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ON SYMMETRIC POSITIVE SOLUTIONS OF p-LAPLACIAN
DIFFERENTIAL EQUATIONS WITH VARIABLE
COEFFICIENTS’

Gergana Tcvetkova

In this paper we study the existence of symmetric positive solutions for p-Laplacian
differential equation. Using the mountain-pass theorem and a lemma on symmetry
we prove the existence of positive even solutions of the problem considered.

1. Introduction. In this paper we study the existence of symmetric and positive
solutions of the Dirichlet problem for the second-order p-Laplacian equation
(1) (pp (u' (2))) = a(@)pq (u(@)) +b(z)p, (u(x) =0, «€[-L,L],
where ¢, (t) = |t|" ¢, t e R and L > 0.

We assume (and denote the assumptions by H) that:

(H) the functions a(x) and b(z) are continuously differentiable, strictly positive and
even functions on [—L, L], za'(z) > 0, 2t (z) <0 for z #0and 2 <p < g <.

A partial case of the equation (1), where p = 2,q = 3,7 = 4 appears in a biomathe-
matics model suggested by Austin [2] in a model of an aneurysm in the circle of Willis.
Grossinho and Sanchez [12] consider the periodic solutions of the equation in this case
using a variational method. Periodic and homoclinic solutions are studied in [8]. Similar
problems are considered in [4, 5], using a variational method. In [10] Tersian considers
the following p-Laplacian differential equation

(2) (lu'|P~2") = a(@)ululP~2 + Nb(z)ulult2 =0, ze€R
where 2 < p < gand A > 0, a(z) and b(x) are continuously differentiable, strictly positive
functions, za'(z) > 0 and xb'(x) < 0 for x # 0. Higher-order equations are studied in [7]
using the generalized Clark’s theorem. It is applied to fourth-order p-Laplacian equations
in [9].

Denote by X the Sobolev space:
3 X-= Wol’p (-L,L)={uelP(-L,L):v € LP(~L,L),u(—L) =u(L) =0},
where LP (=L, L) is the usual Lebesgue space. The space X is a separable Banach space
with the norm

lullx = </_L (I (@)1 + |u (2)]") dar)p,
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which is equivalent to the norm

L
(4) Jull = < / @ da:>

by Poincare’s inequality [3, p. 218],  |lully < C||u'||y,, where
L

e

We use a variational formulation of the problem considering the functional J : X — R

defined as
L L L
J(u) = %/_L lu' (z)[" dx + %/_La(x) (u+ (x))qdm — 1/ b(x) (u+ ($))de

TJ-L
where ut = max (0,u). We look for the critical points of the functional J in order to
find the solution of the problem
B { GO @) e () =0 € (L)
u(=L)=u(L)=0

Using the well-known classical mountain-pass theorem, we conclude that the func-
tional J(x) has a nontrivial critical point w;, which is a solution of the problem (5).
By a solution of problem (5) we mean a function u € C ([—L, L]), such that ¢, (u') €
AC([-L, L]) and u (x) satisfies Eq.(1) for « € [-L, L] and boundary condition u (—L) =
u(L) = 0. Here AC ([—L, L]) denotes the space of absolutely continuous functions on
[-L,L] [1, 3].

Since w = ¢, (v') € AC ([-L,L]) = Wh' (=L, L)

L L
/ wv' dx = —/ w'v dx,
-L -L

1 1

for every v € X. Since u' = ¢, (w) = cp;l (w) € C([~L,L]), where — + — = 1, it
p D

follows that

S () o ) o ) ) var=o

for every v € C§° ([—L, L]). Then it follows that u is a solution of (5). To obtain the
symmetry property, we extend the Lemma of Korman and Ouyang [6] to the p-Laplacian
equations.

Our main result is:

Theorem 1. Suppose that 2 < p < q < r and the (H) assumptions hold. Then the
problem (5) has a positive even solution w; in the interval [—L,L] for which
max {u; (z) : x € [-L, L]} = u (0) and uj () <0 for z > 0.

