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The problem of manipulation in voting is fundamental and has received attention in
recent research in game theory. In this paper, we consider one case of manipulation
in weighted voting games done by merging of coalitions into single players viewed
from two perspectives: of the effect of swings of players and of the role of the Banzhaf
index. We prove a theorem for manipulation by merging two players and show several
attractive properties in the process.

1. Introduction. The modern notion of a simple game was introduced by John
von Neumann and Oskar Morgenstern in their monumental book “Theory of Games and
Economic Behavior” in 1944 [10]. Previous works on this problem were fragmentary and
did not attract much attention. This book provided some new important developments,
such as the introduction of information sets, the formal definitions, and the decision
rules. According to Von Neumann and Morgenstern a simple game is a conflict in which
the only objective is winning and the only rule is an algorithm to decide which coalitions
of players are winning. For more information see [11], that is, the sixtieth anniversary
edition which includes not only the original text but also an introduction by Harold
Kuhn, an afterword by Ariel Rubinstein, and reviews and articles about the book.

The aim of this paper is to show a process of manipulation by merging two players in
weighted voting games.

Let N be a nonempty finite set of players in game G and every subset S ⊂ N is
referred to as a coalition. The set N is called the grand coalition and ∅ is called the
empty coalition. We denote the collection of all coalitions by 2N and the number of
players of S ∈ 2N by |S|. Let us label the players by 1, 2 , dots n, n = |N | ≥ 2.

Definition 1. A simple game in characteristic-function form is a pair G = (N, v)
where N = {1, 2, . . . , n} is the set of players and v : 2N → {0, 1} is the characteristic
function which satisfies the following three conditions:

(1) v(∅) = 0.
(2) v(N) = 1.
(3) ν is monotonic, i.e. if S ⊂ T ⊂ N , then v(S) ≤ v(T ).

*2010 Mathematics Subject Classification: 91A12.
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Thus, we formalize the idea of coalition decision making. From the above definition
it follows that the characteristic function v for a coalition S ⊂ N indicates the value of
S. This means that for each coalition S ⊂ N we have either v(S) = 0 or v(S) = 1.

In this paper, we will consider a special class of simple games called weighted voting
games (or weighted majority games) with dichotomous voting rule – acceptance (“yes”)
or rejection (“no”). These games have been found to be well-suited to model economic
or political bodies that exercise some kind of control. A weighted voting game is a type
of simple cooperative game and a formal model of coalition decision making in which
decisions are made by vote.

A weighted voting game (N, v) is described by G = [q;w1, w2, . . . , wn] where q and
w1, w2, . . . , wn are nonnegative integer numbers such that q ≤

∑n

k=1 wk = τ . For more
information see [6], [8] and [9]. This game has the following properties:

(1) 1 ≤ q ≤ τ .
(2) n = |N | ≥ 2 is the number of players.
(3) wi ≥ 0 is the number of votes of player i ∈ N .

(4) q is the needed quota so that a coalition can win.
(5) the symbol [q;w1, w2, . . . , wn] represents the weighted voting game G defined by

v(S) =

{

1,
∑

k∈S wk ≥ q
0,

∑

k∈S wk < q
, where S ⊂ N.

For any weighted voting game G, the form [q;w1, w2, . . . , wn] is often called a weighted
presentation of game G. Obviously, one weighted voting game has many representa-
tions. For example, the following three weighted voting games G1 = [51; 49, 49, 2],
G2 = [9; 7, 6, 5], and G3 = [2; 1, 1, 1] represent the same voting rule - majority rule,
that is, each coalition of 2 or 3 players is winning. It follows that they have the same
characteristic functions.

2. Definitions and concepts. We start our study with a consideration of two
basic types of coalitions – winning and losing.

Definition 2.For any coalition S ⊂ N in game G, S is winning if v(S) = 1, and S
is losing if v(S) = 0. The collections of all winning and all losing coalitions in game G
are denoted by W (G) and L(G), respectively. If game G is fixed, we simply write W and
L.

By definition, any simple game has winning and losing coalitions, and this game is
determined by the set of all its winning or losing coalitions. We have that N ∈ W and
∅ ∈ L; therefore, W and L are nonempty, W ∩ L = ∅ and W ∪ L = 2N . Observe that
a coalition having a winning sub-coalition is also winning and a sub-coalition of a losing
coalition is also losing.

