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Abstract

The paper is a short overview of the known applications of codes over a ring of
integers modulo a given positive integer to error controlling in digital communications
and storage. The presented successful applications demonstrate that integer codes
with their simple encoding and decoding are at least commensurable with other codes
with similar parameters. Moreover in many situations they are preferable.
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1 Introduction. Integer codes is the name used to refer to codes over a ring Z, of
integers modulo a given positive integer ¢ (not necessarily a power of a prime). They
are defined as the dual space of an m X n parity-check matrix H with elements from Z,,

namely
CH)={ceZ}|cH" =0}

We will write only C if there is no possibility for ambiguity.

C is said to be [n,n — m], integer code although it is a linear space only in the case
q prime. In general so defined codes are algebraic modules over a ring. Their properties,
although very close, differ from ones of linear spaces. In particular the size of C may
differ from g™~ ™.

Maybe the first application of integer codes was proposed by Varshamov and Tenen-
golz in [23, 22] as codes correcting single asymmetric errors. Since that time integer
codes have been successfully used in many applications. Vinck and Morita [5] have ap-
plied such codes to magnetic recording and frame synchronization. Kostadinov, Morita
and Manev proposed in [12, 13] integer codes to be applied to coded modulation. The
papers [11, 15, 10, 2] present investigations in the same direction.
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Figure 1: 16-SQAM constellation with Gray mapping

Other areas of applications of integer codes are flash memory [3, 6, 7, 8] and several
specific uses given in [19, 20, 17, 21, 18, 16, 14].

The successful application of integer codes to many different areas in communications
and storage is due to not only their simple encoding and decoding but the fact that
integer codes can be constructed to correct the dominant in the channel type of errors.
By choosing a proper parity-check matrix one can construct a code correcting specific
types of errors.

Definition 1.1. Let k;,l;, i =1,...,s, j =1,...,m be positive integers. A code C(H)
is said to be w (kkyi,tko, ..., Tks,l1,1la,...,ln)-error correctable if it can correct any
error vector with at most w nonzero entries with values l; or £k;.

Requirements for error-correcting properties of integer codes lead to a lower bound
for gq. For example, if the code C(H) is a single (+ky, tko, ..., ks, l1,lo,. .., Iy)-error
correctable then

qg>(2s+m)n+ 1.

The goal of this paper is to present in short the research results on integer codes with
an accent on construction of such codes for practical applications in digital communica-
tion and storage.

2 Application to coded Quadrature Amplitude Modulation. The name coded
modulation schemes is commonly used for communication schemes that integrate mod-
ulation and error-correcting techniques. Quadrature Amplitude Modulation (QAM) is
a communication scheme for transmission of data by signals that are sum of two or-
thogonal signals with prescribed amplitudes. Signals are represented as points in the
plane and form a finite lattice called constellation. The most implemented constella-
tion scheme is Square Quadrature Amplitude Modulation (SQAM) whose constellation
of signal points is a square or rectangular lattice with sides parallel to coordinate axes.
However Triangular Quadrature Amplitude Modulation (TQAM) and several specific
types of constellations are also studied.
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Figure 2: 16-TQAM constellations and a possible numbering of its points by elements of
Za7

Signal points of TQAM form a lattice of equilateral triangles. They are placed in
rows parallel to the horizontal axis and the constellation is symmetric with respect to
the origin. If the side of triangles has length 2d, the distance between horizontal rows is
h = dv/3 (which is the altitude of the equilateral triangles). An example of 16-TQAM is
given in Figure 2.

Due to the noise in the communication channel the sent point can be erroneously
detected as another point, most probably as one of the nearest neighbor points. In the
case of SQAM there are 4 such points (see Figure 1) while in the case of TQAM there
are 6 nearest points (see Figure 2). Figure 2 shows that the nearest points correspond to
differences E = {£1, 43, +4, +5} between their labels. It is easy to see (the numbers of
next row increase by t) that in the general case of t2--TQAM constellation labeled by the
nonzero elements of Z;2; the set of possible differences to the nearest neighbors’ labels
is

E={£1,+(t—1),+t, £+ 1)}

In [2] single (+1, +(t—1), ¢, £(¢t+1))-error correctable codes with maximum possible
length are described. Namely, the following is proven

Theorem 2.1 ([2]). Let
H,, ={aot +a1|3ap+1<a; <t—2a9—2}.
For a given even integer t > 6, the integer code C(H) over Z2 1 with parity-check matriz

H = (Hy,Hy, Ha, ..., Hy,), where m < 52, is single (£1,£(t — 1), +t, £(t + 1))-error
correctable.

Table 1 contains the parity-check matrices H with maximum possible length of single
(£1,£(t — 1), £t,+(t 4+ 1))-error correctable integer codes for even t : 6 <t < 20.