Further, in Section 2, we present the variational formulation of the problem, and we
formulate the symmetric lemma and mountain-pass theorem. We prove a lemma for the
(PS) condition for the functional J. In Section 3 we prove Theorem 1.

2. Preliminary results. Let X be the Sobolove space as defined in (3) equipped

with the norm
. :
Jull = ( [ w@r d:c) .
L
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Note that the embedding X € C ([—L, L]) is compact, u € LY (—L, L) for ¢ > p and

L
/ @) de < [[ull 2 JulL,
L

[3, Chapter 8].
We consider the functional J : X — R

J(u)z}lj/i|u’(x)|pd:c+;/ o (@) |u (@ |de—f/ b (@) u(z

and we are looklng for critical points of J, which are solutions of (5).

Let f(z,u) = —a(z) ¢4 (u) + b(z) ¢, (u). Then the problem (5) can be rewritten as
(pp (' (2)) + f (z,u(2)) =0, x€(~L,L)
(6) { 0 (L) = (L) =0

where f € C' ([-L, L] x RT) and satisfies (H1) conditions:

(H1) f(=z,u) = f(z,u), xe(—L,L)
xfy (x,u) <0, x€(—L,L)\{0},u>0.

We will apply the following symmetric lemma due to Korman and Ouyang [6]:

Lemma 1 ([6]). Assume that f € C' ((—L,L) x R") satisfies (H1). Then any
positive solution (6) is an even function, such that v’ (z) <0 for z € (0,L] .

We consider the modified problem
(7) (p (' () + f (z,u" (2)) =0, ze(~L,L)

u(—L)=wu(L)=0

where 4 = max (0, u) and we use variational statement of the problem (7). The solutions
of the problem (7) are positive solutions of the problem (5) and (6).
In [10] Tersian considers Eq. (2) and proves that if f (z,u) € C* ([~L, L] x [0,00)) and
satisfies (H1), then any positive solution ur, (z) of (6) is an even function. Moreover
up (x) <0 for > 0 and ur, (0) = max {ur, (z),z € (—L,L)}.

We define the functional J(u) for (7) as follows:

1 1

L L L
T (u) = f/ o ()" dx+1/ a () (u* () do 7/ b(x) (u (2)" de,
bJ-L q9./-L rJ-L
Recall
Theorem 2 (Mountain-pass theorem [11]). Let E be a Banach space with a norm
I.I, I € C*(E,R), I(0)=0 and I satisfy the (PS) condition. Suppose that there exist

r>0, a>0 ande € E such that ||e|| > r and

() I(u) = aif [Jul] =r;

(ii) I(e) <0. Letc = ivnef{ max I (v (t ))} > a, where

0<t<1

I'={y€C(0,1],X):7(0) =0,7(1) = e}

Then c is a critical value of I, i.e. there exists ug such that I (ug) = c and I' (ug) = 0.
The use of the critical points theory needs the well known Palais-Smale (PS) condi-
tions which plays a central role:
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For J € C*(X,R) we say that it satisfies the (PS) condition if any sequence {u,} € X
for which J (u,,) is bounded and J’ (u,,) converges to 0 as n — 0o possesses a convergent
subsequence [11].

Now we prove:

Lemma 2. Let 2 < p < q <7, a(z) and b(z) are continuous positive functions on
[-L, L] and (5) is satisfied. Then, the functional J : X — R satisfies the (PS) condition.

Proof. Let {u,} be a (PS)-sequence in X, i.e. {J (u,)} is a bounded sequence and
J" (un,) = 0 in X*. We have

L

) ) = 1 [ @F + @) (0} @)~ b(@) (uf (@)") de
-L

and

T ) = 0 () s0)

S(0) foor ans (1) Lo o

which implies that
0 I )l + 71 el ol 2 (5 = )
n ; L s n
Then, the sequence {u,} is bounded in X. Indeed, if we suppose that there is a
subsequence {u,, } still denoted by {u,} such that ||u,| — oo, by (7) we obtain
| (ug)| | 1] (unZH* 1 1.,
[ ([ A

which implies a contradiction as n — oo, because |.J (uy,)| is bounded and ||.J' (u,)||, — 0.

