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MIXTURES, COMPOUNDS AND INFLATIONS OF
NEGATIVE MULTINOMIAL DISTRIBUTION"

Pavlina Jordanova

The paper considers some relations between mixed, compound and inflated geomet-
ric and negative multinomial distributions. The dependence structure of multivariate
random sums (compounds), discussed in this paper, is born to two factors, the equal
number of summands in the coordinates and the multivariate distribution of the co-
ordinates with equal indexes.

1. Introduction. Throughout the paper we suppose that (9,4, P) is a given
probability space and all considered random variables (r.vs.) and random vectors are
defined on it. First we clarify the meaning of the concepts that we use. There are different
notations and definitions for mixed, compound, generalized or inflated distributions and
random sums in the scientific literature. In their book, Gnedenko et al. [1] consider
limit theorems in the univariate case of “random sums”. Willmot [10], [11] considers the
compound geometric case. Sundt et al. [9] works on recursive relations of multivariate
random sums, with equal number of summands, and call them “compounds”, or more
precisely “multivariate compounds of Type I”. Smith [8] uses the name of the distribution
of the number of summands, followed by “-”, and then the name of the distribution of
the summands. Here we use the following definitions and notations.

Definition 1.1. Let N be a non-negative integer valued random variable (r.v.) and
(Y1i, Y24, ..., Yii), be independent identically distributed (i.i.d.) random vectors. A ran-

dom vector (X1n, Xon, ..., Xkn), with coordinates
N
(1) Xov =1Ins0) Y, s=12....k

i=1
is called compound N(N-stopped sum, random sum) with equal number of Y
summands. In any particular case the letters N and Y are replaced with the name of
the corresponding distribution. Briefly we will denote this in the following way

(XlN,XQN, . ;XkN) ~ CNY(C_I:N;Ey).

Here the letter C' comes from “compound”. In any particular case, N is replaced by the
abbreviation of the distribution of the number of summands, with parameters dy and
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Y is replaced by the abbreviation of the distribution of the vector of summands, with
parameters by .

Some properties of these distributions are summarised e.g. in [5].
In the definition of “mixed distributions” we follow the notations of Johnson et al.
[3] but the approach of Grandell [2].

Definition 1.2. Mixed F; distribution with Fj; mixing, or briefly
Fy (M, C_i)/\ Fy,
M

means that the parameter M in the distribution Fy is replaced by a random variable with
distribution Fyy. Here @ is the vector of parameters of the distribution F;.

Let us note that some authors, see e.g. [3], call the last distributions “compounds”.

With respect to the concept about “zero inflated distributions” we follow Johnson et
al. [3]. Let us note that, frequently these distributions are particular cases of appropriate
mixed or compound distributions. For example, if we consider a mixed r.v.

€~ Fi(M, dr) y Fur
and M is a strictly positive r.v., then 14§ has the corresponding inflated distribution
FI(IAM;a:F)A/} FM = FI,A(M;a:F)J/\} FM7

which is again mixed. Here and further on, I4 means the indicator of the event A or,
which is the same, Bernoulli r.v., taking value 1 with probability P(A) and value 0 with
probability 1 — P(A), for some fixed event A.

Definition 1.3. Let Z be a r.v. with probability law F', and the event A is such that
its indicator, or I4 is independent on Z. We call the distribution of their product I4Z,
zero Inflated F or ZIF(P(A);dr) distribution, where in any particular case, F will be
replaced by the name or abbreviation of the corresponding distribution F with parameters
ar.

The properties of negative multinomial (NMn) distribution can be found e.g. in [3].
Let us now just remind the definition.

