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1. Introduction

Let D,={zeC; |z|<p}, T —-{zeC |z|=p}. Let A, denote the set of all
functions f (z) which are analytlc in D, but not on I',.. Let a, peD, and for any
positive integer m and n (m>n) let L,_,(z, o, f) and L, _,(z, B, j) denote the
Lagrange interpolants of fin the zeros of z" —a" and z" — " respectively. Recently
L. Yuanren [1] proved

Theorem A. If m=m,=rn+q, q=q,=sn+0(1), 0=s<1, g=0 then for each
feA, and for each a, BeD,, we have

lim sup |A%,(z,/)|=0 for |z|<t, where

Aﬁ:gl(z’j)=Ln—l(zaa:f)_Ln—l(z7a’Lm—l(z’ﬁ’f)) and
t=p/max {la/p|", 1B/pI"*""}.

More precisely for any R with p<R<oo, we have

lim sup {max |A%Z,(z, /)|'""} < R/x.

n—* o0 ze Dp

When a=1, f=0 and m=rn, the above result yields a result of
A. S. Cavaretta, A. Sharma and R. S. Varga [2], which itself is
a generalization of a theorem of J. L. Walsh [3].

M. R. Akhlaghi, A. Jakimovski and A. Sharma [9] obtained
analogues of Theorem A to mixed Lagrange interpolation and e, —approxlmatlon
and the following more precise theorem for the differences A32,

Theorem B [9]. In notation of Theorem A, if |a/p|"#|B/p|"** and for s#0 if
la/p"* 1 #|B/pI"**, then
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lim sup {max |A%% (z,/)|'"}=K,(R), R>O0, where
R

n— o |z|=

(R/pymax {|s/pl", |B/p"**} for |R|Zp

K,,(R)={ 1 )
max {|a/p|"*", |a/p|"(R/pY, |B/pI"**}  for O<|R|<p

In a special case a=1, f=0 and m,=rn, Theorem B reduces to V. Totik’s
theorem [4]. We shall obtain Theorem B as a corollary of Theorem 2 and
Theorem 4, where the more general case of mixed Lagrange interpolation and
e, —approximation are examined.

In this paper we shall be interesting also in the points of overconvergence, i.e.
the points for which is valid the inequality

(1.1) lim sup |AZ7. (2, NI'" <K, (Iz]).

n—oo

If there is some function feA,, such that (1.1) to be true for each zeZ, we
shall say that Z is ({A%4}, p)—distinguished set. We due the first results in this
field to V. Totik ([4], Theorem 3.4). With the above notations, we may state
these results as follows:

Theorem C. The set Z is ({AL:S}, p)—distinguished set if and only if

r for ZeD,
IZI<{ _
r+1 for ZeC\D,.

As usual, | Z| denotes the number of points in Z. (More precise result in this
special case is obtained in [6].)

It is clear that the number of points in some ({A%£}, p)—distinguished set
depends on the behavior of the sequence {m,}:,, let us denote

(1.2) & ({m,})=lim sup (my¥y—my),

where {m*}®, is the nondecreasing rearrangement of {m,}*=o. The following
theorem is true:

Theorem 1. Let m=m,=rn+gq, q=q,=sn+0(1), 0=s<l, q,,gO. and
a,BeD,, and let p,=|B||B/al", p,=pla/p|*. Then the set Zc<Q is an
({A%E}, p)— distinguished set if and only if

d({m,}) for Q=D,
(a) Z| <{

6({m,+n}) for Q=C\D,

in the case |B/p|"**>|a/p|";
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D for q,=0
5 f Q= 4 n
(b) |Z|<{ mddy . for {D,,\r,,l otherwise
r+1 for Q=C\D_p

in the cases |a/p|"* ' <|B/pl" *<|a/p|” s#0 and |B/p|"<|a/p|” s=0;

{5({m,.}) for Q=D,\D,,

(0 |1Z]< _
r+1 for Q=Dp2U{C\D,,}
in the case |B/p|"*s<|a/p|"*! s#0.
Since §({rn})=r for r>0, Theorem 1 yields Theorem C.
We shall obtain Theorem 1 as a corollary of Theorem 3 and Theorem 5,
where the more general case of mixed Lagrange interpolation and e, —approxima-
tion are considered.

Remark 1. Let us note, that Theorem 1 examined the
({Az8}, p)—distinguished set only in the cases |a/p|"#|B/pI"*® and s#0
la/pl"* 1 #|B/pl"*5. It would be interesting to investigate this problem when
la/p|"=|B/pl"** or |a/p|"tt=|B/p|"** s#0. Also, we don’t know whether there
exists ({A%4}, p)— distinguished set on the circle I', and on the circles ', and I'
in the cases (b) and (c) respectively.

In section 2 some auxiliary lemmas are proved. The main results about mixed
Lagrange interpolation and e, —approximation are stated and proved respectively
in section 3—about A%, (z,/)=L,-1(z,0,)—Ln-1 (2,0 Px—1 m (2, B.f)) and in
section 4 —about A% (2, )=Pn-1 (m (2,0 )= Pn—1 m (2, % Li—1 (2, B, f)).
(Po— 1 (m (2, f) is the polynomial of degree n— 1 of best e, —approximation to f(z)
on the zeros of z™—a™).

For more detailed information about several investigations on Walsh’s
theorem we refer to [S].

2. Preliminaries

We shall start with the following simple lemma :

Lemma 2.1. Let {4,} o be the sequence of integers with ,=Ain+0(1), 1>0,
and let {13}, be the nondecreasing rearrangement of {A,}a-o. Then

2.1) For any keN there is neN such that Ay=24,.
(2.2) For any neN there is keN such that iy =A4,.
(2.3) There exists C>0 such that if A;=24,, then |k—n|=C.
(2.49) r 1 —m<6({4,}) for each n large.

