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1. Introduction. Theorems concerning equivalence between K-functionals and
moduli of smoothness are well-known results in approximation theory (see, e.g., [1, p. 177],
2, p.11], [3]). If D"g = ¢, X = L, = Ly[a,b] with the usual L,-norm denoted by
| < lps for 1 < p < o0, or X = Cl[a,b] with the uniform norm denoted by || - ||, and
Y C(D")"YX)={g€ X:D"ge€ X}, the K-functional has the form

K(£6XY,D7) = inf {If — gllx + ¢ D"gllx}:
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The classical moduli of smoothness are defined by
w"(f,t)p = sup [|AL f], forr=1,2,... and 0 <t < (b—a)/r,
0<h<t

and the finite difference with a fixed step h is given by

- _1\rt+k r x T , a
B = k.z:o( & (k)f( +kh) if 2,z 4rh € o]

0 otherwise.
The space AC}. is given by
ACE, = ACF (a,b) = {g: g™M,..., g € AC]c,d] for all a < ¢ < d < b},
where AC|c,d] is the set of absolutely continuous functions on [c,d]. As already men-
tioned, the moduli w"(f,t), and K(f, tT;Lp,AClTO_Cl,DT) are equivalent. For example,
Theorem 2.1.1 in [2, Chapter 2] states that (in the case where the weight function ¢ = 1),
there exist positive constants C' and ¢y such that
CTlW(f,t)p < K(f,175 Ly, AC], .1, D7) < Cw"(f, 1),

for f € Lp(a,b), 1 <p<oo,0<t <ty

Using the equivalence between moduli of smoothness and appropriate K-functionals,
we present a solution to the following:
Problem 1. Let f € Cla,b] and r € N. Prove that w"(f,t)ec = 0 for some real number
t > 0 if and only if f is a polynomial of degree r — 1.

Problem 1 is a generalization of the following problem in [4, p.52]: Prove that a
function f € Cla,b] is linear if and only if w*(f,t)se = 0 for some t > 0.

We give a solution to Problem 1 in the general case and a new solution in the particular
case r = 2.

2. Solution to Problem 1. In what follows, we shall use the notation w"(f,t) =
W' (f,t)so and || - || for the uniform norm on the space Cla, b].
If f is a polynomial of degree » — 1, then

Ay, f is a polynomial of degree r — 2,

AZ f = Ay (Ay f) is a polynomial of degree r — 3,

Afl =4 (A;f? f) is a polynomial of degree 0, i.e. a constant,
AL f =0 (AT ) =0
hence for all ¢ > 0, we have w"(f,t) = 0.
Now, let w"(f,t) =0 for some ¢ > 0. If
K,trz'f{— tr W},
(ry = int {7 =gl + 719
then
CTlw'(f1) < K(f,17) < Cw'(£,1),
for some positive constant C, i.e. K(f,t") = 0 for some ¢ > 0. Hence, if n is a sufficiently
large natural number, then there exists a function g = g, such that

(1) If =gl <t/n and  [lg"|| < 1/n,
where g € C"[a,b] and g("™V € AC),.[a, b].
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Expanding g by Taylor’s formula,
(v —x)" 1

R g(r_l)(-To) CEE

g(z) = g(wo) + g (o) (2 — wo) +

where xg € (a,b), and denoting

Prfl,n(m) = g(xO) +

we have, using (1) with g = g,, for all = € [a, ],

) on(0) = Py ()] < 12700 =0
Now, from (2) and the first inequality in (1), we get, for all x [a, b],
3) [f(@) = Pr1n(@)] < |f(2) = gn (@) + |gn(2) = Proan(2)] <
+c¢)/n=0and f € C[a,b], we obtain from (3),

(4) nlggo ”f - Pr—l,n” =0.

