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Abstract

We give a new conjecture on Dy, where Dy, denotes the largest d such that a linear
code of dimension k with minimum weight d meeting the Griesmer bound does not
exist. We also prove that Dz 11 = 1632, which yields that our conjecture is valid for
dimensions k < 11.
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1 Introduction. Let [Fj denote the vector space of n-tuples over I, the field of order
q- An [n,k,d], code C is a k-dimensional subspace of F; with minimum Hamming weight
d = min{wt(c) | ¢ € C,c # (0,...,0)}, where wt(c) is the number of non-zero entries in
c. A fundamental problem in coding theory is to find ny(k, d), the minimum length n for
which an [n, k, d]4 code exists [6]. The Griesmer bound [5, 6] gives a lower bound on the
length n:

0 anlhd) =3 . 1)

=0

where [z] denotes the smallest integer greater than or equal to x. An [n,k,d], code C
is called Griesmer if it attains the Griesmer bound, i.e., n = g,(k,d). It is known that
ng(k,d) = gq(k,d) for k = 1,2 and all d. So, we assume k > 3. For fixed ¢ and k, it is
also known that the Griesmer bound is attained for all sufficiently large d [6]. A natural
question arises.

Problem. For fixed ¢ and k, find the integer D, ; such that ng(k,d) = g4(k,d) for
all d > Dg i, and ng(k,d) > gq(k,d) for d = Dy . Then, determine ng(k, Dg x).

As for the value D, 1, Kawabata et al. [11] posed the following conjecture.

Conjecture 1.1 ([11]). (a) Dy = Bgx for ¢ >k > 3;

(b) quk = Cq,k for3 <q<k;
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(¢) ng(k, Dy k) = gq(k, Dy i) + 1,
where
By = (k=2)¢" " = (k= 1)¢* 2,

Cor =" (((a=Di+a=3)"" +¢" +q-a) for B<k <B+1,
with integers |, a and B satisfyingl > 1, 1 <a < q—1 and

ﬂﬂz,a(q1)<l;1)+(l+1)al.

Note for ¢ = 2 with [ > 2 that g = (1451) + 1 and
Cagy = (I — 2)2k=1 4 gh+7=1=2 4 gh—l=2 (2)
where 7 = k — 8 with 0 < 7 <. As for binary linear codes, the following is known.
Theorem 1.2 ([2, 11, 16]). (a) na(k,d) = g2(k,d) for all d for 1 <k < 4.
(b) na(k,d) = go(k,d) for all d > Cay, for k> 5.
(¢) Doy =Caqy fork=5,6,9,10.
(d) Doz =44 <C27="72, Dyg =104 < Cy5 = 152.
(e) D211 < Ca11.
So, Conjecture 1 excludes the case ¢ = 2. Let
Cop = (1—2)2" 1 — (28 —1 —27+1)gk=1=2 (3)
We pose a new conjecture for binary codes as follows.
Conjecture 1.3. (a) Dy = C~’27;C fork=p8,0+1,1>3;
(b) Dy =Cop fork=p0+1-1,86+1,1>2.

Since 02’7 = 44 and C~’278 = 104, Conjecture 2 is valid for 5 < k < 10 (f =2,3). In
this paper, we prove that Conjecture 2 is also valid for k£ = 11:

Theorem 1.4. D2,11 = 02,11.

2 Geometric preliminaries. In this section, we give the geometric methods to con-
struct codes or to prove the non-existence of codes with certain parameters. We denote by
PG(r, ¢) the projective geometry of dimension r over Fy. A j-flat is a projective subspace
of dimension j in PG(r, ¢). The 0-flats, 1-flats, 2-flats, 3-flats, (r — 2)-flats and (r — 1)-
flats are called points, lines, planes, solids, secundums and hyperplanes, respectively. We
denote by 6; the number of points in a j-flat, ie., 8; = |[PG(j,q)| = (¢! —1)/(¢ — 1),
where |T| denotes the number of elements in a set T

