MATEMATUKA W MATEMATUHECKO OBPA30OBAHWE, 2026
MATHEMATICS AND EDUCATION IN MATHEMATICS, 2026
Proceedings of the Fifty-Fifth Spring Conference
of the Union of Bulgarian Mathematicians
Tryavna, Bulgaria, April 5-9, 2026

ON THE MAXIMAL LENGTH OF NEAR-MDS CODES !
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Abstract

This paper summarizes the known results about near-MDS codes proved in the past
thirty years. The main focus is put on the problem of determining the value of the
function m’(k, q) defined as the maximal length of a near-MDS code of dimension k
over the field with ¢ elements. For dimensions k > ¢ + 2 we improve the upper bound
m’(k,q) < 2q+k—2 which follows from the nonexistence of maximal arcs over fields of
odd characteristic. In analogy with the main conjecture for MDS codes we formulate
some conjectures on the exact value of m'(k, q).
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1 Introduction. Near-MDS codes have been introduced in 1995 in [13]. They are
defined by weakening some restrictions in the definition of the MDS codes. The most
popular definition is via generalized Hamming weights. The r-th generalized Hamming
weight d,.(C) of a linear code C is defined as the size of the smallest support of an
r-dimensional subcode of C. A linear [n, k],-code C' is called a near-MDS code if

di(C)y=n—k+ifori=2,...,k, di(C)=n—k.

Of course, it is enough to require d;(C') =n — k and do(C) =n — k + 2. The remaining
conditions for i = 3, ..., k are satisfied automatically. From the properties of the general-
ized Hamming weights one can easily deduce that the dual of a near-MDS code is again
a near-MDS code. This follows immediately from the fact that for every linear code

{di(C) |i=1,...,k}U{d;j(CH) |j=1,....n—k}={1,...,n}.

The following propositions characterize near-MDS codes and can serve as alternative
definitions. The proofs can be found in [13].

Proposition 1.1. A linear [n, k]q-code C' is a near-MDS code if and only if any parity-
check matriz Ho of C satisfies the conditions:
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(1) anyn —k — 1 columns of Ho are linearly independent;
(2) there exist n — k linearly dependent columns;
(8) anyn —k+ 1 columns of Ho are of rank n — k.

Proposition 1.2. A linear [n,kl,-code C is near-MDS if and only if any generator
matrix Go of C satisfies the conditions:

(1) any k — 1 columns of G¢ are linearly independent;
(2) there exist k linearly dependent columns;
(3) any k + 1 columns of Go are of rank k.

Proposition 1.3. A linear [n, k], code is a near-MDS code if and only if d(C)+d(Ct) =
n.

Closely related to near-MDS codes are the so-called almost-MDS codes introduced by
de Boer [11, 12]. Almost-MDS codes are defined as [n, k],-codes with minimum distance
d =n — k, or, in other words, as codes with Singleton defect 1. Not every almost-MDS
code is near-MDS, which is demonstrated by the following example.

Consider a MDS-code C' with parameters [n, k], defined by a parity-check matrix
H. Extend H by a row of weight less than k£ — 1. Clearly, this row is not a linear
combination of the rows of H. Denote the obtained matrix by H’ and let C’ be the
code having H' as a parity=check matrix. By construction, the code C’ has parameters
[0,k ,d'] where n’ =n, k' =k—1,d >n'—k'. The last inequality follows from the fact
that every d —1 =n'— k' —1 = n—k columns of H' are linearly independent. Obviously,
d(C'"t) < k—1 =k and C' is not an MDS-code. Hence d(C’) = n’ — k' and C’ is an
[0, k',n' — k’]-code which is not a near-MDS code.

However, for large n every almost-MDS code is also a near-MDS code.

Proposition 1.4. Ifn > k + q every [n,k,n — k|,-code is a near-MDS code.

The weight distribution of a near-MDS code can be determined up to a single param-
eter. In the theorem below this parameter is taken to be the number of words of minimal
weight.

Theorem 1.5. Let C' be an [n, k], near-MDS code. Let (A;) and (A}) be the spectra of
C and C*, respectively. Then

. 2(—1)]’ (" 0 (D) e

where s =1,...,k, and
s—1
k+s . n—=k
A = $=31 1 —1)% /
" (k+)2 P (Y e e (")
where s=1,...,n— k.
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For almost-MDS codes the situation is more complicated. The numbers of the pa-
rameters depends on the Singleton defect of the orthogonal code (cf. [18]). Theorem 1.5
gives a simple upper bound on the number of words of minimal weight.

Corollary 1.6. For an [n, k], near-MDS code

n q—1
Api < K
"k_(k—l) ko

with equality if and only if Ap_k+1 = 0. By duality,

;S n q—l,
k+1/n—k

with equality if and only if Ay, = 0.