(2.5) At —Ar=0({A,}) for infinitely many values of n.
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(The number 8({A,}) is defined with (1.2).)

Proof. The statements (2.1), (2.2), (2.4) and (2.5) are obvious since {4,},>, is
the sequence of integers. We shall prove (2.3). Let 4=0 be such that |1,—in|= A4
for each neN. Then

(26) A,,=im,—A=im, -+—A+/1(m2—m1)—2A>,1,,,l for my—m,;>2A4/A.

Let n and k be such that A,=A;. From (2.6) we have 4,>4,=A; for m>n+2A4/A
and therefore

{45, Als--s Akt = {40, /11"""1"“0}’ (so=[24/2)), i.e.
(2.7) k=n+[2A4/4].
Similar, from (2.6) we have 1, <A4,=4; for 0Sm<n—2A/4, and therefore
{40, il,...,A,,_so_l}c{}.(‘,, 1eeesdi—1}s L€
(2.8) n—[2A4/A]1—1=k—1.

From (2.7) and (2.8) we get (2.3) with C=[2A4/4].
Let feA,. Then f(z) may be expressed in D, as

(2.9) f(z)= £ a,z", where
n=0
(2.10) lim sup |a,|'"=p~ 1.

Everywhere further we shall assume that feA, and f(z) has the
representation (2.9) in D, ; & will be a sufficiently small posmve number and o will
be a number with 0<a<1 These numbers may be different in each case.

Let us note, that from (2.10) it follows

(2.11) a,=0((p—¢)™") when n—-oo for each £>0.

Let the sequence of operators {A,};>-o be such that sup lim sup
se

n—*o

A, NIV =K, (z,{A,}). We shall say that Z is ({A,}, p)—dlstmgunshed set (or
({A,}, p)—set) “f there exists some function f(z)eA, with 11m ! sup |A, (2, )"

<K, (z,{A,}) for any zeZ. If there is no risk of mistake, we shall write K, (2)
instead of K » (2, {AL}).

Lemma 2.2. Let feA, has the representation (29) in D, and let
@,(n .
S.@)=t%" § Ays o ms Where t#0, @,(M=p;n+0(1), @, (MeN, ¢,20,

v=e, ()
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i=0,1,2, ¢o+¢,>0and ¢,>¢,. The set Z<=C\D, is ({S,}, p)—distinguished set
iff 1Z|<6({@,(n)+@,(n)}), where |Z| denotes the number of points in Z and
0({@o(n)+ @, (n)}) is the number, defined with (1.2).

Proof. Using (2.11) it is not difficult to see, that

[t/p|®e|z/p|®2  for lz|zp
212) K, (z.{S,)= {It/pl®lz/pl®s  for  O<|z]<p
|t/p|®o for z=0 and ¢, (n)=0.

Let us denote 4, =, (1) + ¢, (n), =0 (M) + @, (), =@+ @y, u=Po+@,,
N=06({po(m)+p,(n)}) and let {u,}>, be the nondecreasing rearrangement of
#n}f=0'
{ (@) Necessity. Let us suppose that there exists the set Z < C\D_p which is
({S,}, p)—set but |Z|= N. Then there exist points z,,...,zy(z;%z; for i*j and
|z;l>p 1<j<N) and function f(z)e A, such that S,(z;,/)=0(0K,(z))"), 1Sj=N
(0<o<1), which gives with (2.12)

Hn
(2.13) Z zja,=0(o|zl/p)'n), 1=<j=N.

v=2,

Let k be an arbitrary nonnegative integer. Because of (2.1), we may select n,,
and n, with y,f=;4,,0 and pui 4, = Hp - From (2.13) (with n=n, and n=n,) and (2.3)
we get

214 i Hiv1 Apo—1 Apy 1
(2.14) T zla— £ zlag=— I zZla+ I zla,
v=1no v=41,” v=0 v=0
"I.(+I X
v —_
- I zja,=0(loz;/p|").
v=ut+1

Let £¢>0 be too small that |zj/(p—s)|‘<|zj/p|“, 1 <j<N. Then (2.3) and (2.11)
give
A, -1 Ay —1

z oz v=0( > Izj/(p—e)|”>=0(I2,-/(p—s)l“")=0(|azj/p|“"). I1SjSN, i=0,1.
o

v=0

v=

Using the last expression in (2.14) we obtain
Hir1

T zja,=0(loz/pl™), ie

v=u;+l
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“Z+l“‘;_'

z z;av+p,:+1=0((a/l’)"k)- ISj=N.
v=0

(2.15)

We may regard (2.15) as the system of equations for the unknowns a,
ur<s<pp.,. Because of (2.4), the solution of this system must satisfy
a,=0((6/p)")=0(a/py") (ut<s<Hi+1, k=0, 1, 2,..), i.e. lim sup |a,|'"<o/p

<p~ !, which contradicts the choice of f(z). X
(b) Sufficiency. We shall prove that any set Z={zy,25,...,2y-1}<C\D,
is ({S,},p)—set. Indeed, let d,, d,,...dy—, be such that

N-1
z dvz)f=0, léjéN—l, dN-l=1'

v=0

We define the sequence {a,};>, as follows
dp™# if e —p=N
a";H“:{O i AN
0<v=pss1—m—1, k=0, 1,...