It is important to note that if the quota increases (decreases), then the set of all
winning coalitions decreases (increases) and the set of all losing coalitions increases (de-
creases).

For any player i ∈ N , the collection of all winning coalitions including i is denoted by
W i

+, the collection of all winning coalitions excluding i is denoted byW i
−, the collection of

all losing coalitions including i is denoted by Li
+, and the collection of all losing coalitions

excluding i is denoted by Li
−.

Definition 3.For any coalition S ∈ W , S is called a minimal winning coalition if
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S\{i} is not winning for all i ∈ S. The collection of all minimal winning coalitions is
denoted by MW . For any player i ∈ N , the collection of all minimal winning coalitions
including i is denoted by MW i

+ and the collection of all minimal winning coalitions
excluding i is denoted by MW i

−.

It is easy to prove that MW and W are two finite sets, MW ⊂ W and MW is
nonempty.

Thus, a simple game (N, v) can alternatively be defined in winning-set form as (N,W )
or minimal-winning-set form as (N,MW ).

Definition 4.A player who does not belong to any minimal winning coalition is called
a dummy, i.e. player i ∈ N is a dummy if and only if i /∈ S for all S ∈MW . A player
who belongs to all minimal winning coalitions is called a veto player or vetoer, i.e. player
i ∈ N has the capacity to veto if and only if i ∈ S for all S ∈MW . A player i ∈ N is a
dictator if {i} is a winning coalition.

For any player i ∈ N , it is easy to show that MW i
+ = ∅ is equivalent to player i being

a dummy, and MW i
+ = MW is equivalent to player i being a veto player.

Definition 5.A weighted voting game G is called proper if v(S) + v(N\S) ≤ 1 for
all S ⊂ N .

Note that a weighted voting game to be proper is equivalent to the complement of a
winning coalition to be not winning. This means that in a proper game both coalitions
S and N\S cannot be winning. In this context, if S is winning, then N\S is losing, but
the converse statement is not always true.

Clearly, the following statements are true:
(1) A proper game may have only one dictator and all other players are dummies.

However, a proper game may have several veto players while a dictator is unique. A
proper game with two or more veto players does not have a dictator.

(2) An improper game may have one pair of non-intersecting winning coalitions. In
particular, an improper game may have more than one dictator.

In what follows, we will only study proper games with n ≥ 3.

Definition 6. (a) A proper game G is called decisive (or strong) if v(S)+v(N\S) = 1
for all S ⊂ N .

(b) A proper game G is called weak if v(S) + v(N\S) < 1 for all S ⊂ N .

It is easy to show that weighted voting game [5; 4, 3, 2, 1] is improper, game [6; 4, 3, 2, 1]
is proper but it is not decisive, and game [3; 1, 1, 1, 1, 1] is decisive.

Definition 7.For i ∈ N and S ∈W i
+, player i is called a negative swing (also critical

or pivotal) member of S if S\{i} is not winning. The collection of all winning coalitions
including i as a negative swing member is denoted by W i

s . For i ∈ N and S ∈ Li
−, player

i is called a positive swing (also critical or pivotal) member of S if S∪{i} is not losing.
The collection of all losing coalitions including i as a positive swing member is denoted
by Li

s.

Note that each member of a minimal winning coalition is a negative swing player, a
winning coalition may have a negative swing member and a losing coalition may have a
positive swing member.

It is often said that
∣

∣W i
s

∣

∣ and
∣

∣Li
s

∣

∣ are the number of swings of player i ∈ N .
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Remark 1. In classical theory each positive swing for player i ∈ N corresponds to
a pair of coalitions (S, S ∪ {i}) ∈ Li

− ×W i
+ such that S is losing and S ∪ {i} is winning

(L
i
−→ W process), and each negative swing for player i ∈ N corresponds to a pair of

coalitions (S\{i}, S) ∈ Li
− ×W i

+ such that S\{i} is losing and S is winning (L
i
←− W

process). In the first case we say that player i is a swing member of the pair (S, S ∪ {i}),
but in the second case we say that that player i is a swing member of the pair (S\{i}, S).