It is interesting to find near-MDS codes with A,,_ry1 = 0. In such a case it is easy
to see that the existence of an [n,k,n — k] near-MDS code is equivalent to that of a
(k — 1)-(n, k,1)-design or a Steiner system S(k — 1,k,n). Apart from the ternary Golay
code, there are just a few examples of such near-MDS codes. All of them are of dimension
k = 3. It looks likely that for k > 3, ¢ > 3, such near-MDS codes do not exist.

2 The geometric view at near-MDS codes. It is known that with every [n, k, d4-
code of full length one can associate a multiset of points in PG(k—1, ¢) (possibly in a non-
unique way) so that isomorphic codes are associated with projectively equivalent multisets
(cf. [16]). This implies that the existence of an [n, k], near-MDS code is equivalent to
that of a set K of points in PG(k — 1, q) with the following properties:

(1) every k — 1 points from K are in general position (generate a hyperplane);
(2) there exist k points from K that lie in a hyperplane;

(3) every k + 1 points from K generate PG(k — 1, q).

In particular, if & = 3 a near-MDS code is equivalent to an (n,3)-arc in PG(2,q).
The nonexistence of maximal (n,3)-arcs, i.e. arcs with n = 2¢ + 3 for ¢ > 3 was ruled
out originally by Thas [28]. This result is a part of a more general theorem about
the nonexistence of maximal arcs in PG(2,¢q) for odd ¢ proved by Ball, Blokhuis and
Mazzocca [4, 5]. Since every (2¢g + 2, 3)-arc is extendable one gets that the size of an
(n,3)-arc is bounded by n < 2¢q + 1. This provides the best upper bound on the length
of a near-MDS code (cf. Theorem 4.1(vi)).

This bound is attained only for ¢ = 4,5,7. For ¢ = 4 there exist three non-equivalent
(9,3)-arcs: the complement of a triangle, the complement of an oval and two secants, and
the Hermitian curve, or, equivalently, a triangle without the vertices. For ¢ = 5 there
exist two non-equivalent (11,3)-arcs: the complement of four lines in general position
and two additional points (for which there are two non-equivalent choices) (cf. [22]). For
g = 7 there exists exactly one (15, 3)-arc which is obtained as the intersection points
of the ten lines in the Desarguesian configuration that are not from the configuration
(cf. also [26]). For larger values of ¢ we have strict inequality. It is conjectured that
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q| 4 5 7 8 9 11 13
n| 9 11 15 15 17 21 23
q| 17 19 23 25 27 29 31
n

28-33 31-39 3747 3851 42-55 44-59 46-63

Table 1: Lower and upper bounds on the size of an (n, 3)-arc in PG(2, q)

g =4,5,7 are the only values of ¢ for which (2¢ + 1, 3)-arcs in PG(2, ¢) are known. The
largest known sizes for (n,3)-arcs in PG(2,q), as well as upper bounds are given in the
table below (cf. also [7, 10]).

Almost-MDS codes are equivalent to so-called n-tracks. An n-track is a set of points
in PG(r,q) such that every r of them are in general position. Tables containing exact
values and bounds on the maximal size of an n-track are contained in [3, 11, 12, 21].

3 Near-MDS codes over small fields. With no loss of generality, we consider only
codes with k& < n/2. Near-MDS codes of dimension greater than n/2 are obtained as
orthogonal to near-MDS codes with k < n/2. This implies that from now on we can
assume that k < 2¢g and n > 2q.

It is known that all binary MDS codes are trivial. For near-MDS codes we have
some non-trivial examples, but in fact we can list all near-MDS codes. These are the
extended Hamming [8, 4, 4]-code, the simplex [7, 3, 4]-code, the [6, 3, 3]-codes obtained by
shortening the Hamming code of length 7, as well as, several trivial codes of dimensions
one and two.

In the ternary case, we have one [9, 3, 6]3-code associated with the affine plane AG(2, 3),
one [10,4,6]3-code, one [11,5,6]s-code (the orthogonal to the Golay code) and one
[12,6, 6]3-code (the extended ternary Golay code).

For codes over Fy, there exist three non-isomorphic [9, 3, 6]4-codes, associated with the
three non-equivalent (9,3)-arcs in PG(2,4), two [10,4, 6]4-codes, exactly one [11,5, 6]4-
code and exactly one [12, 6, 6]4-code [14, 15]. It should be noted that the [12,6, 6], code
was constructed by Dumer and Zinoviev in [17] as the first member of an infinite family
of uniformly packed codes. Remarkably, this code yields a cascade representation of the
extended binary Golay code.