Let C be an [n, k, d], code having no coordinate which is identically zero. The columns
of a generator matrix G of C can be considered as a multiset of n points in ¥ = PG(k—1, q)
denoted by Mc. A point P in X is called an i-point if it has multiplicity m¢(P) =4 in
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M (in other words, an i-point appears exactly ¢ times as a column of G). Denote by 7
the maximum multiplicity of a point from ¥ in M¢ and let A; be the set of i-points in X,
0 <i < ~y. We denote by A; + --- + A, the multiset consisting of the s sets Aq, ..., A
in 3. We denote by Ay = A — Ay when A = Ay + As. We write sA for Ay + -+ + Ag
when Ay =+ = A,. Then, M¢ = /2, iA;. For any set S in ¥, the multiplicity of S
(with respect to Mc), denoted by me(S), is defined as

Yo

me(S) =Y me(P) = i|SNA;|.

Pes i=1
Then we obtain the partition |J]°, A; of ¥ such that n = m¢(X) and that
n—d =max{me(m) | T € Fr_a},

where F; denotes the set of all j-flats in £. Such a partition of ¥ is called an (n,n—d)-arc
of ¥. Conversely an (n,n — d)-arc of ¥ gives an [n, k, d], code. A line ¢ with ¢t = m¢(¢) is
called a t-line. A t-hyperplane and so on are defined similarly. Denote by a; the number
of i-hyperplanes in 3. The list of a;’s is called the spectrum of C. The spectrum can be
calculated from the weight distribution of C by a; = A,,—;/(¢—1) for 0 < i < n—d, where
A, is the number of codewords of C with weight w. Let 7; be the number of j-secundums
in a fixed hyperplane II of ¥. The list of 7;’s is called the spectrum of II. We denote by
As the number of s-points in ¥. For an m-flat II in ¥ we define

v;(II) = max{me(A) | ACII, Ae F;}, 0<j<m.

We write simply by 7; for v;(X). It holds that y4—2 = n —d, vx—1 = n. When C is
Griesmer, the value ; is uniquely determined in [13] as follows:

J
WZZ[#—‘ for0<j<k-1 (4)
u=0

Lemma 2.1 ([15]). Put e = (n —d)g —n and to = |(w+¢€)/q|, where |x| denotes the
largest integer less than or equal to x. Let II be a w-hyperplane through a t-secundum 6.
Then t < (w + €)/q and the following holds.

(i) aw =0 if an [w,k —1,do],q code with dy > w — ty does not exist.
(ii) yr—3(II) =to if an [w,k — 1,d1] code with di > w —to + 1 does not exist.

Note that a w-hyperplane IT with v,_s(II) = to gives a [w,k — 1,w — t¢], code if
and only if ¢ < w. An [n, k,d], code is called m-divisible if all codewords have weights

divisible by an integer m > 1.

Lemma 2.2 ([9, 10, 15]). Let C be an m-divisible [n, k,d], code with ¢ = p", p prime,
whose spectrum is

(anfdf(wfl)mv anfdf(w72)ma ey Qp—d—m, anfd) = (awflv Qy—2, ..., (1, Oé()),
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where m = p® for some 1 < e < h(k—2) satisfying Ao > 0 and n(q—1) > dq. Then there
exists a t-divisible [n*, k,d*], code C* with

d
t=q"2/m, n* =ntq— %9;%1, d*=((n—d)g—n)t (5)
whose spectrum is

(a‘n*—d*—'y()ta Ap*—d*—(yo—1)t> -+ » an*—d*—tvan*—d*) = (>"Yo? )"Yo—la BERE) )‘1’ )‘0)

C* is called a projective dual of C, see also [3] and [7]. Note that a generator matrix
for C* is given by considering (n — d — jm)-hyperplanes as j-points in the dual space X*
of ¥ for 0 < j <w —1 [15]. From the principle of projective geometry, C and (C*)* are
equivalent, and (n*)* = n, (d*)* = d. Hence, the following holds.

Lemma 2.3. Assume there exists a t-divisible [n*,k,d*], code C* satisfying (5) with
q=p", pprime, m = p°, 1 < e < h(k —2), \o(C*) > 0. Then, so does an m-divisible
[n, k,d], code.