It is easy to show that if a weighted voting game has a dictator, then he/she is the
only swing player in this game.

Theorem 1 [2, Corollary 4.1].For any proper game
∣

∣W i
s

∣

∣ =
∣

∣Li
s

∣

∣ for all i ∈ N .

Remark 2. It is important to note that in the proof of Theorem 1 the authors
construct a one-to-one mapping mi : W

i
s → Li

s such that coalition S ∈ W i
s only corre-

sponds to coalition S\{i} ∈ Li
s and conversely, coalition S\{i} ∈ Li

s only corresponds to
coalition S ∈ W i

s , see also Remark 1.

3. Decision powers of the players. The concept of decision power of the
players in weighted voting games is well-known. For example, let us consider a game
G = [51; 62, 27, 11]. We may say that player 1 has 62% of the decision power, players 2
and 3 have 27% and 11%, respectively. But this is not true because player 1 has 100%
of the power, and players 2 and 3 are powerless, i.e. player 1 is a dictator and players
2 and 3 are dummies. Weighted voting games use mathematical models to analyze the
distribution of decision power of the players. These distributions of decision power are
central in economics and political science.

These notes allow us to discuss Banzhaf power index. This index was introduced by
the American jurist and law professor John Banzhaf III as a measure of the real power
of players in a cooperative game [1]. It depends on the number of ways in which each
player can affect a negative swing. The absolute Banzhaf index concerns the number of
times each player i ∈ N could change a coalition from winning to losing and it requires
that we know the number of negative swings for each player i. For each player i ∈ N ,
the absolute Banzhaf index is denoted by ηi and it equals the number of negative swings
for this player.

Theorem 2 [3], [4, Lemma 1].For any proper game ηi =
∣

∣W i
s

∣

∣ =
∣

∣W i
+

∣

∣ −
∣

∣W i
−

∣

∣ for
all i ∈ N .

Remark 3. From Theorems 1 and 2 it follows that ηi =
∣

∣W i
s

∣

∣ =
∣

∣Li
s

∣

∣ for all i ∈ N ,
i.e. ηi is either the number of negative swings or the number of positive swings of player
i.

The normalized Banzhaf power index is the vector β = (β1, β2, . . . , βn), given by
βi =

ηi∑
n

k=1
ηk

for i = 1, 2, . . . , n.

The Banzhaf index is similar to the Penrose-Banzhaf (or Banzhaf-Coleman) index
which is defined by bi =

ηi

2n−1 for i ∈ N . The Banzhaf index was originally created in
1946 by Leonel Penrose, but was reintroduced by John Banzhaf in 1965.

Theorem 3 [7, Theorem 2].For any proper game, player i ∈ N is a dummy is
equivalent to ηi = 0.
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Remark 4. It is important to note that the Banzhaf power index is monotonic with
respect to the weights when we are evaluating the power, i.e. for two different players
i, j ∈ N , ηi = ηj when wi = wj and ηi ≥ ηj when wi > wj , see Theorem 3 and [3].

Theorem 4 [7, Theorem 2(b)].For any proper game if i, j ∈ N , i 6= j, player i is
a dummy, and wi ≥ wj , then player j is also a dummy.

4. Concepts for manipulation. In the real world weighted voting games can be
dynamic. Players might have an incentive to merge into voting blocks or split up into
smaller players. Decision rules in voting games can be manipulated by coalitions merging
into single players and players splitting into a number of smaller units [5]. Weighted
voting games are cooperative games; therefore, analyses of manipulation are natural.
The study of methods of manipulation also has practical applications.

In this paper, we will focus our attention on a specific case of manipulation – merging
two or more players into a single player.

Consider a proper weighted voting game G = [q;w1, w2, . . . , wn] when n ≥ 3. We
construct a new game G′ = [q;w′

1, w
′
2, . . . , w

′
n′ ] such that n > n′, any player i′ in game

G′ is a fixed coalition of players in game G, its weight w′
i′ is the sum of the weights of

this fixed coalition and for any two different players i′ and j′ in game G′ the condition
i′ ∩ j′ = ∅ holds. We denote the set of all players in games G and G′ by N and N ′,
respectively. Game G′ is called a derivative game of the original game G.