@

Because of (2.5) we have limsup |a,|'"=p~! and therefore fo(z):= Z a,z"€A,.
o

n— o n=

Moreover it is clear that

"EH—"i—l
z Zjay4 5 +1=0, 1SjSN-1, k=0, 1,...
v=0
Let n be an arbitrary positive integer. We may choose k such that p,= uy (see
(2.2)). And let k, be such that ui, +1=4,. (If n is sufficiently large, k, exists.) Then
if £>0 is too small that |t/(p—#)|%|z;/(p—&)|°1 <|t/p|®|z;/p|®: for 1<jSN-—1,
with (2.12) and (2.16) we get

(2.16)

e A1
- V=g, (n)
Sa(z, fo) =1%o ™ z az PM_ T a,z;'" %
VERE L +1 VIR +1

k-1 He+1THsTt

A -

=t“’o(") > zﬁji,+l (L) ) z} av+u;+l

s=k1 v=0

A—1
+0(lt/z;1% ™ E |z/(p—e))=0(t/p—e)I*°|z;/(p—&)I1)")
0

v=

=0((0K,(z))), 1sSjsSN-1, O<o<l1
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and therefore {z,, z,,...,zy—,} is ({S,},p)—set.

Lemma 2.3. In the hypothesis of Lemma 2.2 the set ZeQ is ({S,}, p)— distin-
guished set iff |Z|<d({@y(n)+ ¢, (n)}) where

o {D,, if @,(n)=0
B D \{0} otherwise.

Proof As in the proof of Lemma 2.2, we denote A,=¢,(n)+ ¢, (n),
Ba=@o (M) +@,(n), A=po+¢,, p=@o+¢@,. Let M=5({p,(n)+¢,(n)}) and let
{An}n=o be the nondecreasing rearrangement of {1,},.

(@) Necessity. Let us suppose that there exists the set Z<Q which is
({S.}, p)—set but | Z| = M. Then there exist points z,,..,z,€Q (z;#z, for i #j) and
function f(z)eA, with

(2.17) S.(z; /)=0(0K,(z))"). 1=jsM, (0<o<]l)

which gives with (2.12)
Hp
(2.18) L zja,=0(loz;/p|*), 1=<j<M, z;#0.
v=2,

Let k be an arbitrary nonnegative integer. Because of (2.1), we may select n,
and n, with l,f=,1,lo and AI+,=}.,,1. From (2.3) and (2.18) we get

-
Hn, “n et o
(2.19) ¥ zja,— X zja,= X zja,— X Zja,
—3® - 2® =2* = +1
V=24 V=441 V=2, Y= Hny

+ I zja,=0(loz;/p|*).
v=pu, +1
1

Let £¢>0 be too small that |z;/(p —¢)|* <|z;/p|*, 1 <j < M, z;#0. Then (2.3) and
(2.11) give

; z}'av=0( z |Zj/(P—8)|">=0(|Z,~/(P—E)I"k)
V=i, +1 v=u, +1

=0(loz;/pl™*), 1=<j<M, i=0, 1, z;#O0.

Using the last expression in (2.19) we obtain

‘ll:+1_l
Z  zja,=0(loz;/p|™), i.e.
v=2a5
. . k
"k+1_"k_l
(2.20) ? Zjay+a =0((o/p)*). 1=5j=M, z;#0.

v=0
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But if zj0=0 (then ¢, (n)=0) from (2.12) and (2.17) it is clear that (2.20)
r_emains true for j=j,, and as in the proof of Lemma 2.2 we obtain that
lim sup |a,|'"<p~!, which contradicts to the choice of f(2).

(b) Sufficiency. We shall prove that any set Z={z,,2,,...,zy- 1} <Q is
({S,}, p)—set. Indeed, let d,,d,,...,dy -, be such that
M-1
Y d,zj=0, 15jSEM—1, dy-=1.
v=0
We define the sequence {a,};>, as follows
dp~% if . —&=M
al’:+v={ . . -
0 if A1 — A #E#EM
O0<v=if i —Ax—1, k=0, 1,...

Because of (2.5) we have lim sup |q,|'"=p ' and therefore f,(2):

= X a,z"€A,. Moreover it is clear that
n=0
M1 A1
(2.21) z zja,+; =0, 15jsM—1, k=0, 1,...
v=0

Let n be arbitrary positive integer. We may choose k such that 1,=4; (see
(2.2)). And let k, be such that Ay >pu,. Then if ¢>0 is too small ‘that
|t/(p—£)|"o|zj/(p—s)|"’z<|t/p'°’o|zj/p|¢1‘f0r 1<jsM—1, z;#0, with (2.11), (2.12)
and (2.21) we get

Hn
S,(zpfi)=t%™ T a,z"%®
v=2,
- -
lkl 1 lkl—l
— P, (1) v=o,(n) _ v—e_(n)
=1t% { Z a,z;" % z a,zj" % }
v.—_g’t‘ v=p,+1
. .
k-1 )'.v+l—)'s_l
®
I R N P
s=k v=0 $
o
+0(lt|"'o"" z |z,-|“—%<">/(p—s)“)
v=pn+l

=0((t/p—2)I* |z,/(p—&)*)) =0 (0K, (z))). 1SjSM—1

and therefore {z,,z,,...,zp-1} is ({S,}, p)—set.
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3. Mixed Lagrange interpolation and /, — approximation

Let fe A, and let k, m be integers (k <m). We shall be interested in the unique
polynomial of degree <k—1 for which

(1) min T fBe)—PBEAPR (@=cxp{2ni/m), PeD,)

Pemy ¢ j=0

is attained. Let P,_, (m (2, B,f) denote the polynomial which minimizes (3.1). We
shall consider the difference