Definition 1.4.Letn € N, 0 < p;, i = 1,2,...;k and p1 +p2+ - +pr < 1. A
vector (Y1,Ya, ..., Yy) is called negative multinomial distributed with parameters
n,P1, D2, .-, Pk, if its probability mass function (p.m.f.) is

P& =i1,8 =ia,..., & =ix) =
_(ntutiot-Fu—10) 4 (1 o o \n
( 11,02, ..., 0k, — 1 >p1p2 il =p1—p> PE)"
s =0,1,...,5=1,2,... k.
Brieﬂy(§Ia€2a"'a€k)NNMn(n;plaPQa"'apk)'

It is well known that if Ay, Ao, ..., A describe all possible mutually exclusive “suc-
cesses” and the event A1 N AsN---N A, presents the “failure” in one trial, then the i-th
coordinates &; of the above vector, can be interpreted as the number of “successes” of
type A; i = 1,2,..., k until n-th “failure” happens. For & = 1 this distribution is negative
Binomial (NBi) with parameters n and 1 — p; to be denoted briefly by NBi(n;1 — p1).
In particular NBi(1;1 — py) distribution is Ge(1 — p1), i.e. geometric with parameter
1—p1. If & ~ Ge(1 — py1), then & + 1 has shifted geometric distribution (Gei(1 — p1)).
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We call the distribution of sum of n independent, Ge;(1 — p1) distributed r.vs. shifted
negative Binomial with parameters n and 1 — py. Briefly SANBi(n,1 — p1).

We use the following notations: 2 means coincidence in distribution; = is for equiv-
alence between classes of distributions.

2. Univariate case. In this section, we suppose that k& = 1, p,py € (0,1) and
B > 0. Here Po()\) means Poisson distribution with parameter A > 0, Exzp(S) means

exponential distribution with parameter 8 and Gamma(n, 8) is for Gamma distribution
with parameters n and 5. It is well known and easy to prove, that

PO(M)I\/} Gamma(n, ) = N Bi(n, T f 5)7 NBi(n,pn) = PO(M)I/\} Gamma(n, 1 ﬁj\;N),
Po(M) y Erp(f) = Ge(15). Gelow) = PolM)g Bap( )

. . PPN
C ShNBiGe(n,pn;p) = NBi [ n, ———~ ).
(. prvip) ( 1p(1pzv))

PPN

In particular C Ge1Ge(py;p) = Ge | ————
P 1Gelpip) <1—p(1—pzv)

that

) . See e.g. [2]. Now it is easy to see

C Ge1Ge(pn;p) = Po(N)Q Exp (prNp> ,

C ShNBiGe(n,pn;p) = PO(N)]/G Gamma (n, %) ,

C Ge1Gey(pn;p) = Gei(ppn), C ShNBiGei(n,pn;p) = ShNBi(n, ppn)-

In the next theorem we consider the distribution of a random sum with geometrically
distributed number and shifted geometric summands, i.e. C GeGe; distribution. It
seems to be introduced before Iwunor [6], who estimates its parameters and shows some
applications in rural out-migration. This distribution is widely used in risk theory. See
e.g. Willmot [10], [11] and Jordanova [4]. Some properties of this distribution can be
seen e.g. in Minkova [7]. Here we show its relation with Bernoulli distribution.

Theorem 2.1. Let Y; ~ Gei(p), i = 1,2,... be i.i.d. and the rv. N ~ Ge(py) be
independent on them. Denote by 14 the indicator of the event A with P(A) =1 — py.
Then the r.v. Xy, defined in (1) for k =1, satisfy the following equalities.

i) Xy 4 14, where & ~ Gey(ppn) and L4 are independent, i.e.
CGeGei(pn;p) = ZIGe1(1 — pn; ppw).

ii) (Xn|Xn >0) ~ Ger(ppn).

