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DIFFERENT PROBLEMS FOR “BEST” CONVEX
INTERPOLATION OF D? AND D2 CONVEX DATA"

Georgi Iliev

A non-linear approach to finding the “best” convex interpolation of convex data in
R3 through curve networks has been proposed in [1]. However, these curve networks
cannot be extended by convex functions in C ) (R2). We propose a new, non-linear
approach, by means of which we extend the “best” convex curve network to a smooth
convex function in C" (R?). Let us note, that the ”best” (convex) interpolation
depends on the norm of the second derivative of the respective curve network.

1. Introduction. In the last 35 years, many results generalizing different aspects
of ”best” (constrained) interpolation of data in R? by functions have appeared. The
purpose of the current paper is not to give a detailed review of these results (this is
done for example in [1]). Here we consider different approaches to extremal problems for
curve networks in R?.

Let V; = (zj,y;) € R2%,j =0,1,2,3 be four different points in R?. We suppose that
Vi1, Va, V3 are vertices of a triangle — A(Vy, Va2, V3) in R2. The edges of this triangle are
the segments by := [V4, V3], by := [V, V3] and bs := [V3,V;]. If we denote by c; the
segment [Vp, Vi], i = 1,2, 3, we suppose that the points V; = (2;,;) € R?, i = 1,2,3
are such that ¢; Ncy, = Vo; 4,k = 1,2,3; i # k (Fig. 1). The last assumption requires
that the point Vj is strictly inside A(Vi, Vi, V3). We denote by V' the set of four points
Vi = (z5,y5) € R2?, j =0,1,2,3 with these properties and notations.

Let z;, § = 0,1,2,3, be four different numbers in R. We denote Z := (2, 21, 22, 23).

Definition 1.

(i) We call D® data the set (V,Z) := ((Vo, 20), (V1, 21), (Va, 29), (V3, 23)).

(ii) We call convex D* data the set (V,Z) if the point (Vo(zo,v0),20) € R> is
strictly under the plane in R®, made of the points (V1,z1), (Va, 22), (Va, 23) € R?.

Remark 1. From here on we suppose that the set Z is such that (V| Z) is convex
D? data — briefly (V, Z) is convex data.

If 6 is the segment [a, b], we use the Hilbert space of one dimensional real functions:

L*(#) = {all functionsf, defined on @ for which /(f)2 < 00}.
0

If f,g € L*(#) then the norm is || f||2 = /(f)Q, and the inner product is (f,g) = /fg.
0 0
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In addition, we use the set of functions: W?(#) = {all functionsf, for whichf, f’, f" €
12(6)}.

2. Problems for “best” interpolation of convex D3 data by convex curve
networks. Returning to Fig. 1, we denote

3 3
C:=Je; B:=Jbs E:=C|B; |l = \/(% —20)* + (yi —90)°,1=1,2,3;
i=1 i=1

1ol = /(@1 = 22) + (51 — 2)% 0ol 1= /(2 — 23)% + (g2 — )

[|b3]] = \/(303 — )’ + (g3 — )% V= {Vi}?:y

Let the set Z be such that (V,Z) is convex data, and let F'(x,*) be an arbitrary
two dimensional function, defined on E, for which F(z;,y;) = 2;, j = 0,1,2,3 (i.e. F
interpolates the data). The function F'(x,*) may be described by the following family of
6 univariate functions:

t tV;
fi(t) =F ((1 — H)VO + |c||) = F (7;(t),7;(t)) where
(1) _ ( t ) tx; _ t ty;
Ti(t) = | 1— 7 |zo + ;) =(1- Yo + ;
llsll llsll sl [l
and
9i(t) == F(z;(t), vi(t)); 0<t<|bll; i=1,2,3 where
t$2 t$3
2 ~ t tx N t t
@) 23(t) = |1 — 75— |3 - i) =11 Y+ 2

IR b2’

~ t ty1
1—— + —; yg(t)<1—>y3+—.
) (103l 03]

t t
Fut) = (1- Yy + 22, a2<t>=(1——)x2+—;
g il ) Tl all )2 Tal
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We supposed that F(z;,y;) = z;,j =0,1,2,3. Then from (1) and (2) we have
fi(0) =29, 1=1,2,3;
(3) filllea]l = g1(0) = ga(|[bs]]) = 215 fa(lleall = g2(0) = g1 ([|b1]]) = 2o
f3(lles|l = g3(0) = ga([|b2][) = 23.