(32) A::r’;n.k (Z,f) = Ln— 1 (Z, a’j’)_—Ln-— 1 (Z, a, Pk— 1 (m) (Z, ﬂs.f))

(a0, BeD,). 1t is proved [9] that if m=rn+s,, s, —sn+0(1) 0<s<l1, k=pn+aq,,
0<q,,<n, q,=qn+0(1), 0=¢g<1, and |z|<T, then A% . (z,f) tends to zero as
n—oo, where 7= p/max{la/pl", |B/p|"**}. In this section the following more
quantitative result is obtained :

Theorem 2. Let feA,, and let A% ,(z,f) be defined with (3.2). If
m=m,=rn+s,, s, —sn+0(1), 0=<s<l1, k=k,=pn+gq,, 0=q,<n, q,=qn+0(1),
0=<g<1 and |a/p|?#|B/pI"**, and Ifit/PI"“#Iﬂ/;ol'+s for q+#0, then

£, (R) :=lim sup {max |AZh i (2,/)|'""} =K, (R) for R>0, where
n— oo |z|=R

( {maX{Ia/pl"“, la/pI?12/pl% |B/pI**}  for  0<|zl<p
p\2)=
|2/p| max {|a/p17, 1B/l **} for  lzl2p.

Remark 2. Let us note that P,_;,(z,B,f) is exactly the Lagrange
interpolant to f(z) on the zeros of z"— ™, i.e. Pp—y m (2, B, /)=Lpm-1(2,B,f) and
respectively A5, . (z,/)=A%% (z,f). So, in a special case m,=k, Theorem 2 yields
Theorem C.

Now to prove Theorem 2, we shall need the following representation for

nmk(zf)

Lemma 3.1. Let feA,, and let A4, (z,f) be defined with (3.2). If
m=m,=rn+s,, s,=sn+0(1), 0=s<1, k=k,=pn+gq,, 0=q,<n, q,=qn+0(1),
0=<g<1 then we have g

q,—1 n—1
. — +1
A:.gl.k (Z,D—d(p " Z zv av+(p+ l)n+a‘m Z zv av+pn

v=0 v=q,

n—1
—B" T zZ’a,4sm+0((0K,(2)")

v=0

where 0<o<1.
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n—1
Proof. Let us denote A%% ,(z,f)= £ A,,z". We have (see (4.11) in [9])
. . . ) v=0
T ", pp— = T Pa" Gy jmetin for 0<v=gq,—1.
j=0 j=0 i=0
Ayp=1
* . * p-1 . .
T o"ayipp— X T PMaMaysjmerin for q,<v=n—1.
j=0 j=0 i=0 :

Let O_S_;§q,,—1 and let ¢>0 be too small that
(p/(p—e)*max {|a/(p—&)|P*2, laf(p—e)| |B/(p—e)*> |B/(p—e)>"*}
< max {|a/p|P*!, |B/pI"**}. Then the above expression for 4,, (0=v<q,) and

(2.11) yield

o P p
(34) Av.n= z ajnav+jn— amav+in'—ﬂm z amav-&-in-Hn

j=0 i=0 i=0

© P )
— 3 T "o aysjmein=0P"T "1 o4 1)

j=2 i=o0

b .
+0< z la/(p—e)lj"(p—s)‘")—ﬂ"'av+,,.
Jj=p+2

+o(1po-or % 1afto-oi o)

ji=1

+0(§ \Blp—s)im = |a/(p~e)|‘"(p—s)'V)

ji=2 i=0
=a?*a, e n—B"amtp " 0(0A,)), O=v<gq,)
where 0<o <1, A,=max {|a/p|?*?, |B/pI""*}.
And similar

(35  Aua=0"ayip—P"aimt+p 0(GA)), g, =v=En—1,

where A,=max {|a/p|?, |B/pI"**}. From (3.3)—(3.5) we obtain
a1 n—1
(3.6) A% (2, )=t T VA, pe1nta? T Z'ayipn
v=0 v=gq,

n—1
—p" T z'a,+m+R,(2),
v=0
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where

R,(z)=0(aﬂ(~1 T Izl AL T |z/p|"))

v=0 v=q,

{0((amax {AL, 12/p12 ALY for lzl<p
0((omax {|z/p|* Ay, |2/pIA,})")  for  |z|Zp.
Replacing the last estimates in (3.6) we obtain the desired reprezentation for

Aﬁ:,ﬂ;,_k(z,f).
Proof of Theorem 2.

(i) We shall first prove that
(3.7) f,(R)=K,(R).

(a) Let R<p. Let ¢>0 be too small that a,feD,_, and R—e<p. Then with
Lemma 3.1 and (2.11) we obtain

(p+1)n a,—1 v

R
p—¢

max A%, , (2, /)] =0«aK,,(R»")+0(1—°‘—
|z|=R p—E&

v

v=0
o mnp—1

= )

p+1 P r+s n
=0((max{| a " e | R }) )+o«aK,,(R»")

lo—el lo—e| [p—e| " |p—él

pn n—1

R

p—¢€

R
p—e¢

B
p—e¢

+

v=gq v=0

=0((K,-:(R)))+0((¢K, (R))")

and therefore f,(R)<K,_.(R). From the last inequality, with e—0 we obtain (3.7)
for R<p.

