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ON THE DISTINCTNESS OF SOME TERNARY
KLOOSTERMAN SUMS"

Lyubomir Borissov

In this note we prove that the Kloosterman sums K3» (1) and K3n(2) are distinct
for an arbitrary degree n of an extension of the field Fs.

1. Introduction. The Kloosterman sums on finite fields play an important role in
the algebraic and combinatorial coding theory and cryptography. For instance, they are
related to some notable coding-theoretical and combinatorial objects such as Kloosterman
and Melas codes, (hyper-)bent functions, etc. For more details about those links the
reader is directed to the surveys [5] and [10].

The issue of distinctness of Kloosterman sums was studied for the first time by B.
Fischer in [3]. In particular, his first result concerns the distinctness of the simplest
Kloosterman sums, i.e., those for the non-zero elements of the prime field F,,.

Recently, in [1], we have extended that result of Fischer for degrees of the field exten-
sions which are powers of 2. In a private e-mail, Prof. D. Wan announced that a much
more general statement is valid, namely, for degrees of the extension which are co-prime
with the characteristic p. His proof of the latter claim makes use of Theorem 5.1 from
[8] which in turn is based on a very deep fact from the algebraic number theory, namely
“the finer form of the Stickelberger congruence which is an immediate consequence of
the Gross-Koblitz formula [4]”, see [8, Ch.5].

In the present paper we investigate the case p = 3 and obtain the result of distinctness
for all degrees of the extension based on much lighter knowledge.

2. Preliminaries. Let F, be the finite field of characteristic p and order ¢ = p™ and
[F; be the multiplicative group of non-zero elements of IF,.

Definition 2.1. For each u € Fy, the Kloosterman sum Cq(u) is a special kind of
exponential sum defined by

Kalw) = 3w T,
xE]F’(;

2mi

where w = e » s a primitive p—th root of unity, and the trace Tr(a) over I, of an
element a € Fy is defined as

Tr(a) —a+aP 4+ +a" .
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The Kloosterman sum Kgn (u), v € Fy where Fgn is the finite field of order ¢",n > 1,
will be referred as a lifted one (or a lift of ICy(u)).

Example 2.2. In Table 1 of the Appendix, we present the values of the ternary
Kloosterman sums K3n (1) and Ksn(2) for 1 <n < 6.

We need as well the notions of algebraic number, minimal polynomial, degree of an
algebraic number and algebraic integer. Here we recall the concise definitions and facts
given in [7, pp. 28-29]. An algebraic number is one that satisfies some equation of the
form
(2.1) "+ a4 +a, =0,
with rational coefficients. A polynomial having leading coefficient 1 is called monic.
Any algebraic number « satisfies a unique monic polynomial equation of smallest degree,
called the minimal polynomial of « and the degree of « (over the field of rational numbers
Q) is defined as the degree of this minimal polynomial of a. The minimal polynomial of
« is irreducible over the rational numbers; it is a divisor of any other polynomial with
rational coefficients having « as a zero, and it is the only monic polynomial having these
properties. If an algebraic number « satisfies some equation of type (2.1) with integer
coefficients, we say that « is an algebraic integer. It is easy to see that the minimal
polynomial of an algebraic integer is also monic with integer coefficients.

We shall make use of previously known facts stated hereinafter as two lemmas.
The first is due to L. Carlitz (see, [2, Eq. 1.5]).

Lemma 2.3. For any u € Iy, the lifted Kloosterman sum Kgn(u) can be expressed
as

Kgn(u) = =(a™ + "),
where a, B are the roots of the quadratic equation:
(2.2) 224+ Ky(u)z 4+ q=0.

The Weil bound (find it in [9]) implies that the roots of Eq. (2.2) are conjugate
complex numbers. The next corollary immediately follows from the above Lemma and
de Moivre formula by representing these roots in polar form.

Corollary 2.4. For any u € Iy, the lifted Kloosterman sum Kyn(u) can be expressed
as
Kgn(u) = —2¢"/? cosnb,
where 0 = arg(«) is the argument of the root a of Eq. (2.2) lying above or on the real
aris.

The second fact is due to D. H. Lehmer [6].