Lemma 2.4 ([10]). Let C be an [n,k,d], code with multiset M¢ over £ =PG(k—1,q).
Assume d > ¢¢ and that Mc contains a t-flat A with 1 <t < k—1. Let C' be an
[n — 6, k,d'], code with multiset Mcr = Mg — A. Then, d > d —q'.

The method to construct new codes from a given [n, k, d], code by deleting the co-
ordinates corresponding to some geometric object in PG(k — 1,q) is called geometric
puncturing, see [14]. As a consequence for ¢ = 2, we get the following lemma, which is
employed in Section 4.

Lemma 2.5. Assume that a Griesmer [n, k,d]s code with multiset Mc¢ over ¥ = PG(k—
1,2) exists and that d = s-2F 71 — (dp_928 =2 4 dj_32F 3 4 - -4 dy 11 20T +21) with integer
t>2andd; €eFy fort+1<i<k—2. If M¢ contains a multiset Fy + Fo +---+ Fy_1,
where F; is a j-flat for 1 < j <t —1, then, na(k,d’) = g2(k,d') ford —2" +1 < d' <d.

For the divisibility of Griesmer codes, we need the following results.

Lemma 2.6 ([17]). Let C be a Griesmer [n,k,d], code with a prime p. If p° divides d,
then C is p°-divisible.

Lemma 2.7 ([11]). If there exists no p®-divisible [n,k,d), code with ¢ = p", p prime,
% <n < Oy and 1 < e < h(k — 2), then neither does there exist a p°-divisible
[n,k+1,d]y code.

Lemma 2.8 ([11]). Let C be an m-divisible [n, k,d|, code. If Mc has an s-point P with

s > 1, then the projection of M¢ — sP from P onto a hyperplane I1 with P & 11 gives an
m-divisible [n — s,k — 1,d'], code with d' > d.

3 Dimension-optimal binary divisible codes. Let ¢ = p”, p prime. Assume that
an m-divisible [n, k, d], code C exists for some integer m > 1. We say that C is dimension-
optimal if an m-divisible [n, &, d], code does not exist for any k' > k. We mainly consider
d-divisible dimension-optimal [n, k, d]s codes for d = 2! with a positive integer ¢. Denote
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Table 1: ko(n,4)

ka(n,4) |1 2 3 4 4 4 5 5 6 7 8 8 8 8 9

n 8 12 14 15 16 20 22 23 24 26 27 28
ka(n,8) 1 2 3 4 5 4 4 5 6 5 6 7
n 29 30 31 32 34 35 36 37 38 39 40 41
k2(n,8) 7 8 9 10 8 8 9 8 9 10 11 9

by kq(n,d) the maximum dimension k such that a d-divisible [n, k, d], code exists. Kérner
and Kurz [12] determined ka(n, 4) for n < 20, ka(n, 8) for n < 41 and ko (n, 16) for n < 79,
see Tables 1-3.

For i = 1,2, let C; be an [n;, ki, d;]; code with generator matrix G;. Then, their
direct sum C1 @ Cq is the [n1 + no, k1 + ko,min{dy,d2}]; code with generator matrix
Gac.- |G &
and G, respectively, we denote by M¢, © M, the multiset M¢, ¢, of the direct sum
Cy1 @ Cy. The following is obvious.

} see [8]. For the multisets M, and Mg, obtained from Gy

Lemma 3.1. Let C; be an m-divisible [n;, k;,d;]q code for i = 1,2. Then, their direct
sum C1 @ Cq is also m-divisible.

A code C is called an s-fold simplex code if M¢ = sPG(k — 1,q) for some positive
integer s, whose parameters are [s0;_1, k, sqk_l]q. C is sq"~!-divisible since every non-
zero codeword has weight s¢g*~!. Taking s = 2*t17F with ¢ = 2, one can get the part (a)
of the next lemma.

Let ¢ = 2. We denote a j-flat in PG(k — 1,2) by II;. So, IIp and II;_; stand for a
point and the whole space, respectively. We denote by &; an elliptic quadric in PG(3,2),
which gives a 2-divisible [5, 4, 2]z code with spectrum (a1, as) = (5, 10).