For the sake of brevity we denote F' := { fi, g:}>_, := {fi(t), gi(t)}>_,. Let us introduce
some function classes on the set E:
LA(E) = {F = {fi, g : fi € L0, s] D.gi € Z(0.[ 3] D},
WHE) ={F = {fi,9i}iz1 : [, i, i € L0, [leill 1): 93> 93> 977 € L((0, [[0all )}
and the main two classes (unconstrained and constrained ones):
M(E)={F:FeW?3E),F=H|g, HeCY(R?, H(zx,y;) = 2,j =0,1,2,3},
M*(E)={F:F € M(E), f; and g; are convex functions in [0, ||c;|| | and [0, ||b:||]}-

Remark 2. The smoothness assumption on M (FE), that F is the restriction to F
of some differentiable in R? function of two variables H € C(l)(R2), which interpolates
the data, should be understood in the following equivalent way. If we consider the set
of functions {f;,g;};_, as curves in R® then in every point Vi,j = 0,1,2,3 they have
a common tangent plane. In this case (due to (1), (2), (3)), Vb is a common point of
{f1, f2, f3}, V4 is a common point of {gs, f1, g1}, Vo is a common point of {g1, f2, g2} and
V3 is a common point of {ga, f3, g3}

Definition 2. We call a curve network the family of functions F := {fi,gi}le.

For F' € W?(E) let us consider the couple of functionals:

3 [lesll 3 [[b: ]l
o(F)=o({fi,gi}}=)) = Ok HOIRIES
GRLINEDS / HOREDY / g (O)dt /

[FH]2+/[FN]2,
c B
3 . el " 2 12
o) =pl{ gt =3 [ 0Pa= [ (P72
i=170 ¢
The functionals o(x) and p(x) determine two different approaches to extremal
problems

(P,) Find F € M(E) such that o(F) = inf o(F),
FeM(E)

(P%) Find F € M*(E) such that o(F) = inf o(F);
FeM~*(E)

(4) First approach

(P,) Find F € M(FE) such that p(F) = - iAI}If(E)p(F),
€
(P;) Find F' € M*(E) such that p(F) = Fe}\?*f(E)p(F).

(5) Second approach

Remark 3. Let us consider the points {Vj}?=0 as vertices of a triangulation of three
triangles — A(Vo, V1, Va), A(Vo, Va, Va), A(Vo, V1, Va) (Fig. 1). The difference between
the First approach (4) and the Second approach (5) is that in (4) we are minimizing

3 3
over all the edges of the triangulation (the set E = C + B = U ¢+ U b;), whereas in
i=1 i=1
3
(5) we are minimizing over the inside edges (the set C' = U ¢; in Fig. 2). This does not
i=1
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make (5) easier than (4), because in bought cases F' is in the set of the smooth curve
networks M (E) or M*(E) C M(E).
The results of Nielson [5] (proved in a more general situation) imply:

Theorem A. Problem (P,) has a unique solution S, € M(E). The curve network
Sy is a polynomial of degree 3 on c; and b;, i =1,2,3.

If F={fi,g:}}_, € M*(E) we define F"" := {f/', g/}3_,.
We give in [1] a new proof of the result in [5] and by means of some technics from [3],
[4] and [2], we prove (in a more general situation):

Theorem B. Problem (P}) has a unique solution Sk € M(E). The curve network
is such that (S%)" is a positive part of a linear function on ¢; and b;, i=1,2,3.

S5

There is a strong reason to change here the problem (P7) by (P},). This reason will be
explained in the next section. In order to prove the main result, we need some additional
notations and results.

Let us consider the following 4 linear systems:

r1 — o T2 — XIo r3 — Io 1T2 — 1 1To — T1 123 — T1
A1 + A2 + A3 K + 13 + 13
[[exl] [[ez]] [[esl] [[01]] [[exl] [[3]]
(6) N Yoy Y2~ Yo Y3 — Yo , 192~ 1% — Y 1Yn — Y1
1 2 3 H + 1a + 13
l[eall ez sl E bl [[eall [[bs ]|
Al+ A+ A3 =1 pi+ py+py =1
o3 — T2 2o — T2 o1 — X2 3L1 — I3 320 — I3 3L2 — T3
H + [ + 43 M + [ + 43
bl [[cz|l [[01]] bl lles|l [[b2]]
(7) 2¥3 — Y2, oo~ Y2  al1 12 3Y1—Ys  3Yo Y3  3Y2— Y3
1% + w3 AR + + 3
10 [[b2]] > el [[01]] Yo 2 el [[b2]]
13+ s+ 3 =1 1+ 4 i =1