Since the degree of all P,_; ,, polynomials is at most r — 1, using (4), we will prove that
f is also a polynomial of degree at most r — 1. Indeed, let

g (wo)(x — wo) + - -+

<

1+c¢
m

Since lim (1
n— oo

P._q,(z) = a(()n) + agn)m + - fnn)lxr ,
where the coefficients agn), 1=0,1,...,7r—1depend on n, and let us fix z;, i = 1,2,...,r
such that
(5) a<r<a9<...< T, <.
Then
CL(()n) (n)x +o a’v(ﬂn)lxl = f(z1) + 51n)
o el el = o+
(n) + agn)xr + .. fqn)lx = f(z,) + €£n),
for some real numbers 55 ). Since \egn)| = |Pr,1’n(xi) — f(za)| < |If = Pr—1nll, it follows
from (4) that
(6) lim ™ =0, i=1,2...,r
n—oo
From (5), the Vandermonde determinant,
1 oz o} xh
1 zy 22 o
A= 2 2. £,
1 =z, 22 xl

does not depend on n. Then

1 ... le Vofx) + sﬁ") x’f"l
o™ = 1 : : :
127t flr) +e™ it
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From (6), it is clear that the following limits exist

(7)

) 1o 2t flry) 2 a2t
lim al(-n)zai::— Lo : : : - : , 1=0,1,...,r—1.
n— 00 A . . . . E . .

1.7 f(ey) 2 2t
Since the interval [a, b] is bounded, we obtain from (7),
(8) lim ( (n) 4 §”):c +- gn)lx ) =ap+ayr+---+a,_x" L
n—oo

If

Po_i(z) =ao+ax+ - +a_12" ",

from (4) and (8) we get

lim Py =f and lim Py, = P_1.
n—roo n—oo

From the uniqueness of the limit, it follows that
fx)=P_1(x) =ap+arz+ - +a,_12"
i.e. f is a polynomial of degree at most r — 1. The proof is completed.
Remark 1. The conclusion that hm P._1, is a polynomial of degree r — 1 can be

obtained by using the fact that every ﬁmte linear subspace of a complex topological vector
space is closed, see [6, Theorem 1.21].

We can formulate the following generalization:
Problem 2. Prove that if f € Cla,b], r € N and w"(f,t) = o(t"), as t = 0+, then f is
a polynomial of degree r — 1.

Proof. As in the proof above, we use that moduli of smoothness are equivalent to proper
K-functionals:

K1) = it {7 =gl + g} ~ w0 (£,6) = o(t"),

geACT, .
so putting ¢ = 1/n, we obtain that, as n — oo,
K(f,n™") =o(n™").

Then for any natural number n, there exists a function g,, € CJa, b] such that g, € ACY, .,

If = gnll = o(n™") and n”"||gi|| = o(n""). Hence
lim [[f —gall=0 and  lim {7 =0,

which is analogous to the inequalities in (1). As in the proof above, we conclude that f
is a polynomial of degree no greater than r — 1. O

3. New solution to Problem 1 in the case r = 2. We will prove that if f € C|[a, b
and w?(f,t) = 0 for some t > 0, then f is a linear function. Without loss of generality,
we can assume that f € C[0,1]. For any natural number n, the Bernstein operator is

defined by i
Z ( ) —x)" Tk (k) for x € [0,1].

Theorem 3.2 in [5] (see also [ |) states that the following inequality holds true:

f(z) = Bu(fi2)| < Cw?(f, /X /),
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for all z € (0,1) and some constant C' > 0, where X = z(1 — x). In particular, when
n=1,

(@) = Bi(fs0)| < Cw?(£,1/2)
for all z € (0,1). But from the properties of moduli, see [1, p.45, (7.7)],

A2 = (£ ) <3 (g ) =0
for a sufficiently large natural number N such that 1/2N < ¢. Then wQ(f, 1/2) = 0 and
|f(z) — Bi(f;2)] = 0, for z € [0,1], i.e.
f(x) = Bi(fiz) = f(0)(L —z) + f(L)z = (f(1) — £(0))z + f(0),

is a linear function.
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