Lemma 3.2. Let C be an [n,k,d]2 code and let t be a positive integer.

(a) C is 2t-divisible [21T17%0,_1, Kk, 2]5 code if M¢e = 28F1=FTL;,_ fort > k.

Table 3: k2(n, 16)

n 16 24 28 30 31 32 40 44 46 47 48 52 54 55 56 58
k2(n, 16) 1 2 3 4 5 6 4 4 5 6 7 5 6 7 8 7
n 59 60 61 62 63 64 68 70 71 72 74 75 76 T7r 78 79
ka(n,16) 8 9 9 10 11 12 8 8 9 10 8 9 10 10 11 12
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(b) C is 2F2-divisible [2F~1, k, 281 — 28=2]y code if M¢e =TI}, — IIj,_o.
(c) C is 2t-divisible [5- 271 4,2y code if Mc = 2171&;5.
Koérner and Kurz [12] proved the following with the aid of a computer.

Lemma 3.3. Let C be an [n,k,d]s code. Then, d-divisible [n,ka(n,d),d]s codes are
unique up to equivalence for

(a) n=4,6-8,10,17 when d = 4;
(b) n = 8,12,14-16, 20, 22, 23, 24, 27-29, 31, 32, 34-37, 39, 40 when d = 8;
(c) n = 16,24,30-32,40, 46-48, 54-56, 58-61, 63, 64, 68, 70-72, 74-77,79 when d = 16.

Table 4: 8-divisible [n, k2(n, 8), 8]z codes

n  ko(n,8) construction

22 4 811y @ 2115

23 5 81y ¢ 113

24 6 8Tl @ (T4 — TI3)
27 6 411, p 113

28 7 41T, & (H4 — Hg)

29 7 PAIDRSRIE

31 9 I3 & (H4 — Hg)

32 10 (T4 — I13) @ (114 — II3)
35 8 4E3 @ I3

Most of the dimension-optimal binary divisible codes in Lemma 3.3 can be constructed
by Lemmas 3.1 and 3.2, see Table 4 and Table 5. In the tables, “construction” gives the
multiset M¢ for the unique d-divisible [n, k2(n, d), d]s code C.

Table 5: 16-divisible [n, k2(n, 16), 16]2 codes

n  ka(n,16) construction

72 10 8E3 @ (IIs — Iy)

74 8 1611 @ 4115 @ 2113

75 9 1611 @ 4115 P 114

76 10 1611y P 4112 & (H5 — H4)
s 10 1611g 6 2113 & 114

79 12 1611 b 114 b (H5 — H4)

In this paper, the point P in PG(r, 2) with coordinate vector (po, p1, ..., p,) is denoted
by (po,p1, - .-, pr) or simply pop1 . . . pr, and the hyperplane defined by the equation agz+
a1r1+ -+ -+ arx, = 0 is denoted by [aga; . .. a,]. For two distinct points P(pg, p1,--.,Pr)
and Q(qo,q1,---,q-) in PG(r,2), we denote the point (pg + go,p1 + q1,---,pr + ¢+) by
P+Q.

Let e, =0---010---0 be the point of PG(r,2) the only i-th entry of which is 1. Note
that & = {1000,0100,0010,0001,1111} is an elliptic quadric in PG(3, 2).
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Lemma 3.4 ([12]). There are exactly 11 16-divisible [78,10,16]2 codes up to equivalence,
all of whose multisets contain a 1-point.

Lemma 3.5 ([12]). There are exactly 23 16-divisible [79,10,16]2 codes up to equivalence,
all of whose multisets contain a 1-point.

4 Proof of Theorem 1.4. Let d be a positive integer and let C be an [n, k, d], code
with effective length n. Since [g,(k, s¢* 1), k, s¢"* 1], codes (s-fold simplex codes) exist
for any positive integer s, we assume that d is not divisible by ¢*~'. Then, d can be
uniquely expressed with s = [d/q*"1] as

d=sq"" EE:q“f_l, (6)

where r and u;’s are integers satisfying
k—=1>u1 >ug>--->u, >1land uj > ujpq_q for 1 <j<r—qg+1. (7)

The latter condition of (7) means that at most ¢g—1 of uy, ..., u, can take any given value.
If r < s, it is easy to construct Griesmer codes from the multiset of an s-fold simplex
code by deleting F + - -- F,. ,where F; denotes a (u; — 1)-flat. In general, a Griesmer
code which is obtained from an s-fold simplex code by deleting a union of disjoint flats
(at most g — 1 of any given dimension) is called a code of Belov type.