The determinants of (6) and (7) are not equal to 0, since V4, V4, V3 are vertices of
a triangle and Vj is strictly inside this triangle. Then the solutions {\;}3_; {uf}3_,,
s =1,2,3, always exist and it is easy to see that:

(8) A1 > 0,02 >0,03 >0, and puj>0,u5 <0,u3 >0, s=1,2,3.
We define four numbers (generalized second divided differences) by:
A A A
w = —1(21 —20) + —2(22 —20) + —3(,23 —20);
IICllg ||C2|L I\Cslk
M(l a (1
dy = T (za — 21) + 2= (20 — 21) + 2 (28 — 21);
9 [[b1 llea | l[bs |l
©) ng” s” ns”
dy = (23 — 22) + (20 — 22) + == (21 — 22);
[z ez [[a]l
) ) 0
ds := —— (21 — z3) + —(20 — 23) + T——(22 — 23).
103l [le]| [[b2]]

Now we define four linear networks B, Dy, Dy, and D3 on E called in [1] basic
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networks:

t .
A 1—w , 0<t<|les]| ie. on ey
. Ao fm , 0<t<|lca|| ie. on e
= 2
Mll———], 0<t<]es]| ie. on cs;
l[esll
0 otherwise,
1 t .
15 1fm , 0<t<|by1]| ie. on by;
t .
Dy = I 1fm , 0<t<|lea|l ie. on e
pi (11— ol ) 0<t<|bs|| 1ie. on bs;
0 otherwise,
and for s = 2,3:
t
uill— , 0<t<|bs] 1ie on bs;
||bts|\
ﬁé o— /’[/3 - ||C H ) O S t S Hcéll le on Cg;
: s

t .
s (1— m) , 0<t<||bs—1| ie. on bs_y;
s

0 otherwise.

If F={fg)}_, € M(E)and F = {f;,3:;}>_, € L*(E) let us define the number

(F", ﬁ> = / F”F. This number is an inner product in W(E) .
E

We proved in [1] the following two lemmas:

Lemma A (Peano-type). Let F = {fi,g:};_, € W(E). Then F € M(E) if and only
if:
(10) (B,F"\g =w; and (Dy,F"\g =ds for s=1,2,3,
where é,ﬁl,ﬁg,ﬁg are the basic networks and w,dy,ds,ds are the numbers defined
in (9).

Lemma B. The data (V,Z) is convex if and only if for the numbers defined in (9)
we have w >0, dy >0, do >0, d3 > 0.

Let us state the following theorem, which is the main result of the paper. Here ()
denotes the positive part of x.

Theorem 1. Assume that (V,Z) is convex data. Then there exists a unique curve
network S* € W(E), such that (S*)" is of the form

3
(11) S = <a§ + Zﬁzﬁz) )
i=1 +
where the coefficients «, b1, B2, B3 are determined as the unique solution o, By, 55, B3 of
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the nonlinear system of equations
3
/ A( By 5) —u

“A
/2 <“B+Zﬁl 5) =34

(12) \
Dy(aB + @-ﬁi) _ X

/c 2< ; L 243

S NN 3

/c ; L 20

Proof. We are using some technics from [3] and [7] for the proof. These technics are
useful for constructing numerical methods for solving systems of nonlinear equations.

We are going to prove that the nonlinear system (12) has always a unique solution
o™, By, B3, B5. To prove that we need to apply the following

Statement. If ® : R™ = R C R is a convex and differentiable function of m
unknowns and if for some non-zero vector R™ 3 v = (y1,72, .. .,vm) we have

lim ®(ty1,ty2,...,t%m) =00 and lm @ (ty1,ty2, ..., t9m) = 00,
t—o00 t——o0
then ® reaches a minimum in v € R™.