(b) Let now R=p. As above, we get

max |Ayh « (2, /)|=0(K,(R))")

|z|=R

+0(<max{l a M| R|"| @ |" R | B[ R }))
lo—el  lp—el’lo—el p—&’|p—e p—e

=0((K,-:(R)))+0((cK,(R)))

and therefore f,(R)<K,(R) for R=p because of the arbitrariness of &.
(i1) Now we shall prove the inverse inequality
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(3.8) K,(R)< £, (R).
From (3.3) with Coushi’s formula we have
1 Anhi(2.)
[ __'_'_.___d
Avn 27 |2/=R zv*! z
and therefore

(3.9) R'| A, |Smax |A%2,(z,f)l, 0<v=n—1, R>O0.

1zI=R

Since m,=rn+sn+0(1), it is clear that there exists an integer C>0 such that
the sequences {pn+v} and {m,+v}, n—C=<v=<n—1 assume all positive integer
values. But n—C> g, for n sufficiently large. And because |a/p|”#| B/pl"*s, (3.5)
yields

limsup { max |A,,l}'""=p " max{la/p|’, |B/pI"""}

n— o n—Csvsn—1
which yields with (3.9)
(3.10 (R/p) max {|a/p|?, |B/p|"**} =/, (R).
On the other hand, we may choose C >0 such that the sequences {pn+ v} and

{m,+v}, q,=v=gq,+ C assume all positive integer values. And because q,+C<n
for n sufficiently large, we obtain from (3.5)

lim sup { max |A,.[}'""=p" max {|o/p|" |B/p|"*"}

n>w  guSvEqn+C
which yields with (3.9)
(3.11) (R/p)* max {|a/p|?, |B/pI"**} < £, (R).
From (3.10) and (3.11) we get (3.8) in the case g=0.
Let now ¢>0. As above we take C>0 such that the sequences {(p+ 1)n+ v}

and {m,+v}, 0<v<C assume all positive integer values. But if n is sufficiently
large, we have C<gq,, and since |a/p|?*'#|B/p|"**, (3.4) yields

lim sup { max |A,,|}""=max {|a/p|”*", |B/pI"**}
0svsC

which yields with (3.9)
(3.12) max {|a/p|P*", |B/p|"**} = £, (R).
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On the other hand, if C>0 is such that the sequences {(p+ 1)n+v} and
{m,+v}, q,—C=v=gq,—1 assume all positive integer values, from (3.4) we obtain

limsup { max |A,,l}'"=p"" max {la/p|"*", |B/p|"**}

n— oo qn—C=v=qp-—1
which yields with (3.9)
(3.13) (R/p)* max {|a/p|P* 1, |B/p|"**} =1, (R).

From (3.10)—(3.13) it follows (3.8) for 0 <g < 1, and this completes the proof.
Now we may investigate the question about overconvergence of the
difference AZ% , (z, /).

Theorem 3. Let m=m,=rn+s,, s,=sn+0(1), 0=s<1, k=k,=pn+q,,
q,.—qn+0(1) 0<g,<n, 0<q<1 and g, BeD,, and let p,=p(B/pl"**[a/p|~P),
=pla/p|/a. Then the set Z<=Q is ({A mk} p)— distinguished set if and only if

6({"1"}) for Q=Dp
- (a) |Z <{

o ({m,+n}) for Q=C\D,

in the case |B/p|"**>|a/p|?;

(s(myp for Q=D
_{D, if ¢,=0
(b)|Z]< S (S({k"}) for _{{ZGC; Py <|z|<p} otherwise
p+1 for Q=C\D,

in the cases |a/p|P*' <|B/p|""*<|a/p|’, q#0, and |B/p|"**<|a/p|’, g=0;

o({k fi Q=D \D
(© 12|<{ (k) for o\Dy,

p+1 for Q=bD,|J{C\D,}
in the case |B/pI"**<|a/p|P*?!, q#0.

Proof. (a) Inthecase | B/p|"**>|a/p|P we have K, (z)=|B/p|""* max {1,|z/p|}.
Therefore, if €>0 is too small that
o p+1
max{l,
€

1 4 z z q
max{l,l——'}<Kp(z) and }<Kp(z),
p—¢ ¢

=

using (2.11) we have
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(pt+1)n z |9n
=)

o
p—¢

p—¢&

q,—1
(3.14) aPtin 3 z"av+(,,+1,,,=0(

v=0

=0((cK,(@)), (0<o<l)

and
n—1 pn a, n
(3.15) D> z”av+,,,,+0(l = max{ A L })
v=gq, p—E& p—E p—E&
=0((cK,(2))")-
From (3.14), (3.15) and Lema 3.1 we have
n—1
Ahi(z)=—P" Z 2"ay,+m+0((0K,(2)")
v=0

From the above expression it is clear that the set Z is ({Ar5.4}, p) — dlstmgulshed
set iff Z is an ({T,}, p) — distinguished set, where T, (z, j)— —pmzizlz’a, . To
complete the proof in case (a) it remains to apply Lemma 2.3 and Lemma 2.2 with

t=p, po(n)=m,, ¢,(n)=0, @,(n)=n—1.
(b) Now we shall prove the statement (b).

(i) In the case |B/p|"**<|a/p|?, g=0, we have K, (z)=|a/p|?max{1,|z/p|}, z#O0.
(We are interesting on K, (0) only if 4,=0. But in thls case K,(0)=|a/p|?, and we
may assume that K (O)—Ia/pl" everywhere.) Now from Lemma 3.1 we get

n—1
ALt iz, N=0a" T z'aypu+0((0K,(2)").