Proof. i) Using consecutively: the formula for probability generating function
(p.g.f.) of a random sum with equal number of summands (see e.g. [8]), the form of
p.g.f. of Ge(py) distribution and p.g.f. Ge1(p), we obtain:

B(XN) = DN _ DN _ pn([1— (1 —p)z]
1—(1—pN)G(z"1) 1—(1—pN)% 1-(1-p)z—(1—pn)pz
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_pN[1-=(—-p)z]  pn—2pN+PPNZ _ PN — ZPN +PPNZ +prive

1—2(1-ppnN) o 1—2(1—ppnN) 1—2z(1-ppnN)
2
PPNZ — PPN < ZPPN IA€
=py + ENETIPNE 4+ (1= pn)—— PPN = p(18),
PN 1—2(1—pp1v) PN+ ( pN)l—(l—ppN)Z ( )

Now the uniqueness of p.g.f. implies i.).
The assertion ii.) follows by the definitions of conditional probability, i.) and the
definition of Ge; distribution. 0O

Corollary 2.1. Let Y; ~ Gey(p), i = 1,2,... be i.i.d. and the r.v. N ~ NBi(n,pn)
be independent on them. Denote by Ia,,...,1a, the independent indicators correspond-
ingly of the events A; with P(A;) =1—pn, i=1,2,...,n. Then the rv. Xy, defined
in (1) for k =1, satisfy the following equality in distribution

d
(2) Xy =148+ + 14,60,
where & ~ Gei(ppn), i = 1,2,...,n are i.i.d., and independent on L4, ,...,1a, .

Note. The latter means that C N BiGe1(n, pn;p) distribution coincides with the n-th
convolution of ZIGe1(1 — pn;ppn) distribution.

Theorem 2.2. Let Y; ~ Ge(p), i = 1,2,... be i.i.d. and the r.v. N ~ NBi(n,pn) be
independent on them. Then for the r.v. Xy, defined in (1) and k =1,
(3) Xy ~ NBi(M,p)A/} NBi(n,pn).

That is equivalent to the equality C NBiGe(n,pn;p) = NBi(M,p)A/} NBi(n,pn).

Corollary 2.2. Let Y; ~ Ge(p), i = 1,2,... be i.i.d. and the rv. N ~ Ge(pn) be
independent on them. Then for the r.v. Xy, defined in (1) for k=1,

(4) Xy ~ NBi(M,p) Ge(pn).
In other words C' Ge Ge(pn;p) = NBi(M,p)A/} Ge(pn).

Note. The relation 1\/} in (3) is not symmetric with respect to p and px. More precisely,
there exist p # py, such that (3) is true and
NBi(M,p)A/} NBi(n,pn) # NBi(M,pN)A/} NBi(n,p).

Theorem 2.3. Let Y; ~ Ge(p), i = 1,2,... be i.i.d. and the r.v. N ~ Ge(pn) be
independent on them. Denote by I4 the indicator of the event A with P(A) =1 — pn.
Then the r.v. Xn, defined in (1) for k = 1, satisfy the following equalities.

i) Xy 4 I4&, where € ~ Ge (L) and I4 are independent, i.e.
1—p(1—pn)

PPN
CGeGe(pyip) = ZIGe (1 —py; ———N ).
(Prvip) ( PV T 0 pzv))

i) (Xn|Xy > 0) ~ (%) .
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Corrolary 2.3. LetY; ~ Ge(p), i =1,2,... bei.i.d. and the r.v. N ~ NBi(n,py) be
independent on them. Denote by Ia,,...,1a, the independent indicators correspondingly
of the events A; with P(A4;) =1—pn, i=1,2,...,n. Then the rv. Xy, defined in (1)
for k = 1, satisfy the equality (2) where & ~ Ge (L) i=1,2,...,n are

1 —p(1—pn)
i.i.d., and independent on I4,,...,14, .

Note The last means that CNBiGe(n,py;p) distribution coincides with the n-th
PPN
1—p(1—pn)

3. Multivariate case. Here we consider the case with geometric number of
summands N, and NMn distributed summands. The case of Poisson distributed N, is
investigated in Smith [8].

Here we denote by M Ge(p1, pa, ... ,pr) the NBi(1,p1,p2,...,pr) distribution, in or-
der to point out that it is a multivariate geometric.