Lemma 4.1. There exists a [gq(k,d), k,d]q code if r < s.

Assume r > s+ 1 and let u = Es+1 u;. The following theorem was proved by Belov
et al. [1] for binary linear codes and by Hill [6] and Dodunekov [4] for codes over F,.

Theorem 4.2 ([6]). When r > s+ 1, there exists a [g4(k,d), k,d], code of Belov type if
and only if u < sk.

Assume [, k, 3,7 are integers with [ > 3, 8 = ("0 + 1, <k < B+, 7=k B.
Recall that Oy j, = (I —2)2F~1 4 2k+7=1=2 4 9k=1=2 from (2). A Griesmer [ga(k,d), k,d]o
code for d = C, is not of Belov type by Theorem 4.2 since u = +1 u; from (6) for
d = Cy, satisfies u = (I — 1)k + 1 with s = [ — 1. Actually, Cs , is the largest value
of d such that a Griesmer [g2(k,d), k, d]2 code of Belov type does not exist for given
k> 5 [11].

Lemma 4.3. Let C be a Griesmer [g2(k,d),k,d]2 code for d = Cay and let C* be a
projective dual. Then,

(a) g2(k,Cop) = (1 = 2)0k—1 + Oprr12+ 012+ 1+ 1.
(b) C* is a 2!~ -divisible [(I — 1)2' + 1,k,2'" 1]y code for T = 0.
(c) C* is a 2'-divisible [(I — 1)2+Y + 27 + 1, k, 25 code for 7 > 1.

Proof. The part (a) is obtained from (1). Since C is 28~!=1-divisible (resp. 2F7!=2-
divisible) for 7 = 0 (resp. 7 > 1) by Lemma 2.6, one can get (b) and (c) applying
Lemma 2.2. O
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Lemma 4.4. ny(k,d) = ga(k,d) for Cop < d < (1 —2)281,

Proof. Let d = Cop +1 = (1 —2)281 — (28 — 1 — 27+1)2k=1=2 1 | from (3). Since
(20— 1 —2mth)2k—1=2 _ 1 — g, 5 — ok—l7-1 _ 9k~1=2 e can calculate u = 51 u;
from (6) for d = C~’27k + 1 as u = (I — 2)k. Hence, there exists a Griesmer code of Belov
type. One can prove similarly for other values of d with C~’27k <d< (I1—-2)2k1 O

Lemma 4.5. ny(11,d) = g2(11,d) for 211 = 2048 < d < Cy 11 = 2112.

Proof. Note that [ =4 for k = 11. Let C be an 8-divisible [49, 11, 8] code with multiset
M = 4E3®211,Bll3. Then, the spectrum of C is (a17, asgs, ass, as1) = (525, 1160, 330, 32),
and the projective dual C* of C is a [g2(11,2112),11,Co 11 = 2112]5 code. Let Af be the
set of O-points for C*, which corresponds to the set of 41-hyperplanes for C. We shall
find j-flats F}, j = 1,2,...,5 which are disjoint from Aj. We take &3, IIy and 1I3 in
H10 = PG(lO, 2) as

4

& ={e1,e,e3,€4, > e}, Ty = (e5,e5,€7), IIs = (es,eq,€10,€11).
=1

Let A be the solid containing €5 and let H be a hyperplane of II1g. Then, m¢(H) = 41
if and only if either H contains A and one of Iy, II3, or H contains [T UIl3 and H N A
is a 12-plane. So, we get the 32-set A§ = T3 U135 U1I5 with

Ts = {ei,ezez,eqtU{e;+e;|1<i<j<A4},

II; = (es,eq, e7), I3 = (es, ey, e, ern).

