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The paper deals with finding unions of lines in IFZ% which obey the Wolff axiom and

have minimal size. We provide an extension of the constructions for Fz%, obtained
by Tao in 2002, to a construction for IFZ%. We determine the size of the union of lines

1.6kn

in our construction in ]F;sz to be O (p ) We prove that our construction obeys

the Wolff axiom up to a heuristically negligible number of lines.

1. Introduction. Let us consider the Wolff axiom, introduced by Thomas Wolff
in [1].

Wolff axiom. Consider the finite field Fpa of order p? in the n-dimensional space
IF;Z, where p is a prime and d is a positive integer. A collection L of lines in IF;Z is
said to obey the Wolff axiom if for each 2 < k <n — 1, every (k + 1)-dimensional affine
subspace V C Fu contains at most O(|Fpa|*) lines in L [2].

The focus of interest in our research is the following problem.

Conjecture 1.1 (Main Problem). Let £ = {I;} (i = 1,2,...,p"%) be a set of
lines in de obeying the Wolff axiom. Let ¥ = Ul;. Then the asymptotic size of X is of
order p™. That is, |S| = O(p™™).

Wolft provided a lower bound for the size of such sets [1] in 1995 using the hairbrush
argument. The main goal of our project is to determine whether the hairbrush argument
bound is sharp in dimensions higher than four. An additional motivation to tackle this
problem is a statement of Tao in [2, p. 2]:“It seems of interest to extend this construction

to higher dimensions, though perhaps the bound of |F|n;2 is not necessarily sharp for
large n.” Here this construction refers to the construction showing that the hairbrush
nt2, . .

2 7 is the bound obtained by the

argument bound is sharp in four dimensions and “|F'
hairbrush argument.

We are interested in the asymptotic behavior of |X| as p tends to infinity, i.e. in finding
the exponent 1 for which

2] = 0").
To this goal we will use genereal definitions and theorems from [3] and [4], as well
as the result from Wolff’s hairbrush argument [1] and the methods used by Tao [5] and
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Ellenberg and Hablicsek [6]. We present in Section 2 a construction for vector spaces
of dimension four which obeys the Wolff axiom. Then we generalize the construction
to dimension n. The proof that this generalized construction satisfies the Wolff axiom,
however, is up to a heuristically negligible number of lines.

2. Known lower bound. Sets derived from the Heisenberg group in ]F;‘d for
n > 3. The hairbrush argument was first introduced by Wolff in [1].

Theorem 2.1. Let de be a vector space of dimension n over the finite field F,a. Let

L be a set ofpd("*l) lines l; obeying the Wolff axiom and the set of points ¥ be Ul;. Then
5> 0 ).

It has been shown by Tao and Mockenhaupt that the hairbrush argument (2.1) gives
the sharp lower bound for de, FZ% [7] and Fﬁd [2], where p is prime and k and d are
positive integers.

The hairbrush argument provides us with a non-trivial lower bound which is valid
for IFZd for all n € N. However, it has not been proven that this bound is sharp in the
general case. Constructions have been provided only for vector spaces of dimension n < 4.
The construction presented by Tao in [7] relies on the Heisenberg group and on the fact

that in fields of the type [F,2x, the map ® : o o?" is an involution. To discuss our
construction, we introduce the Heisenberg group.
Definition 2.1. The Heisenberg group H € IF?)% is defined by

H={(¢,GG) eFpm : G- —Gd +@ ¢ =0}.

In this section we examine the sharpness of the bound obtained by the hairbrush
argument in vector spaces of dimension n > 3. The main goal is to find a series of
constructions for smaller n (n = 4,5,6,...) that follow particular patterns that will be
then generalized. Thus, we will be able to expand the constructions for vector spaces of
arbitrarily large dimension.

We use the following definitions.

Definition 2.2. The prime dimension dimp(IFZd) of a space IFZd over a finite field
Fpa is defined by dimy,(Fja) = d - (dim(F,.)), provided that a field extension Fpa/F), can
be represented as a d-dimensional vector space over IFp,.