The graphs in Figure 3 present the probability of error per bit (BER) in the cases
when the code defined by H = (12,6, 5,4, 3,2, 1) and Gray encoding are used in a channel
with Gaussian noise.

Let us remark that any shorten matrix of the ones given in Table 1 also defines a
code with the same error-correcting property but with a lower coding rate. However,
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q H

6 37 (1,2,3.4)

8 65 (1,2,34,5,6,12)

10 101 (1,2,3,4,5,6,7,8,14,15,16)
12 145 (1,2,..,10,16,17,18,19,20)
14 197 (1,2,..,12,18,..,24,35,36)

16 257 (1,2,..,14,20,..,28,39,...,42,56)
18 325 (1,2..,16,22,..,32,43, ... 48,64)
20 401 (1,2..,18,24,.36,47,.,54,70,71,72)

Table 1: Parity-check matrices H of single (+1,£(t — 1), +¢, £(¢ + 1))-error correctable
integer codes over Z2 1 for even t: 6 <t < 20. [2]

depending on noise characteristics of the communication channel shortened codes can
give better performance.

3 Application to Flash Memory. Flash memory requires error control coding like
other devices for communication or storage. However due to the used technology of
vertically stacked cells, in contrast with the classical case, the error vectors with the
same weight are not equally probable.

A mathematical model that corresponds well to the writing and reading is as follows.
If the cells have ¢ states then one can consider pages and blocks as vectors over the ring
Zg4 and errors can be considered as changes of the values of vectors’ entries. Changes
of the entries of the vectors are mainly in an upward direction with limited-magnitude
values but decreasing with 1 can be observed, too. Hence errors are of type +1 and
(2,3,...1) for a small [.

Asymmetric limited-magnitude error-correcting codes were proposed by Varshamov
and Tenengolz [23, 22] and in a more general form by Ahlswede, Aydinian, and Khacha-
trian [1]. Another general method for construction of asymmetric limited-magnitude
error-correcting codes is provided by Cassuto, Schwartz, Bohossian and Burck [3]. In
2011, Klove and Bose [6] proposed systematic codes that correct single limited-magnitude
systematic asymmetric errors and achieve a higher rate than the ones given in [3]. They
also showed how their code construction can be slightly modified to give codes correct-
ing symmetric errors of limited magnitude. Later Klove, Lou, Naydenova and Yari [7]
extended their results and gave a necessary and sufficient condition for the existence of
a code over GF'(p) correcting a single asymmetric error.

In [8] we propose constructions of codes over Zony1 correcting single asymmetric
errors of type (1,2), (£1,£2) or (1,2,3). The argument ¢ = 2" + 1 is chosen due to
the fact that it is the smallest integer greater than a power of two. The choice of ¢ is
essential since the use of the inappropriate size of the alphabet can generate problems in
implementation of encoding and decoding procedures.
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Figure 3: BER of 64-TQAM vs. signal to noise ratio [2]

Theorem 3.1 ([8]). Let ¢ = 2" + 1 and Ay = {s2° (mod q) | i = 0,1,...} be the
cyclotomic coset of 2 modulo q with leader s. Let AY = {s2% (mod q) | i = 0,1,...},
Al = {5221 (mod q) | i = 0,1,...}. Then |A4| is even with |As| = 2n for (s,q) = 1
and both the integer codes with H = (A9) and H = (A}) are single (1,2) asymmetric
error correctable.

Corollary 3.2 ([8]). Under the notations of Theorem 3.1, let s1, sa, . .., s; be all different
leaders of cyclotomic cosets of 2 modulo A. Then

H = (4], A, -+ AQ)

is a parity-check matriz of a single (1,2) asymmetric error correctable [27~1 271 — 1]
code over Zg.

Corollary 3.3. [8] If n > 2 the code with H = (AY) is a single (1,2,3) asymmetric error
correctable.

Theorem 3.4 ([8]). Under the notations of Theorem 3.1 let A% be the set of first
L(JAY]) /2] elements of AY. If |As] > 8 then A% is a parity-check matriz of a single
(1, £2) error correctable code.

Corollary 3.5 ([8]). Using notation and conditions of Theorem 3.1 the code with
_ (400 200 00
H= (Asl A52 T Ast>

is a single (£1,12) error correctable code over A when |As,
leaders.

> 4 and s; are distinct
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4 Application to optical channels. In this section we describe integer codes and
their use for error-correction in a binary channel with specific dominant errors. The
channel is a theoretical model of wireless optical channels (see [4]). However our approach
is applicable to any binary channel.

Any binary sequence can be considered as a sequence of blocks of bits with the same
length b. (We call such blocks b-bytes, but b is not necessarily equal to 8). Any block
can be interpreted as a nonnegative integer less than 2°, that is, as an element of Z,
with ¢ > 2°. Hence the sequence can be considered as a sequence of elements of Zq and
encoding by integer codes over Z, can be applied to.