This statement is often used for extremal problems in convex analysis.

s
Let us define a; := ——Z;i =1,2,3 and ® as
Ha

3 3
®(a, B1, B2, B3) :/C(O‘BJFZBiDi) *211104*2&1'51'
; . —~

i=1 =
- \p(aaﬂla627ﬂ3) + L(aaﬂlaﬂQaﬂB)a
3 2
where U(, 81, B2, 03) is the function / (aﬁ + Zﬂzﬁz> and L(«, 1, B2, P3) is the
¢ i=1 +

hyperplane —2wa — Z a; ;.
i=1
Obviously @ is a differentiable function of 4 unknowns. Furthermore @ is a strictly
convex function, because WV is strictly convex and L is a hyperplane. We have

g—i:2/§(a§+§:6iﬁi) — 2w,
(13) % /Dl(amz@ )+_a1’

3 = /D2<aB+Zﬁﬁ)+a2,

72 [ B(eB+3;0) -
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In addition, we have w > 0 from Lemma B since (V, Z) is convex data, and we obtain
a1 > 0,a2 > 0,a3 > 0 from (8). Then it is easy to see that

lim ®(ta,tf,t82,t03) =00 and lim ®(ta,tPy,t02,t03) = 00
t—o0 t——o0

Finally, it follows from the Statement that & reaches a minimum at the point
(a*, 8%, B3, 83) € R*. Since ® is a strictly convex function everywhere in R* this mini-
mum is a unique local minimum. But then for the partial derivatives of ® we have

0®(a”, b7, 55, B3) (o™, 87, B3, 55)

=0 =0
Ja ’ ap ’
(14 0(a, BT, B3 5) _ ) O’ BL 5B _
b2 ’ 9B '

From (13) and (14) we obtain that o, 87, 55, 43 is the unique solution of the nonlinear
system of equations:

3
/§<a§+25iﬁi> —w
/D1<OZB+Zﬂz z> *%ala

+
<QB+261 ’L> :%a%
<O[B+Z/Bz ’L> :%aﬁa

which is the same as (12) since a; = ——;i=1,2,3.

We can take the unique curve network S * (from the formulation of Theorem 1) to be

3
such that (S*)" = <a*§ + Z ﬁfﬁz> O
i=1 +

3. Problems of blending. A method for interpolation and blending of scattered
data (Vj,z;) in R® is presented in [5]. The method consists of three separate steps:

(1) Triangulation. The points V; are used as vertices of a triangulation of a domain
in R2.

(ii) Construction of the minimum norm network S.

(iii) Blending. S is extended to the entire domain by means of a blending method.
A detailed description of this step can be found in [5] and [6].

We called S € M(E) ”an edge convex network” in [1] and we made the remark that:
“The important problem of extending the edge convex network into C’(l)(Rz)—function
which is convex everywhere is very hard for general data”.

In fact it is possible to construct examples such that S cannot be extended into a
CM(R2)-function G, convex everywhere and such that S* = G|¢. This is the main
reason to change the functional o(x) to p(x) and to consider the second approach (5). In
this case we have:

Theorem 2. (a) It is the unique curve network S* from Theorem 1 which solves
problem (P7). (b) It is possible to extend the curve network S* into O (R2)-function
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G, convex everywhere and such that S™ = G|¢.
Proof. Theorem 2 is a constructive theorem — we can give an algorithm to construct
the function G. If (V, Z) is convex data then a sketch of this construction is:

First stage. Using (6), (7) and (9) we find the numbers \;, uf,w > 0,d; > 0 and
the basic curve networks B, D; € L*(E).

Second stage. Using Theorem 1 we find (S*)” — the main part of the construction.
We find (S*)” € L*(E) applying the Newton’s method to solve the nonlinear system
(12). If € > 0 is a positive number the scheme of the Newton’s method is:

FIRST STEP (initialization). We find the solution (a<0>, B9, 55(”,5;‘”) of the

following linear system of equations:

3
[ B(aB 4> 500w
c i=1
. O Y
D, <aB + ﬂiDi) = —17
/c ; 2015
S NN —Xy
Dy <aB + ﬂiDi) =59
/c ; 243
SV NN A3
/c ; 203

SECOND STEP (for k = 1,2,...) We find the solution (a(k), ®) k) ﬂff’) of

the following linear system of equations:

3 0 3
/ B (a(k—l)g + Zﬁz‘(kl)ﬁi) (ag + Z giﬁi) =w,
¢ i=1 + i=1
R 3 N0, 3 Y
/ Dy (a(k_l)B +3 55’“”11) (aB + BiDi) =51
¢ i=1 + i=1 2
R 3 N0, 3 Y
/ Dy (a(k_l)B +3° 55’“”11) (aB + BiDi) = 2—22
¢ i=1 + i=1 2
R 3 N0, 3 Y
/ Ds (a(k_l)B +3° 55’“”11) (aB + BiDi) = 2—5’
¢ i=1 + i=1 2

Here (2)% denotes 0 if 2 <0 and 1 if z > 0.
THIRD STEP (stop criterium). If

2 3 2
(a(k—l) _ a(k)) n Z (ﬁi(kl) _ 61_(1@)) <e
=1

then GoTo END else GoTo SECOND STEP.