Theorem 3.1. Let (Y;1,Yia,...,Yik) ~ MGe(p1,p2,...,0k), t =1,2,... and the r.v.
N —n ~ NBi(s;pn) be independent. Denote by po =1 — (p1 +p2+ -+ pr). Assume
that (Xin, Xon, ..., Xkn) is defined in (1). Then

(Xin, Xon, ..., Xiw) 2

convolution of ZIGe (1 — DN; distribution.

) < NMn <s, P1 , b2 ey Pk ),
1—(1—=pNn)po’ 1= (1 —pn)po 1—(1—pn)po
i.e. C ShNBiMGe(s,pn;p1,p2,---,Pk) =
D1 P2 Pk
= NMn S, 5 PR .
( 1—(1—pn)po’ 1 —(1—pn)po 1— (1PN)po)

Proof. The p.g.f. of a random sum with equal number of summands, p.g.f. of N—n
and p.g.f. of MGe(p1,pa,...,pr) imply,
E(Zf(lNZ§(2N o Zi(kN) _

Yii Y Y, s 1—(p1+pat--+pi) 5
_ { pnG(2 M 2% ) } _ { PNT—piz1—prza——prz _
- B _ Yii Yo Y1 B 1—(p1+pat--+pr) o
1—(1—pn)G(z ™, 202, 25 L= (1 =pN) T e e
PN Po S
_ 1-(1—pn~)po
= _ P1 _ P2 N T ’
L = s A~ T=—pms 22 T—(T-pn)po °F

Now the uniqueness of p.g.f. entails (5). O

Theorem 3.2. Let (Y;1,Yio,...,Yix) ~ MGe(p1,p2,...,pk), © = 1,2,... and the
ru. N ~ Ge(l — pn) be independent. If (Xin,Xon,...,Xkn) is defined in (1) and
po=1—(p1+p2+- +pk) then

i) (Xin, Xon, .- Xin) 4 14&, where the random vector

EwGe( D1 P2 Pk )
1—(1—=pn)po’ 1 =1 —pn)po” " 1—(1—pn)po

and the Bernoulli r.v. 14 is independent on the random vector € and P(I4 =1) =
P(A) =1- PN -
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ii)

(1]

For allr=1,2,...,k and any subset i1,i1,...,5, of {1,2,...,n},
(XiyNy XigNy ooy XinN) ~
~ ZIMGe (1

o iy Diy i, )
pot P Po+ Ym0t X P
Proof. The proof of i.) follows analogously to the proof of Th. 3.1 and we omit it.

The proof of ii) follows by the properties of p.g.f. O

Note. The result in i) means that
C Ge MGe(pn;p1,p2;-- - Pk) =

D1 D2 Pk
EZIMG@ 5 PRI .
(1 — (I =pN)po’ 1= (1 —pn)po 1-(1 pN)po)
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CMECH, CJIVUANHU CYMU U NH®JIAIININ B HYJIATA HA
OTPULIATEJIHOTO BMUHOMHO PA3IIPEJEJIEHUE

ITaBiuna KamdeBa UMopmatnoBa

CrarusiTa pasriex/ia Bpb3KaTa MEXKJIy CMECEHOTO U ChbCTABHOTO MHOIOMEDHO I'eO-
METPUYHO ¥ OTPUIIATETHO OUHOMHO paslpe/iesieHne, KAKTO U TEXHUTE MOIMMUKAIIH C
JOIIBJIHATETHO Teryio B Hy/1aTa. CTpyKTypara Ha 3aBUCUMOCT Ha MHOTOMEPHUTE CJIY-
JaifHu cymu (CHCTABHU Pa3NIPENIesICHNs] ), PA3IJIEXKIAHN B TA3U CTATHA, C€ YIPABIIABA
OT nBa (bakTOpa: paBHUsl OPOIl Ha CHLOMpPAEMUTE, KOUTO YIaCTBAT B KOOPAUHATUTE, U
MHOT'OMEPHOTO pa3lpejiesieHre Ha KOOPUHATATE C €/THAKBU WHJIEKCH.
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