin#j n:n#j

o0
and we obtain lim H p(0y,,0;) =1, since lim -y; = 1. The theorem is proved. O
j—o0 j—oo

(1]

nin#j
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EJHO JOCTATHBYHO YCJIOBUE 3A T'bHKOCT HA PEINIIN

dum4ao Kocros Crankos

3BecTHO e, Ue BCsKa MHTEPIIOJIAIMOHHA PEIUIa OT THI 1 38 € ThHKaA pPeJIniia, KOSTO
VJIOBJIETBOPSIBA €IHO JIOI'bJIHUTETHO yesioBue Ha P. Moprunu. B Tasu pabora npeia-
ramMe Jpyro JoKa3arejicTBO Ha To3u (dakrt. [lo-TouHo nokazBame, Ue aKO CHIIECTBYBaA
THHKA paUaTHA PEJIUIa B OTBOPEHUs €IMHIYEH KP'bT, 38 KOSTO MHTEPIIOJIAIMOHHATA
3aJ1ava JIOIYCKa PEeIleHre C HopMa 1, TO TOBa YCJIOBHE € U3II'bJIHEHO.
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