In analogy with the Galois conjugates of an element « of F,«, we define

Definition 2.3. The polynomials (f)”l, i=1,2,...,d—1 are the conjugate polynomials
of the polynomial f with coefficients in [ a.

Definition 2.4. Let Fpa be a finite field with d = a - k. We define the k-trace of an
element o € Fpa as

Tri(o) = >0, a?' "

Remark. We denote o by @& because the map ® : a — of " is an involution in Fpon

We use this notation to describe our constructions more concisely.

Corollary 2.1. For all o € Fpa, we have Tri(a) € Fpe.

2.1. Construction in four dimensions. We start with extending the sets derived
from the Heisenberg group to vector spaces of dimension four.

Our construction proves that the hairbrush bound is sharp only for fields of the type
F,a where d is even. For odd d the size of our construction is no longer equal to the

P
hairbrush bound. For that reason, we build the construction only for fields of that type.
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The generalization to F,«, where d € N is straightforward and the result is analogous to
the one obtained in [6].
Construction for IF;I)%. Let A be the algebraic variety in F;Qk cut out by the

polynomial

(1) fa = Trp(ar) + Trp(az) + Trp(asz) + Tri(oy)

with coefficients in [F2x. If we consider fa as a map F2x — Fpx, fa takes every value

pd>

of F,x exactly p* times. Therefore, A has prime dimension dim,(A) = 2nk — k and as a
result it contains p?"*~* points. We now find the number of lines that lie in A. However,
we consider only the lines that intersect the ajasag plane transversely. This allows us
to parameterize the lines and thus verify the Wolff axiom with less effort. The lines we
examine are of the form

(2) ‘C(a,b,c,u,v,w) = {(aa ba &) 0) + t(ua v, w, 1)| te de} .
We now parameterize the lines in the surface. We get that a3 = a + ut, ay = b+ vt,
a3 = ¢+ wt and ag = t. If A contains the lines of the form £, then the quadruples

(a1, 2, a3, arg) are solutions of equation (1) for any value of t. We get the following
constraints from equation (1) for the coefficients ¢; of the jth power of ¢.

co = TYk(a) + T&“k(b) + T&“k(c)
(3) cer = uP + 0P + wP

g =1+ 7T+ .
Because the coefficients vanish, we get that ¢co = ¢ = ¢» = ¢ = 0. We note that
Try(a) € Fpr and Trp(a) attains each value of Fx exactly p" times. The polynomials
determining c;; are conjugate to each other. Hence, without loss of generality, we examine
only ¢;. In total, for each of a, b, u and v we have p** choices, for ¢ we have p* choices
and w is fixed by u and v. Altogether, there are p** - p?* . p?* . p?* . p* = p lines lying
in A.

Now, let us consider the the hypersurface B in Fé% cut out by the polynomial

(4) fB = Tri(ar) + Trr(asz) + Trr(asda)

with coefficients in Fj2x. Note that B also contains p?" =k points. Analogously, we

examine only the lines that intersect the ajasas plane transversely. They are of the
form (2). Using analogous techniques, we get the following system

cop = Tri(a) + Tr(b)
cep =uP + 0P 4+ ¢
(5) c;=u+v+c
cip1 = Trp(w).
Here ¢, is the coefficient of t*, oy = a + ut, as = b+ vt, ag = ¢ + wt, and ay = t.
We note that the polynomials determining ¢t and c¢; are conjugate to each other and
again we can examine only ¢, without loss of generality. In total, for a, v and v we have

p?* choices, for b and w we have p”* choices, and ¢ is fixed by w and v. Altogether, the
hypersurface B contains p®* lines that intersect the ojasaz plane transversely.

Consider the surface C' obtained by intersecting A and B. We are interested in
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the number of points in C' and the number of lines that intersect the ajasas plane
transversely in C. The lines, again, are of the form (2). From (3) and (5) we get the
following system of equations.

Try(a) + Trg(b) =0

(6) Tr(c) =0
u+v+w=0
w = cP.