Hence {u,} is a bounded sequence in X. Let u, — u weakly in X. By compact
embedding X C C([-L, L]), it follows that:

L L
(9) lim a(x) (uh (x))q dx :/ a(x) (ut (x))q dz,

n—oo J_ _L
nILH;O b(z) (ub (x))r dx = / b(z) (u” (:r))r dz.
L —L

We have (J' (un) ,un) — 0 as n — oo by

[T (un) s un)| < 1T (un) |, fJun ] -
Then
(10) 0= lim (J" (up) = J' (u) , up — u)
L
—tim [ (o () — oy () (uy — o)
n—oo 0
By the inequality
2
_ _ > - @00 _ 2P
(ep (x) =p () (x—y) 2 @ IoT) ly — =
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for z,y € R; for p > 2 we have
2
(pp (uy,) = pp (') (uy, — ') > p@2o1) Juy, — '

which implies by (9) that u,, — u strongly in X. O

3. Proof of the Main result. To prove Theorem 1 we show that the geometric
assumptions of Theorem 2 are satisfied and apply Lemma 1.

Since X = Wy* (~L,L) ¢ C([~L,L]) ¢ LY(~L,L) and
X =Wy?(~L,L) c C(|-L,L)) C L" (=L, L) for 2 < p < q < r there are constants ¢;
and ¢y such that for v € X

. :

(1) nmmz([quWdQ < e flull,
; |

mez</Lm@WdQ < ylul.

Proof of Theorem 1. We prove that conditions (i) and (ii) are satisfied.

Sl

(i) Since a(x) and b(z) are positive, even and continuous functions we have A =
maxa (x), a =mina (), b = minb (z) and B = maxb () then
z€[—L,L] z€[—L,L] z€[—L,L] z€[—L,L]

(12) O0<a<a(z)<A 0<b<b(z)<B
By (11) and (12) we obtain:

L L
J(u) = }) ||u||p+é[La(x) (u+)q dr — 1/ b(x) (u*)r dr >

rJ-L
1 BCQ 1 BCQ _
zmwwwww(wwp)
p r p T

1
rT—p
Since r > p, for |ju| = p < ( ) sufficiently small there exist a > 0 such that

J(u) > a>0.

copB

(ii) Let ug (z) € X be such that ug (x) > 0if v € (—L, L) and also
uo (L) = up (L) = 0.

Consider the function
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Then by (11) and (12) it follows that:
L 1|P L q T
J(ﬂo) :tp/ M dx+/ (tqa(a:)wz| —trb(x) uo) dr <

for

-L P -L r

T a7 o T
< — luol|” + —Augl? = =blug|" ) dx <
p L\ q r
T a7 o T
< — luol|” + —Alugl? — =blug|" | dx =
p L\ q r
tP Atd L bt" L
= = Jluol” + == |mﬁ@——3/|%rm:
p q T J-rL

P Atd bt"
_v p a _ r
o o™+ == llwollza = == lluoll-

IN

tP t4 tr
< 2 ol + er S A |7 — o bl =
p q T
1 tqu trfp
—wmvﬂ<p+Aq o]l — bes WMW”)<0

t > 0 small enough.
By Lemma 2 and Theorem 2, there exists a solution u; € X such that J (u;) = ¢ and

J' (u;) = 0. Moreover, if u; is a positive solution of (5), by Lemma 1 we obtain that w;
is an even solution, u; (0) = max {w; (z),z € (=L, L)} and v (z) < 0 for z € (0,L]. O
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BBbPXY YETHUTE ITOJIOZKUTEJIHU PEINIEHN A HA 3AJAYA 3A
p-JIAIIJTACOBO /IU®EPEHITMAJTHO YPABHEHUE

T'eprana IIBeTkoBa

B crarusita ce usciieBa ChbIeCTBYBaHETO Ha MOJIOXKUTEJIHA YETHHU PEIIeHUs Ha 3a-
nada Ha Jupnxie 3a ennomepun p-Jlannacosu ypasuenusi. [Ipuioxkenu ca reopemara
3a xpebera u JieMa 33 CHMETPUSI.
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