Note that the converse process of manipulation by merging is the process of manipu-
lation by splitting.

Example 1. Let G = [17; 8, 7, 4, 4, 2, 1, 1] be an original game with n = 7, q = 17
and τ = 27. For the derivative game, let the coalition of players 2, 3 and 5 in game
G be a new player in game G′ and the other players remain the same. So we get
G′ = [17; 13, 8, 4, 1, 1] where n′ = 5, q′ = 17, τ ′ = 27, 1′ = {2, 3, 5}, 2′ = {1}, 3′ = {4},
4′ = {6} and 5′ = {7}. The sum of Banzhaf power indices of players 2, 3 and 5 in game
G is β2 + β3 + β5 = 0, 4851 but the index of player 1′ in game G′ is β′

1′ = 0, 6000. As a
result we obtain β2 + β3 + β5 < β′

1′ .

Example 2. Let G = [30; 9, 8, 5, 5, 4, 3, 1] be an original game with n = 7, q = 30
and τ = 35. For the derivative game, let the coalition of players 1, 2 and 3 in game G
be a new player in game G′ and the other players remain the same. In this case we get
G′ = [30; 22, 5, 4, 3, 1] where n′ = 5, q′ = 30, τ ′ = 35, 1′ = {1, 2, 3}, 2′ = {4}, 3′ = {5},
4′ = {6} and 5′ = {7}. Here the sum of Banzhaf power indices of players 1, 2 and 3 in
game G is β1 + β2 + β3 = 0, 5789 but the index of player 1′ in game G′ is β′

1′ = 0, 3684.
Now we obtain β1 + β2 + β3 > β′

1′ .

Note that in Example 1 decision power increases but in Example 2 it decreases.

5. Main result. In this section, we present the basic theorem for manipulation by
merging two players into a single player.

Theorem 5.Transform game G to game G′ by merging two different players i and
j into player i′, and the other players remain the same. The following statements are
true.

(a) ηi + ηj = 2η′i′ ,
∣

∣W i
s(G)

∣

∣ +
∣

∣W j
s (G)

∣

∣ = 2
∣

∣

∣
W i′

s (G′)
∣

∣

∣
and

∣

∣Li
s(G)

∣

∣ +
∣

∣Lj
s(G)

∣

∣ =

2
∣

∣

∣
Li′

s (G
′)
∣

∣

∣
.
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(b) If player j is a dummy in game G, then ηi = 2η′i′ ,
∣

∣W i
s(G)

∣

∣ = 2
∣

∣

∣
W i′

s (G′)
∣

∣

∣
and

∣

∣Li
s(G)

∣

∣ = 2
∣

∣

∣
Li′

s (G
′)
∣

∣

∣
.

(c) Players i and j being dummies in game G is equivalent to player i′ being a dummy
in game G′.

(d) If wi = wj , then 2wi = w′
i′ , ηi = η′i′ ,

∣

∣W i
s(G)

∣

∣ =
∣

∣

∣
W i′

s (G′)
∣

∣

∣
and

∣

∣Li
s(G)

∣

∣ =
∣

∣

∣
Li′

s (G
′)
∣

∣

∣
.

(e) If k 6= i, j and player k in game G transforms to player k′ in game G′, then

ηk ≥ η′k′ ,
∣

∣W k
s (G)

∣

∣ ≥
∣

∣

∣
W k′

s (G′)
∣

∣

∣
and

∣

∣Lk
s (G)

∣

∣ ≥
∣

∣

∣
Lk′

s (G′)
∣

∣

∣
.

(f) If player i′ is a dummy in game G′, then βi + βj = β′
i′ = 0.

(g) If player i′ is not a dummy in game G′, then βi + βj < 2β′
i′ .

(h) If wj ≤ wi and player i′ is not a dummy in game G′, then βj < β′
i′ .

(i) If player i is a dictator in game G, then player i′ is a dictator in game G′ and
βi + βj = β′

i′ = 1.

Proof. (a) Let S ∈ Li′

s (G
′), wi + wj = w′

i′ and let us assume that wj ≤ wi. This
means that 0 < q −

∑

h∈S wh ≤ w′
i′ = wj + wi and S ∪ {i′} ∈ W (G′).