Remark. Only non-conjugate polynomials are included in this system of equations.

Here, for a and u we have p?* choices, for ¢ and v we have p* choices, and w is fixed
by c. Altogether, we have pb* lines lying in C' that intersect the oy aocrg plane transversely.

The surface C' contains fewer lines than either A or B and therefore C' # A and C # B.
Therefore, from Theorem 6.29 in [8, p. 82] we get that dim,(C) = dim,(A)—k = 2nk—2k.
Hence, C' contains p?*~2* points.

Let us summarize what we have so far. The surface C' contains p points and
p5% lines. The hairbrush bound yields that the minimal size of a set obeying the Wolff
axiom is |¥| = O(p*?). Thus, we have a sufficient number of lines in C' and when d = 2k
the bound is attained. What is left is only to verify that the lines in C satisfy the Wolff
axiom. We do that thoroughly in the full version of the paper. The result is that the
Wolff axiom is indeed satisfied.

In conclusion, our union of p% lines which obey the Wolff axiom is contained in a set
with p?™*=2F points.

We have shown that sets derived from the Heisenberg group can be extended to four
dimensions. An important note, however, is that the construction presented here is valid
only for fields of the type F,2x. In the next subsection, we consider the n-dimensional
case.

2.2. Construction in n dimensions. Before we examine the general case, we
investigate some properties of the surfaces we examined that make them suitable for
our construction. Choosing to work only with k-traces, we ensure that the number of
equations in the system that determines the number of lines depends only on the smallest
non-trivial divisor s of d for fields of the type F,.. Because we are examining only fields of
the type Fp2x, in our construction we take s = 2. Consequently, we have fewer restrictions
for the lines. This results in more lines on the surface. This makes such surfaces useful for
our purposes because we want to intersect as many surfaces as possible to obtain a size
as small as possible and each intersection reduces the number of points and consequently
the number of lines.

Now we generalize our construction to vector spaces of dimension n over Fpzx. The
construction procedure is as follows.

2nk—2k

(1) Find a general form of the hypersurfaces.
(77) Determine the number of lines contained in each hypersurface.

Remark. In IE‘Z% we only examine lines that intersect the ayas . . . a1 plane transversely.
The reasoning is analogous to the one applied in the construction for IF;%.

(#41) Determine the number of hypersurfaces that we have to intersect.
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(iv) Verify that the selected lines satisfy the Wolff axiom.

Construction for F],.. Let us examine a set of algebraic varieties {X;} in Fj.
such that X;, 1 =0,1,...,|n/2], are cut out by the polynomials

Y; = A(n — 2i) + M(2i),
where A(n — 2i) is the addition part, defined as A(n — 2i) = >, 21 Tri(aq), and M (24)
is the multiplication part, defined as M (2i) = Z;;lo Trk(an+2(]_l)+1 Qpyo(j—i)+2)- Bach

of the hypersurfaces X; has p>™*~* points. In the full version of the paper we explicitly

determine the number of lines that each X; contains. The result is that there are a total
of p*"=7) lines through X, and p**™~2) in X; when i > 0.

So far, we have completed the first two steps (i) and (i) of the construction plan.
Now we start intersecting the surfaces we described. We do this step by step to see the
number of lines at each step and determine whether there are sufficiently many.

The system of equations determining the lines in the intersection XyN X7 is as follows.

SiTE Tri(ry) = 0
1
(7) D185 =0
Sp—1 = Tp—1
Tri(sp—1) =0.
Here, we have p¥ choices for 7,_o and r,,_1. Additionally, s,_; is fixed by r,_1, and we
have one choice for s,_s. Altogether, we have p?*"~®) lines in X, N X;. Furthermore,
Remark. The construction in IF;% is exactly the intersection of Xy N X; and indeed
when n = 4, 2k(2n — 5) = 6k.
The system of equations determining the lines in the intersection Xy N X;--- N X;
after a series of routine operations is as follows.