There exist two non-isomorphic [11, 3, 8]5 codes associated with the two (11, 3)-arcs
in PG(2,5). One of them extends to a [12,4, 8]5 code which cannot be further extended.
A [12,6,6]5-code does exist. It was constructed in [9] using a computer. Later on,
Abatangelo and Larato [2] constructed six non-isomorphic codes with these parameters.
They extended by two points the elliptic curve I'g of degree 6 in PG(5, ¢) arising from a
non-singular cubic curve of PG(2, ¢) via the canonical Veronese embedding

vi(X:Y:2)= (X?*:XY:Y?*:XZ:YZ:Z%.
In [27] the authors determine the maximal length of [n,4,n — 4]11-code which turns

out to be 20. For [n,3,n — 3];1 the maximal length is 21 and is equal to the maximal
size of an (n, 3)-arc in PG(2,11). In the same paper the authors investigate also NMDS
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codes with parameters
[13,5,8]7, [14,5,9]s, [15,4,11]e.

4 Near-MDS codes of maximal length. As with MDS-codes, the main problem for
near-MDS codes is to determine the maximal length of such a code for a fixed dimension
k and a fixed ground field Fy. In analogy with MDS codes, we denote by m/(k,q) the
maximum possible length for which there exists a [n, k|, near-MDS code. The following
theorem summarizes some straightforward observations about m/(k, q).

Theorem 4.1. Let k be a positive integer and let q¢ be a prime power. Then
(i) m'(2,q) = 2q +2;
(i) m'(k,q) < m/(k — «,q) + «, for every positive integer a with o < k;
(tit) m'(k,q) =k +1 for k> 2q;
(i) m'(2q,q) = 29 +2;
(v) m'(2¢—1,q) =2q+ 1;
(vi) m/(k,q) <2q+k—2.

Near-MDS codes with parameters [n, k], can be constructed from elliptic curves over
F, having exactly n rational points [29] (cf. also [1, 2, 19, 20]). Such codes are referred
to as elliptic codes. For every prime power ¢ = p”, p a prime, near-MDS codes exist for
lengths up to Ny(1), where Ny (1) denotes the maximum number of Fy-rational points an
elliptic curve defined over F, can have. By a result of Waterhouse [30], we know that for
every q = p°

N,(1) =1 ¢ + 12v/4] for p | [2\/7] and odd e,
T g+ 2y/q) +1 otherwise.

This gives a lower bound on m/(k,q): m/(k,q) > N4(1). Due to extensive compu-
tational work by Bartoli, Marcugini, Milani and Pambianco [8, 15, 25, 27], the exact
values of m/(k, q) were determined for all fields of order ¢ < 9, as well as lower and upper
bounds on the size of the longest near-MDS code for some larger fields. In particular,
in [25] the authors determine the three exact values

m/(5,8) =15, m’(4,9) = 16,m’(5,9) = 16.
By duality, they also determine the values of m/(k,8) for k = 10,11,12, and of m/(k,9)
for kK = 12,13, 14. Even more results were obtained for the case of dimension three, which

corresponds to the problem of the maximal size of an (n, 3)-arc in PG(2,q) (cf. [10, 23,
26, 24]). These results are summarized in the table below.
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2 3 4 ) 7 8 9 11 13

6 8 10 12 16 18 20 24 28
9 11 15 15 17 21 23
10 10 12 14 16 16 20-21 21-24
11 11 11 13 15 16 18-22  21-25
12 12 12 13 14 16 18-23  21-26
9 11 14 15 17 18-24  21-27
10 12 13 16 18 18-25  21-28

O O UL W NI
o0
Ne

9 11 13 14 19 19-26  21-29
10 12 14 15 20 20-27  21-30
11 14 15 16 18-28  21-31
12 15 16 16 18-29  21-32
13 15 15 16 18-30  21-33
14 16 16 17 18-31 21-34
15 17 17 18-32  21-35
16 18 18 18-33  21-36

Table 2: Exact values and bounds on m/(k, ¢) for small fields Fy, ¢ < 13

5 An upper bound on the maximal length of a near-MDS code. According to
Theorem 4.1(vi), we have m/(k,q) < 2¢ + k — 2. It can be seen from the table above
that equality is achieved just for several pairs (k,q). The following theorem gives an
improvement over Theorem 4.1(vi) for sufficiently large dimensions.

Theorem 5.1. There exist no [2q + k — 2, k], near-MDS codes for k> q¢+2 and g > 7.