There are three cases for positive swings of each player i, j or i′.
Case 1. If 0 < q −

∑

h∈S wh ≤ wj , then q ≤
∑

h∈S wh+wj and q ≤
∑

h∈S wh+wi.
As a result we see that player i′ is a swing member of pair (S, S ∪ {i′}) in game G′, and
players j and i are swing members of pair (S, S ∪ {j}) and pair (S, S ∪ {i}) in game G,
respectively. Hence, in this case we have ηi + ηj = 2η′i′ .

Case 2. If wj < q −
∑

h∈S wh ≤ wi, then
∑

h∈S wh + wj < q ≤
∑

h∈S wh + wi. Here
we get that player i′ is a swing member of pair (S, S ∪ {i′}) in game G′, and players j
and i are swing members of pair ((S ∪ {i})\{j}, S ∪ {i}) and pair (S, S ∪ {i}) in game
G, respectively. We also obtain ηi + ηj = 2η′i′ .

Case 3. If wi < q−
∑

h∈S wh ≤ w′
i′ , then

∑

h∈S wh+wi < q ≤
∑

h∈S wh+wj+wi. So
we have that player i′ is a swing member of pair (S, S ∪ {i′}) in game G′, and players j
and i are swing members of pair ((S ∪{i})\{j}, S∪{i}) and pair ((S ∪{j}\{i}), S∪{j})
in game G, respectively. Here we get ηi + ηj = 2η′i′ too.

In summary, we obtain ηi+ηj = 2η′i′ . From ηi =
∣

∣W i
s(G)

∣

∣ =
∣

∣Li
s(G)

∣

∣, ηj =
∣

∣W j
s (G)

∣

∣ =
∣

∣Lj
s(G)

∣

∣ and η′i =
∣

∣

∣
W i′

s (G′)
∣

∣

∣
=

∣

∣

∣
Li′

s (G
′)
∣

∣

∣
it follows that

∣

∣W i
s(G)

∣

∣+
∣

∣W j
s (G)

∣

∣ = 2
∣

∣

∣
W i′

s (G′)
∣

∣

∣

and
∣

∣Li
s(G)

∣

∣+
∣

∣Lj
s(G)

∣

∣ = 2
∣

∣

∣
Li′

s (G
′)
∣

∣

∣
.

(b) If player j is a dummy, then W j
s (G) is empty, see Theorem 3. According to (a)

we get that ηi = 2η′i′ ,
∣

∣W i
s(G)

∣

∣ = 2
∣

∣

∣
W i′

s (G′)
∣

∣

∣
and

∣

∣Li
s(G)

∣

∣ = 2
∣

∣

∣
Li′

s (G
′)
∣

∣

∣
.

(c) This is immediate from (a) and Theorem 3.
(d) The proof follows from (a).
(e) Let us consider a player k′ ∈ N ′ in game G′ such that k′ 6= i′ and coalition

S ∈ Lk′

s (G′). This means that S ∈ Lk
s (G); therefore, we obtain

∣

∣Lk
s(G)

∣

∣ ≥
∣

∣

∣
Lk′

s (G′)
∣

∣

∣
. It

also follows that ηk ≥ η′k′ and
∣

∣W k
s (G)

∣

∣ ≥
∣

∣

∣
W k′

s (G′)
∣

∣

∣
.

(f) If player i′ is a dummy, then W i′

s (G′) is empty, see Theorem 3. This means that
∣

∣

∣
W i′

s (G′)
∣

∣

∣
= 0, i.e. β′

i′ = 0. Thus we find that βi = βj = 0; therefore, βi + βj = β′
i′ = 0.
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(g) If player i′ is not a dummy, then η′i′ > 0. Clearly, we have that ηi+ ηj = 2η′i′ > 0,
2η′i′ > η′i′ and ηi > 0 or ηj > 0, see (a) and (f).

Applying now (a) and (e) we calculate that

βi + βj =
ηi + ηj

∑

h∈N ηh
=

ηi + ηj
ηi + ηj +

∑

h∈N\{i.j} ηh
≤

2η′i′

2η′i′ +
∑

h∈N\{i′} η
′
h

<
2η′i′

η′i′ +
∑

h∈N ′ η′h
≤ 2β′

i′

.