We take Fy, Fy, ..., F5 as

F, = <ei+6i+8 | 1= 1,2>, Fy = <ei+€i+7 | 1= 172,3>,
Fy = (eit+eia]i=1,234), Fy=(e;+ei|i=12,....5),
Fs = (ei+eiys|i=12,...,6).

Then, it can be checked that F; N F; = () for 1 <i < j <5 except for (i,7) = (4,5) and
that A§N(FLUF,U---UF5) = 0. Since FyNF; = {Q := 11111011111} and @ is a 3-point
for C*, Mec« contains the multiset Fy + F5 + - -- 4+ F5. Hence, our assertion follows from
Lemma 2.5 since 2112 = 3 - 210 — (29 4 28 427 4 26). O

The following lemma can be confirmed by the exhaustive computer search.
Lemma 4.6. There exists no 16-divisible [n, 10,32]y code for n = 72,76,77,78.
Lemma 4.7. A [g2(11,d),11,d]s code does not exist for d = C~’2711.

Proof. Assume C is a putative [g2(11, d), 11, d] code with d = C~'2711, which is a 32-divisible
[3265,11,1632]2 code by Lemma 2.6. Then, its projective dual C* is a 16-divisible
[83,11, 16]2 code. If there exists a t-point ¢ with ¢ > 16 in M+, then the multiset
Me- — 16Q over 111 = PG(10,2) gives a 16-divisible [67,11,d']2 code C’. But such a
code does not exist for d’ > 48 by the Griesmer bound. For d’ = 16,32, the projective
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dual of C’ does not exist by the Griesmer bound. Hence, C* has at most 16-points, and
the spectrum of C satisfies a; = 0 for any ¢ ¢ {1633 — 325 | 0 < j < 16}. Suppose
a1121 > 0. Then, by Lemma 2.1, a 1121-hyperplane gives a [1121, 10, 560]3 code, which
does not exist by the Griesmer bound. Suppose aj153 > 0. Then, by Lemma 2.1, a 1153-
hyperplane gives a Griesmer [1153,10,576], code whose projective dual is a 4-divisible
[17,10,4]2 code, which does not exist since k2(17,4) = 8. In this way, one can prove
that aig33—30; = 0 for j = 1,2,8,9,10,12,13, 14,15, 16. So, the possible ¢t-points in Mc-
satisfy

te{3,4,5,6,7,11}. (8)

Suppose M« has a 11-point P. By Lemmas 2.8, 4.6 and the Griesmer bound, the
projection of M¢« — 11P from P onto a hyperplane II with P ¢ II gives a 16-divisible
[72,10,16]2 code. On the other hand, 16-divisible [72,10,16]2 codes are unique up to
equivalence by Lemma 3.3 and the multiset of such a code consists of five 8-points and
32 1-points from Table 5, which contradicts (8). Hence, Mc~ has no 11-point. Using
Lemmas 3.3, 3.4, 3.5 and Table 5, one can vanish possible ¢t-points of M¢« fort = 4,5,6,7,
similarly. Then, M¢+ consists only of 3-points, which is impossible. This completes the
proof. O

Now, Theorem 1.4 follows from Lemmas 4.4, 4.5 and 4.7.
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XHNIIOTE3A 3A MUHNMAJIHATA /I'bJI2KITHA
HA BUHAPHMN JIMHEVHN KOJOBE

T. Maruta, T. Tochiyama u K. Yasufuku

AbGcTpakT
HaBame HOBa xumoresa 3a Da i, Kbaero Dy, 03Ha4aBa HAW-roaaMoTo d, 3a KOETO He
CBIECTBYBA JIMHEEH KOJI C PA3MEPHOCT k M MHUHWMAJIHO TErJIO d, yIOBJIETBOPSBAIL I'Da-

nurata Ha Griesmer. Cobino Taka jokazsame, de Do 11 = 1632, orkbuero ciezsa, |e
HaIlaTa XUIIOTe3a ¢ BapHa 3a pazmepuoctn k < 11.

KirouoBu aymm: rpanwuna Ha ['puiicMbp, ONTHMAJIEH KO, JEJTUM KO,
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