V=q"

To complete the proof in this case it remains to apply Lemma 2.2 and
Lemma 2.3 with t=a, ¢,(n)=pn, ¢,(n)=q,, ¢,(n)=n—1.
(ii) In the case |a/p|P*!<|B/pl"**<|a/p|?, q#0 we have

|B/pl** Izl <p,
K,(2)=9 la/plPlz/p*  piSlzl<p
la/p|? |z/p| lz|Zp

=p(lﬂ/pl'+' lae/p|~P)!/9).

w, if |z|p< p, we have |az/p|’ |z/p|?< lﬂ/pl'” and we may take ¢>0 too small
o z s

. Then (2.11) yields

<

p

that and

<

p

p—el |p—¢ p—E¢
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q,— 1 o (p+1)n
g ¥ Z“av+(p+1)..=0(p_8 )=0((0K,,(2))"), lzl<p,
v=0
and
n—1 o [P 2z |
a”"qu"2“0v+p..=0(p_e P )=0((0K,,(2))"), Izl <p,
which gives with Lemma 3.1
n—1
(3.16) Avhi(@N)=—B" Z 2°a,1m+0((0K,(2)"), lz|l<p;.
v=0

Similarly, if p, <|z|<p, |B/pI"**<|a/p|? |z/p|* and if £> 0 is sufficiently small
pt+1. ﬁr+s B r+s ap

< p— -
P p—e P

<

q
we have |z|<p—¢ and % . Now (2.11) implies

p—¢

o
p—¢

q,—1

+1 g—

gptin 3 zvav+(p+l)"_0(
v=0

(p+1)n
>=0((0K,,(2))")r pi<lzl<p

and

n—1 m
> z"av+m=0<‘p%£ >=0((aK,,(z»"). pu<lzl<p

v=0

which yields with Lemma 3.1

n—1

(3.17) AZE (2, N)=0" T 2'ay4pm+O0((0K,(2))), pi<|zI<p.

v=q,
At last, if |z|>p, as above we get

n—1
- (3.18) A%L (2, )=a"" T 24y pn+0(0K,(2))), |z|>p.

V=q"

The desired statement about the domain D, follows from (3.16) and Lemma
2.3 with t=p, @, (n)=m,, ¢, (n1)=0, @, (n)=n—1} about D\D, - from (3.17) and
Lemma 2.3 with t =0, ¢, (n)=pn, ¢, (n)=gq,, ¢,(n)=n—1 (k,=pn+gq,); and about
C\D, - from (3.18) and Lemma 2.2 with t =a, @, (n)=pn, ¢, (n1)=4q,, ¢, (N)=n—1.
(c) Now we shall consider the case |B/p|"**<|a/p|P*!, q#0. In this case
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p+1

le/p| |z|<p,

K,(2)=14 |la/p|” |z/p|? pr=lzl<p

la/pI”12/p] p=lz|
(p,=pla/p|*9). Using (2.11) ar:d Lemma 3.1, it is not difficult to see that
“(pﬂ)"qnz 2"yt p+ 1y +0((cK,(2))") lz|<p,
(3.19) Azha(zf)= w
T Pay., +O(@K, @) lz1>p,
v=a,

The statement about the domain D \D_p follows, as above, from (3.19) and
Lemma 2.3 with t=a, ¢@,(n)=pn, ¢, (n§= q., ¢,(m)=n—1 (k,=pn+aq,).

We shall prove the statement about the domain D, | J{C\D,}. Let us
suppose that there exists some set Z CQ:D%U {C\D,}, which is ({A%E 3. p) —
distinguished set, but | Z|=p+ 1. Then there exist points z,, z,,...,2,+1 <Q (z;#2;
for i#j) and function feA, such that

|AGA k(2 NI=0(cK,(z)), 1=j=p+1

which yields with (3.19):

ap—1
z z}av+(p+l)n=0((ap_p_l)") ZJED,.Z
v=0
(3.20)
n—1 _
T zjay+pn=0(l0ozp P 1|") z;eC\D,.
v=q,
But if zjerz, from (3.20) it is clear that
P 9,1 ‘1n+1_'l
(3.21) z ZiAy+(p+1)n= z z_;"av+(p+1)n"25'+l z z;av+(y+l)(n+l)
v=0 v=0 v=0
qn+‘+P
+ Z z;av+(p+l)n=0((ap—p_l)") (ZJEDpz)

V=q"

and for z;eC\D,:
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p n
(3.22) Z z; av+(p+ 1)n= zj_"{zf z Z; a\,+p(,,+ 1)
v=0 V=4, 4,
n—1 qn+1+P_l
— -p—1 D
— X zZiayspmt z z,"-a”,,,,}—O((a'p P~y z;,eC\D,.
v=q, v=q,

We may regard (3.21) —(3.22) as a system of equations for a;,
(p+1)n<i<(p+1)(n+1) (n=0, 1,...). Solving this system we obtain lim sup|a,|'/"

<p~ !, which contradicts to the choice of f(2), i.e. if ZeQ is ({A%E, .}, p) — dis-
tinguished set, then |Z|<p+1.

Now we shall prove that any Z={z,,z,,...,2,}<Q is ({Ayn.}, P)
— distinguished set. Indeed, let d,, d,,...,d, be such that Xf_, z} d,=0,1=<j=<p,
d,=1. We set Ayrprn=p ?""d,, 0=Sv=p, n=0, 1,... It is clear that

fo(2=Z a,z"€A, and from (3.19) we obtain that A¥%,(z »N=0(0K,(z))").
o

1<j<psince Z2_oz}ay+p+1m=0, 1 Sj=p.n=0,1,.... This completes the proof.