Proof. We are going to use the geometric interpretation of near-MDS codes. Fix an
integer k > g + 2. Let K be an arc with 2¢ + & — 2 points in PG(k — 1, q), associated
with a [2¢ + k — 2, k], near-MDS code. Furthermore, let Pi, ..., Py_s be points from K.
By the properties of the arcs associated with near-MDS codes, these k — 2 points are in
general position. Without loss of generality we can take P, = (0,...,1,0,...,0), where
the only unit is in position 7. Set

S = (P,Ps,...,Py_o),
Si = (Pr,...,P1,Py1,...,Pr_2), i=1,... .k —2.

Clearly S is the hyperline defined by zp_1 = xx = 0, and S; are the subspaces defined
by x; =xr_1 =2, =0,i=1,...,k — 2. Obviously, dimS =k — 3, and dim S; = k — 4.
There exists a point @) that is not contained in any of the subspaces 5;, for example
Q=(1,...,1,0,0).

There exists a plane 7 which meets S only in the point @, i.e. 7 NS = {Q} (in fact,
there exist many such planes). It is clear that 7N S; = &. Note that from the properties
of the near-MDS codes and the arcs associated with them it follows that | N 7| < 3.
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Now consider projections ¢;, i =1,...,k — 2, from each S; to 7 given by

ity op — (S, P)nm,

where P is the set of points of PG(k — 1,¢). Obviously, all induced arcs K% are plane
arcs with parameters (2¢q + 1, 3).

The arcs ¥ are projective; otherwise, we easily get a contradiction since there exists
a subspace of projective dimension k — 3 (a hyperline) containing k& — 1 points.

If P € KN, then P is contained in all induced arcs. Obviously Q = S N is also
contained in all arcs K¥. Note that there are at most three such points. If R is a point
from 7 which is contained neither in K nor in S, then it is contained in at most two of
KC#i (since a hyperplane contains at most k points from ). Counting the pairs (P, K#%)
with P € K% in two possible ways, we get

(k—2)(2q+1) < 2(¢* +q - 3) +4(k - 2),

whence k < ¢ + 4, a contradiction. Now it remains to use Theorem 4.1(ii) to obtain the
nonexistence for all dimensions k > ¢ + 4. O

Let us note that the proof of the nonexistence of (2g + 1, 3)-arcs would immediately
imply the nonexistence of [2¢ + k — 2, k], near-MDS codes. All numerical evidence
suggests that this is true for all ¢ > 8, but no proof of the nonexistence of (2¢+ 1, 3)-arcs
in PG(2,q) for large ¢ seems to be known for the time being. There is a problem for
(n,3)-arcs in PG(2, q) suggested by A. Blokhuis asking to determine a constant ¢ such
that n/q < ¢ < 2 for ¢ large enough, or a construction where n/q > ¢ > 1 [6].

We finish with two conjectures for near-MDS codes that are similar to the famous
Main Conjecture for MDS codes.

Conjecture 5.2 (Weak Main Conjecture for NMDS codes). For all positive integers k
and all prime powers q > 5 it holds that m'(k,q) < 2(q +1).

Conjecture 5.3 (Strong Main Conjecture for NMDS codes). There exists a universal
constant ¢ (not depending on q) such that m’(k,q) < Ny(1) + c.
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BbPXY MAKCHUMAJIHATA JAbJI2KNTHA HA
IIOYTM-MAP KOJOBE

NBan JlangxxeB u Aca Pycesa

AbGcTpakT

B rasm cratusa npasum 0630p Ha pesynrarure 3a nouru-MJIP komose, mosmydenu mpes
mocsregauTe 30 roguan. POKYyCHT € TOCTABEH BhPXY 3aa9aTa 32 OIPE/IeIsTHe HA TOTHATA
crotinoct na dbynxnusara m’ (k, q), neunupana KaTo MaKCUMAaJIHATA, JIH/DKUHA HA TOYTH-
M/IP xox ¢ pasmepHocT k HaJ TOJEe ¢ ¢ eleMeHTa. 3a pa3MmepHocTH k > ¢ + 2 Hue
nosiobpsaBame roprata rpamumna m’ (k, q) < 2q+k—2, KoATO cjie[Ba OT HECHIECTBYBAHETO
Ha MAaKCHMAJHU apKd HaJI IOJIeTa C HeYeTHa XapakTepuctuka. 1logobno Ha ocHOBHATA
xunoresa 3a M/IP komnose, HEe hopMympaMe HAKOIKO XUIOTE3H 33 TOYHATA CTOHHOCT
wa yrkmuara m’(k, q).

KuroyoBu gymm: nouru-MJIP komose, M/IP kozmose, esmnruyau Kpusy, (n,3)-apka,

IPOEKTUBHU I'€OMETPUH, ,H,I/IB&I?IHI/I.
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