Finally, we obtain βi + βj < 2β′
i′ .

(h) Remark 4 implies βj ≤ βi; therefore, we find that 2βj ≤ βi + βj < 2β′
i′ , i.e.

βj < β′
i′ .

(i) If player i is a dictator in game G, then the other players in game G are dummies.
These players are dummies in game G′ too, see (a), (e) and (f). Hence, player i′ is a
dictator in game G′. As a result we obtain βj = 0, βi = β′

i′ = 1 and βi + βj = β′
i′ = 1.

The theorem is proven. �

Remark 5. Examples 1 and 2 and Theorem 5 imply that the following results are
possible: βi + βj < β′

i′ , βi + βj = β′
i′ or βi + βj > β′

i′ . But Theorem 5 also gives us that
βi + βj < 2β′

i′ when player i′ is not a dummy in game G′ and βi + βj = β′
i′ when player

i′ is a dummy in game G′ or player i is a dictator in game G.

REFERENCES

[1] J. Banzhaf III. Weighted voting doesn’t work: A mathematical analysis, Rutgers Law

Review, 19 (1965), 317–343.
[2] M. Burgin, L. Shapley. Enhanced Banzhaf Power Index and its Mathematical Properties,

WP-797, Department of Mathematics, UCLA, 2001.
[3] P. Dubey, L. Shapley. Mathematical Properties of the Banzhaf Power Index. Mathemat-

ics of Operations Research, 4, No 2 (1979), 99–151.
[4] N. Houy, W. Zwicker. The Geometry of Voting Power: Weighted Voting and Hyper-

Ellipsoids. Games and Economic Behavior 84 (2014), 7–16, doi:10.1016/j.geb.2013.12.001.
[5] P. Knudsen, L. Osterdal. Merging and Splitting in Cooperative Games: Some

(Im)possibility Results. International Journal of Game Theory, 41 (2012), 763–774,
doi:10.1007/s00182-012-0337-7.

[6] N. Masser. Decision-Making in Committees: Game-Theoretic Analysis, Springer, 2010,
doi:10.1007/987-3-642-04153-2.

[7] Z. Slavov, C. Evans. On the Voting Paradox of Luxembourg and Decision Power Indices.
Math. and Education in Math., 43 (2014), 138–144.

[8] Z. Slavov, C. Evans. Voting Games with Positive Weights and Dummy Play-
ers: Facts and Theory. Applied Mathematical Sciences 10, No 53 (2016), 2637–2646,
doi:10.12988/ams.2016.67209.

[9] P. Straffin. Power and Stability in Politics. In: Handbook of Game Theory with Eco-
nomics (eds R. Aumann and S. Hart) vol. II, chap. 32, Elsevier, 1994, 1127–1151.

[10] J. Von Neumann, O. Morgenstern. Theory of Games and Economic Behavior, 1st ed.
Princeton University Press, 1944.

[11] J. Von Neumann, O. Morgenstern. Theory of Games and Economic Behavior, (60th
Anniversary Commemorative Edition) Princeton University Press, 2007.

207



Zdravko Dimitrov Slavov
Varna Free University
Varna, Bulgaria
e-mail: slavovibz@yahoo.com

Christina Slavova Evans
The George Washington University
Washington DC, USA
e-mail: evans.christina.s@gmail.com

МАНИПУЛИРАНЕ ЧРЕЗ СЛИВАНЕ В ТЕГЛОВНИ ИГРИ

С ГЛАСУВАНЕ

Здравко Д. Славов, Христина С. Еванс

Проблемът за манипулация в гласуването е основен и получава голямо внима-

ние в последните изследвания в теория на игрите. В тази статия ние разглеждаме

един случай на манипулиране в тегловните игри с гласуване, направено чрез сли-

ване на коалиции в единични играчи, погледнато от две гледни точки: на ефекта

от колебанието на играчите и на ролята на индекса на Банцхаф. Ние доказваме

една теорема за манипулация чрез сливане на двама играчи и показваме няколко

атрактивни свойства в този процес.
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