We can prove that (i) for every k = 0,1,2,... the linear system has a unique solution
and (ii) for these solutions we have the following positive and monotone properties:
0 < a® <okt o < ng) < BZ-(kH), 1 = 1,2,3. Then, using the positive property we
can prove that S* € M(E). Furthermore, using the inequality of Cauchy—Buniakowski—
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Schwarz and using Lemma A we can prove that S* solves problem (P:). This proves
Theorem 2(a).

Third stage. Let (S*)” be the support of (S*)” on C and the points S1, 52, 53 be the
endpoints of (S*)”. Then we can prove that there exists an ellipse with the properties:
(i) it is inscribed in A(V4, Vo, V3); (ii) the point Vj is the very center of the ellipse and (iii)
the ellipse passes through the points S1,52,53 (Fig. 3). We can compute the equation
of this ellipse and then find a function G(, *), convex and smooth everywhere in R? and
such that S* = G|¢. This proves the Theorem 2(b). O

4. Conclusion. Let us note two important aspects of this paper.

First, we can obtain D? case as a limit of D® case by the following reasoning.

Let us suppose that the point Vj is wvery close to the segment [Vi,Va], but still
strictly inside the A(Vi, Vs, V3) and that the point V3 is very close to the point Vj,
but A(Vq, Vs, V3) is still non-degenerate one. This situation is very close to the D? case
if the points Vi (z1,y1), Va(x2,y2) are such that y; = y = 0. In this case the following
holds: 0 < A3 = 0;0 < \; = %;0 < g =
[Sl, 52] C [Vl, ‘/2]

Second. An interesting and important generalization is to consider the case when
we have: (i) scattered convex data (z;,y;,2;) € R®,i = 1,2,...,n > 4; (ii) the points
Vi(zi,y:;) € R? are used as vertices of a triangulation 7' of a domain in R?; (iii) the
triangulation T is such that the boundary edges form a closed convex polygon, and (iv)
the number of the edges of T'is 3(n—2)— (k—3), where k denotes the number of boundary
edges. We have considered in this paper the case when n =4,k = 3. For n = 5, we have
two cases k = 4 and k = 3.

The case (n =5,k = 3) is of a special importance in terms of applications. However,
the fact that there are two points inside the polygon (instead of just one) leads to more
sophisticated computations and is a matter of future work.

Acknowledgements. I would like to express my gratitude to the reviewer and the
editors whose comments greatly improved the manuscript.

and the ellipse degenerates to the segment

N =
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PA3JINYHU [IPOBJIEMU 3A ,,HAM-JI0BPO“ N3II'bKHAJIO
MHTEPIIOJINPAHE HA D? 1 D® UBII'bKHAJIN JAHHN

T'eopru Uaues

NzBecren e HemMHEEH MTOAX0/T 38 HAMAPAHE Ha , Hail-7100pa’ u3IbKHAJIA WHTEPIOIa-
3
1ysl Ha M3I'bKHAIN JaHHU B R upes mpexkn ot kpusn [1]. 3a cbkaneHune resn Mpexu
1) (Rr2
OT KPUBH He Morar Jia ObJaT IpoabiKeHn ¢ usnbkHamm ¢yakuun or C'/(R%). B
Hacrogmara pabora mnpejiaraMe HOB, HEJIMHEEH TO/IX0J], Upe3 KOUTO yCIIsiBaMe J1a [IPO-
JIbJIZKHM ,, Haii-100para’ n3IrbKHaJIa MpeXkKa OT KPUBH JI0 TVIJIKa U3II'bKHAJIA (DYHKIIAST
1) 112 .

or C¢ )(R ). Hda orGesexkum, ve ,Hail-7100pa (M3IrbKHAJA) HHTEPIIOJIAUA S 3aBUCH OT
HOpMATa HA BTOPATA IIPOM3BOJHA HA ChOTBETHATA MPEXKa OT KPHUBHU.