4. A variant of mixed e, — approximation and Lagrange interpolation

In section 3 we have considered the difference A%%, , (z, f), where the Lagrange
operator was applied to an e, — operator. Here we interchange their roles. Let
L._,(z B,f) denotes the Lagrange interpolant to f(z) on the roots of
Z*—p*(feA,,BeD,), and, let P,_im (2o f) denotes the polynomial of degree
<n—1 of best e, - approximation to f(z) on the roots of z"—a" i.e.
P,- 1(m (2, @, f) minimizes the sum

m-—1
T |f(aw’)—P(aw")|?, (w=exp {2ni/m})

v=0
over all polynomials Pem,_,(f€A,,aeD,). We shall consider the difference
(41) Zﬁ:rﬂn.k (Z,f)= Pn— l(m)(za a’f)_ Pn— 1(m) (Z, o, Lk— 1 (29 ﬁ’f))
It is proved in [9] that if m=m,=rn+s,, s,=sn+0(1), 0=s<lI,

k=k,=2im,+p,, 0<p,<m,, u,=pun+0(1) then A3, (2, f) tends to zero as n—co
for |z|<p/t, where

max {|a/p|**9, | B/p|} T} if p,<n

max {|a/p|3* DD |Blpleratay if 2

Here we shall prove the following more quantitative result:
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Theorem 4. Let feA, and let A8 ((z,f) be the difference, defined with (4.1),
where m=m,=rn+s,, s,=sn+01), 0=s<l1; k=k,=im,+u, 0=p,<m,
u,=pn+0(1) and p<1 or p,=n. If|a/p|“‘+1)"+’)¢|ﬂ/p|1(’+”+" for u#0, and for
p<l |a/p|** | B/p|* 9T , then

/,(R):=lim sup {max |AZE (2 NI} " =K, (R), R>0

i21= R
where
tlzl/p for |z|zp
@3) K,(2)=1 1 for  lzl<p, pz1
max {t,, l/p|***?|z/p|*}  for  0<|z|<p, pu<I

and ty=max {|a/p|AT V¥ | B/p|Ar*NTuY (¢ is defined with (4.2)).

In a special case a=1, =0, p,=n and s,=C. Theorem 4 yields Theorem 5 in
[7). Also since P,_ym(z,%f)=L,—,(z,af), we have A3E,(z,)=A%f(z /), ie.
Theorem 4 reduces to Theorem C in a special case m,=n.

To prove the above theorem, we shall use the following representation for

i (2, 1)

Lemma 4.1. Let feA, and let Azb . (z,f) be defined with (4.1), where
m=m,=rn+s,, s,=sn+01),0Ss<1; k=k,=im,+p,, 0= pu,<m,, p,=un+0(1)
and pu<1 or pu,=n. Then

Anni (@ N)=0(0K,(R)\)

Hp—1 n—1 n—1

a(l+l)m p) zva().+1)m+v_ﬂk b zvak+v+alm b3 zvalm+v for #<1
v=0 v=0 V=4,

+

n—1 n—1

A+1 k

a*™ F 2agiymev—B T Zays, Jor uzl
v=0 v=0

where K ,(z) is defined with (4.3).

Proof. The following representation for P,_ ., (z,a,f) is easily obtained
from Rivlin’s Theorem 1 in [8]

n—1 -4}
(4.4) Picim(z,N=X 2 T a™aj,., n<m.
v=0 j=0

Moreover, it is clear that

k—1 o

(45) L,‘-l(Z,ﬁ,_f)= 2z
=0

v=

ﬁjk ajk+v-
j=0

j=
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p*ay+y, 0=v=<k—1 and b,=0 for v=k. Then (4.4)

o

i M8

Let us denote b,=

J
and (4.5) yield

n—1 oo
(4.6) Pooyom(z 0 Ly—1 (2B, /)= Z 2z° Z o/ bjms+y
v=0 j=0
1 i n—1 -1
T 2 Z "bjmivt T 28 Z bjmy, for U, <n
v=0 j=0 v=np, j=0 .
B n—1 A
2V Z a™bjmsy for u=n
v=0 j=0
Let us denote
n—1
4.7) Azd (z,)= % z'A,,.

v=0

(@) Let pu=1 (i.e. p,=n for any n). Then if £¢>0 is too small that
(A+2)(r+s) ﬂ A(r+s)+u r+s B 2(A(r+s)+p)

max
I p—e { p—¢& }

. e <1, from
(4.4), (4.6) and (2.11) we get

’

p—e¢ p—e| |p—e

A+ m

A <)
Aa+1)m+v

ajmajm+v— X o™z ﬂlkaik+jm+v=
=0

V] i=

™8

4.8) A, .=

i

0 J
] A A ) P i
. i m U
+ X amajm+v“ﬁkak+v—ﬂk T aMAjmikiv— = X B i+ jm+v
j=A+2 i=1 j=0i=2

Y jm

=Ol(“l)mau+ l)m+v—Bkak+v+0((p-8)_v{ z

j=a+2

B

p—¢

o

jm 2 jm  o©
+ =
i=0

k 2 a

p—¢

B

p—E¢
o

)

=a**"a,  ymev—B @y +p " 0((07)"). O=v=n— 1)

+
i=2

Jj=1

(t is the number given with (4.2) and O<o<1).

Replacing the last expression for A, , in (4.7) we obtain a desired representa-
tion for A% ,(z,f) in the case u=1.
(b) Let now u<1. As above we obtain
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a("*’l)ma(1+1)m+‘._ﬂkak+v+p-—v0((610)'.) 0§v<#’l

49) A, ,= {

0™ sy — B G+ p ™ O((07)) ppSV<n.

To complete the proof it remains to replace the last expression in (4.7) and
use (4.2) and (4.3). .