Z T&“k (’I“J =0
Trk(sn,ﬂ =0
Trk(rn—iﬁ : 'Fn—2) = Trk(rn—?;) + Trk(rn—Q)

Trg(rn—2141 - Tn—2i42) = Tri(rn—2i+1) + Tre(rn—2i42)
Spn—1 = 7_’n71
1
(8) Z? 185 =0
Try(sp—3 - 8p—2) =0

Tri(Sp—2141 - Sn—21+1) =0

Sp—3 + Sp—2 =Tp—2-Spn—3 + Th—3 " Sp—2

Sn—21+1 t Sn—2i142 = Tn—2142 * Sn—2l4+1 + Tn—2141 * Sp—21+2-
We explicitly analyze the number of lines in the resulting surface in the full version
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of the paper. We conclude that in an n-dimensional vector space the resulting surface
XoNX1N---NX; of the intersection of [ + 1 surfaces contains pk(4"_5l_5) lines. From

2n —3
this we see that [ should be at most — . Otherwise, the resulting surface would have

an insufficient number of lines. Because we want the set of points to be of minimal size,
we want the resulting surface to be an intersection of as many X; as possible. Therefore,

for [ we obtain
I 2n—3
= : .

With that, we have completed the third step (2.2) of the construction plan. It remains to
be shown that the union of lines we selected satisfies the Wolff axiom. We do this in detail
in the full version of the project. However, our proof is not valid for a particular number
of m-lines. We conclude that this number is negligible heuristically, provided with the
result for the construction in dimension four. Additionally, we have checked explicitly
the number of lines that ought to be removed in the cases n = 4,5. For these cases the
heuristic argument holds.
In conclusion, the size of our construction is

(P iy

n+42

Thus, we provide a counterexample to Conjecture 1.1. However, O (p%(%”)) >0 (ka(T))

and therefore we do not prove that the hairbrush bound is sharp for all n.

3. Conclusion. In this project we have constructed a general form of unions of lines
in IFZ% based on the Heisenberg group. They satisfy the Wolff axiom up to a heuristically
negligible number of lines. Additionally, the four dimensional case is examined and the
Wolff axiom is verified for it.

In particular, the algebraic structure of the unions of lines satisfying the Wolff axiom
may be advantageous for understanding the structure of sets satisfying the Kakeya
conjecture.
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BBbPXY I'OJIEMUHATA HA OBEJIMHEHNA OT ITPABU B n-MEPHUA
BEKTOPHU ITIPOCTPAHCTBA HAJI KPAVHU IIOJIETA,
N3II'bJIHABAIIIN AKCUTOMATA HA BOJI®

Xonr ¥Yaur, Kpucrunan I'eoprues I'eoprues

B paspaborka ce pasriexkjga HaMUpPaHETO Ha ODEIUHEHUsI OT ITPABU B IF:%, KOHUTO
U3IILJIHSABAT akcuomara Ha Bosid m mmaT MuHHMaj HA rojeMuHa. Hue mpejcrassiMe
pasuMpenre Ha KOHCTPYKIMHUTE 34 F;d, monydenu ot Tao npes 2002 u or Enenbepr
n Xabnmyek npe3 2013, 10 KOHCTPYKIHS 33 IFZ%. Omnpejiensivme rojieMunaTa Ha obe-

1.6kn

JIMHEHUSITa B KOHCTPYKIIMSTA HU B IFZ% na 6wae O (p ) HokasBame, de HalaTa

KOHCTPYKIIAS U3II'bJIHsIBA akcnomara Ha Boid 3a n = 4 u moka3Bame, d€ KOHCTPYK-
[MsITa HY N3II'bJIHABA akcrnoMmara Ha Bosid no eBprucrtnyano npenebperkum 6poii npasy,
B CJIyvYamTe Koraro n > 4.

KuaoyoBu aymu: abcrpakTHa ajirebpa, akcuoma Ha Bosid, Kpaitnu moJiera, rpymna
na Xait3eH6epr, KOHCTPYKIIAH.
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