Lemma 2.5. Let r = k/n, where n > 0, be a rational number with the integers k and
n relatively prime. Then 2cos (2mr) is an algebraic integer.

Sketch of Proof. The cases n = 1,2 are trivial. If n > 2 the assertion is part of
[6, Theorem 1]. O

Remark. In fact, D. H. Lehmer has proved much more, i.e., if n > 2 the algebraic in-
teger 2 cos (2mk/n) with co-primes k and n is of degree ¢(n)/2 whose minimal polynomial
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is ¥(y) = =M/, (), where y = = + 2! and ¢(n), ®, () are Euler’s totient func-
tion and the n—th cyclotomic polynomial, respectively. Note that the algebraic degree
depends only on the denominator n.

Example 2.6. In Table 2 of the Appendix, we show the minimal polynomials of the
trigonometric values of interest whose algebraic degree equals 2.

3. The proof of the main result. We are now in a position to prove the following
theorem.

Theorem 3.1. For any degree n of the field extension, the ternary Kloosterman sums
K3n (1) and K3 (2) are distinct.

Proof. Obviously, K3(1) = —1 and K3(2) = 2. Further, making use of Corollary
2.4 for arbitrary n, we obtain:

(3.1) Ksn(1) = —2 % 3™/2 cos nb;
and
(3.2) Ksn (2) = —2 % 3"/2 cos nb

where 61 and 0, are the arguments of the corresponding quadratic equation roots. Notice
that 65 # 6,. As easily seen, it also holds:

V11

1
3.3 cosfh = ——, sinf; = ——;
(3.3) 1= 57 1=57
and

1 2
(3.4) cosfy = — sinfy = V2

V3’ V3’
Suppose on the contrary that for some n, we have: K3n (1) = K3 (2). Then Egs. (3.1)
and (3.2) imply the equality cosnfy = cosnfs, i.e., cosnfy — cosnf; = 0, which by the

well-known formula for difference of cosines leads to: sin g(&l + 63) *sin %(92 —601)=0.
This means that sin %(91 +62) = 0 or sin 3(92 —01) = 0. We shall consider only the
case when sin g(&l + 62) = 0 (the other is treated in a similar way). The last equality

easily implies that for some integer k it holds: g(ﬁl +03) = km or 01 + 03 = 2rk/n.
Taking cosine from both sides of the latter, we get the equality: cos (61 + 02) = cos 27k /n.
Further, applying the formula for cosine of sum on the left hand side of the latter equality

—1—-+/22

and taking into account Eqgs. (3.3) and (3.4), we obtain ~ := —5
2

Finally, computing the minimal polynomial of v, i.e., 22 + =& — =, we see that ~ is not

= 2cos 2wk /n.

an algebraic integer. This is a contradiction to Lemma 2.5, and the proof is completed.
O
—1++22
—5 Vv

is the algebraic conjugate of 7, so they have the same minimal polynomial.

Remark. In the case sin g(ez —61) = 0 instead of v we obtain v = hich

4. Conclusion. In this note, we show the distinctness of the lifted ternary Klooster-
man sums Ksn (1) and K3n(2) for an arbitrary degree n of the field extension. However,
the case of an arbitrary characteristic p (especially when the degree of the extension is a
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multiple of p) looks more complicated and still remains an open problem.

Appendix A. Some numerical results.

[1]
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Table 1. Values of Ksn(u) for 1 <n <6 and u =1,2

n 112 3 | 4| 5 6
Kan(1) | =1 |5 | 8 —7 | =31 | —-10
Kan(2) | 2 [ 2] -10 |14 | 2 | —46

Table 2. Minimal polynomials of trigonometric values 2 cos (271)
whose algebraic degree is 2 (r is an irreducible fraction)

denominator of r | minimal polynomial
5 y2 +y—1
8 y -2
10 v —y—1
12 y2 -3
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BBbPXY PAS/IMYNETO HA HAKOU TPOUYHU CYMU HA
KJIOCTEPMAH

JIro6omup Bopucos

B To3u mokian gokassame, ge cymure Ha Kitocrepman Ksn (1) u Kan (2) ca pazinu-
HU 3a IIPOM3BOJIHA CTEIIEH N Ha pa3lIupeHue Ha mnoJero Fs.
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