It seems that the natural choice is ¢ = 2°, but it is not the right choice in general.
Indeed the situation is more complex. Note that changing one bit in a b-byte is equivalent
to adding or subtracting 2¢, i = 0,1,...,b—1, to the integer corresponding to the b-byte.
However 2 divides 2° that generates complications. If ¢ > 2 there are elements of Zq
which cannot be transmitted over the channel, thus, they must not appear as coordinates
of the codewords. Hence, the encoding procedure has to comply with this requirement.

Let B € Z, be the integer corresponding to a given b-byte sent through the com-
munication channel. The received b-byte is presented by number V' = B + E, where
-2 < E < 2b.

Single bit errors in a b-byte are presented in [9] by:

E1 The (i +1)-thbit 1 = 0: E=—21i=0,1,...,b— 1.
E2 The (i +1)-thbit 0 = 1: E=2i=0,1,...,b— 1.

All other error configurations in a single b-byte correspond to combinations of E1 and
E2, thus F is a sum of powers (positive or negative) of 2.

In [9] we propose a construction of a class of integer codes over Zss,; that can
correct up to two bit errors per a b-byte. Such error configurations have been observed
in experiments with many binary channels, e.g., with wireless optical channels. The
construction is based on cyclotomic cosets of 2 modulo ¢ = 2° + 1.

Theorem 4.1 ([9]). Any integer code over Z,, q = 2° + 1, having parity-check matriz
H = (h1, he, ..., hy), where h; is a leader of cyclotomic coset with length 2b can correct
a single +2'-error, i =0,1,...,b— 1.

Theorem 4.2 ([9]). Let £ be a set of cyclotomic cosets containing Cy. If there exist
ho,...,hy € Zy such that E,ho€, ..., h,E are disjoint sets of different cosets then the
code with parity-check matrix H = (1, ha, ..., hy) can correct error values that belong to
& and, of course, bit error configurations corresponding to them.

The considered set of error values is a proper subset of

E=JCouur, k=1,...,[b/2].

Example 4.3 ([9]). Let b=10, n=3. In this case a code that corrects up two bits
errors in a single b-byte per codeword has parity-check matriz H = (1 19 27):

ECCLUC3UC,UC;UCyUC15UC17UCs, (O3 =C3q,
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196 C Ci9g U Cs7 U Cs5 U C'39 U Cr71 U Cgs U Cyz U Choo,
27E C Co7 U 59 U Cs5 U Cs1 U Cs3 U Chs5 U Cro7 U Cyr.

Length n = 3 is the maximal possible value for such a code.
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Figure 4: BER for the code given in Example 4.1 and the code with H = (1 23) over
Z512, see [9]

Figure 4 presents in graphical form probability of bit error (BER) versus signal/noise
ratio per bit in decibels for a noisy wireless optical channel. To simulate the channel we
have used the MATLAB file given in [4]. The blue solid curve gives BER in the case
when no error-correcting code is used. The red (solid line with dots) curve corresponds
to applying the code given in Example 4.1. The green curve corresponds to the code
defined by H = (1 23) over Zs;2. The code from Example 4.1 demonstrates slightly
worse performance which is the price of the higher code rate.

5 Conclusion. The successful applications to several devices for communications and
storage which are presented in this paper demonstrate that integer codes with their
simple encoding and decoding are at least commensurable with other codes with similar
parameters. Moreover, in many situations they are preferable.
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KPAT'bK OB30P HA NEJJIOYNCJIEHUTE KOJOBE U
TEXHUTE ITPNJIO2KEHN A

T. Anekcangposa, X. Kocraguaos u H. JI. Manes

AbcTpakT

CrarusiTa IpeICcTaB/IsBa KPaThK MpEryiel] Ha U3BECTHUTE TPUJIOXKEHNS Ha KOJIOBE HAJL
NIPBCTEHN OT MEJIN YUCJIa 10 MOIYJ JAJEHO €eCTECTBEHO YMCJIO 38 KOHTPOJI Ha TPEIIKUTe
B nudpoBuTE KOMYyHHUKAIIMK U ChbXPAHEHHETO Ha JaHHu. lIpejcraBennTe TPHIOKEHUS
II0Ka3BaT, Ye IeJOUUCIEHUTE KOJOBE ¢ TAXHOTO IIPOCTO KOJUPAaHe U JEKOAUpPaHe ca IOHe
CBU3MEPUMU C APYTU KOMOBE C TOAOOHN TAapaMeTpy U B MHOTO CUTYAIIUU Ca, 38 PO~
quTaHe 3a U3NO0JI3BaHe B IPaKTUKATa.

Kuaro4uoBu gymMu: KOJOBE HaJ NMPBHCTEHU OT IEJU UUCJIA, KBAJIPATYPHO-aMILIUTYTHA
MOJIyIaIust, (DJIAIl TaMeTH, ONTUYHA KAHAJIA.
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