Proof of Theorem 4. As in the proofofTheorem 2 using Lemma 4.1 we
see easily that

(4.10) f,(R)=K,(R) for R>0.
We shall prove the inverse inequality

4.11) K,(R)= f,(R) for R>0.
Coushi’s integral formula gives

(4.12) |4,.| R*< max |[AZLu(z,f)l,  O0=v=n—1

lz|=R

(@ u=1 (i.e. p,=n). Let C>0 be such that the sequences {k,+v} and
{(A+1)ym,+v}, 0Sv=C attain all positive integer values. Since |a/p|**1C*?
#|B/p|*r 9+ from (4.8) and (4.12) we get

(4.13) max {|a/p|(l+ l)(r+3)’ lﬂ/p|j.(r+.;)+“}

=lim sup {max |4, A} "< f,(R),  (u2 1)

n— oo

On the other hand, if we take C>0 such that the sequences {k,+v} and
{(A+1)m,+v} n—C=v=n-—1 attain all positive integer values we get

(4.14) p~ ' max {|a/p|AFt D) |B/p|Ae+9+n

—limsup { max [4,,}'"SR7'f,(R),  (uZ1).

n— o n—Csvsn—1

From (4.13), (4.14) and the definition of K,(R) we obtain (4.11) in the case
pzl.
(b) u< 1. Since |a/p|*+* D+ 5| B/p| A+ 9+ 4 for u#0 and |a/p|** D #|B/p|ATTITH,
if C>0 is sufficiently large, as above from (4.9) and (4.12) we get

(4.15) p~* max {|a/p|***9, |B/p| A+ +u

—limsup { max |A,l}'"SRTLR), (u<D)

n— o HpSvsSpup+C
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and

(4.16) p ! max{la/p|*r*D,  |B/plHrrOH}

=limsup { max |A4,,}'"<R"'f (R),

n— o n—Csvsn—1

(u<1).
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From (4.15) and (4.16) we obtain (4.11) in the case u=0. But if 0<u <1, from

(4.9) and (4.12) we obtain

(4.17) max {|a/p|A D+, |B/p|Hr+o+uy
=lim sup { max |4.l}'""<f,(R), (O<pu<]).
n— o 0=sv=C
(4.18) p_“ max {la/pl(l"'l)("*'s)’ lﬂ/pll(r+s)+p}

=limsup { max |A4,,]}'"SR7*f,(R),

n— o up—CSvSpup—1

O<pu<1).

From (4.15) — (4.18) we obtain (4.11) in the case 0<u<1, and the proof is

completed.
Now we may state the overconvergence result.

Theorem 5. Let m=m,=rn+s,, s,=sn+01), 0=<s<1; k=k,=im,+p,
0su,<m, p,=pun+0(1) and p<l1 or p,2n and a,ﬂeDf, and let p,=
|B] | B/a|** 9 p, = pla/p|”+Vh. Then the set Z<=Q is an ({A%5 i (z, 1)}, p) — dis-

tinguished set if and only if

(@)

o ({k,}) Sfor Q=D,
|1Z|< {

5({k,+n}) for Q=C\D,

in the cases |B/p|*" 9 >|a/p|*+* V) u=1 and |B/p|* > a/pM Y p<1;

S({(A+1)m,}) Jfor
(b) 1Z]< {

Q=D,

S({(A+1)m,+n})  for  Q=C\D,

in the case |B/pI* 9t <|a/p| ATV pz 1y

5 (k) for Q={D ’
(©) 1Z|<
d({im,+n})  for Q=C\D,

DT,

Jor p,=0
otherwise

in the cases |o/p|**V ) <|B/p|MrFtr<|a/p|*tY, O<pu<] and

<la/p|***? u=0;

|Blp1He+
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s{A+1Ym})  for  Q=D,
(d) 1ZI< ok} for  Q=D,\D,
o ({Am,+n}) Jor Q=C\D,

in the case |B/p|*" 9 <|a/p|AtVEY 0<pu<].
Proof We will regard the case |a/p|?* V9 <|B/p|Ar*)th<|a/p|r*)
O<u<l, Q=Dp\l“pl. In this case we have

|B/p AT TH for  |z|<p,

(4.19) K, (2)= 9 |z/pl* la/p|***®  for  p,=lzl<p
|z/p| la/p |2+ for lz|zp

and using the representation for A%% ,(z,f), given in Lemma 4.1, we obtain

“BE a 0K, @, lz1<p,

@20) &b,z N=
B 5 P apa 400K, @) lzl>py.

v=u,

n—1
Let us denote T,(z)= X z"ay+,. Since k,=Am,+pu,, O<pu<l, it is clear

v=0
from (4.19) and (4.20) that the set Z =Q is ({A%%}, p) — distinguished set iff Z is an
({T,}, p) — distinguished set (Q=D,\I',). But from Lemma 2.3 with t=1,
@o(n)=k,, ¢, (n)=0, ¢, (n)=n—1 we obtdin a desired statement in this case. The
proofs of the other statements are based on Lemma 4.1, Lemma 2.2 and Lemma
2.3. We omit them, since they are not essentially different from the proof of
Theorem 3.

Remark 3. As was noted above A%8, (z,f)=A%%(zf) and
Azt (z,f)=A%{ (z,f). Using this fact, we get Theorem 1 as a corollary from
Theorem 3 and Theorem 5. Indeed in the case m, =k, the statements (a) and (c) of
Theorem 3 reduce respectively to statements (a) and (c) of Theorem 1 ; and in the
case m,=n the statement (c) of Theorem 5 reduces to the statement (b) of
Theorem 1.

In the special case a=1, f=0, u,=n and s,=c of Theorem 5, a more precise
result is obtained in [7].
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