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Every quasitriangular operator in a von Neumann algebra M is expressed as the sum between
a triangular operator in M (with respect to the same increasing sequence of projections (p,)) and an
operator in the norm-closed right ideal generated by the. projections P,

Quasitriangular algebras, introduced by W. Arveson in [2], are the
algebras of all bounded operators x on a Hilbert space H satisfying

lim [|(1—p,)xp, =0

where (p,) is a fixed increasing sequence of finite
dimensional (selfadjoint) projections on H.

The study of quasitriangular operators had been initiated earlier by
P. R. Halmos. We refer the reader to [5], [1], [3] and [6] for more information
about these operators.

A major result of W. Arveson was that the algebra of quasitriangular
operators is the sum between the algebra of triangular operators (i.e. the nest
algebras) and the ideal of compact operators on H. The remarkable fact is that the
latter algebra is norm-closed.

Complete characterisations of quasitriangularity with respect to arbitrary
nests were obtained by T. Fall, W. Arveson and P. Muhly ([4]). (A nest is
a totally ordered strongly closed family of projections on H, containing 0 and 1.)

This paper originates in our attempt to extend quasitriangularity to arbitrary
von Neumann algebras. Our main result is the following :

If M is a von Neumann algebra and (p,) is an increasing sequence of
projections in M converging strongly to the identity, then every quasitriangular
operator in M is the sum between a triangular operator in M and an operator in
the norm-closed right ideal generated by the projections (p,). In particular, if
M = B(H) we obtain W. Arveson’s results.
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Let M be a von Neumann algebra and L =(p,) be an increasing sequence of
projections in M, converging strongly to the identity. Define

QT={xeM; lim ||(1-p,)xp,|| =0}
(the algebra of quasitriangular operators with respect to L),
T={xeM; (1-p)xp,=0 (V)n2x1}
(the nest-subalgebra of M with respect to L),
S={xeM; lim [(1—p)x(1—p,)| =0}
R={xeM; lim ||(1—p,) x| =0}

(the norm-closed right ideal generated by L).
It is easy to see that QT()S=R.

Lemma 1. For every x in M
dist(x, S)—inf || (1 —p,) x (1 —p,) .

Proof. Note that the sequence (||(1—p,)x(1—p,)||) is decreasing, hence the
above infimum is actually equal to the limit of the sequence.

(1 =py) x (1 =p,) | = | x—(Pax + xp, — p, xp,) | 2 dist(x,S), hence
(1) inf | (1—p,)x(1—p,) |2 dist(x,S).
Let now £¢>0 be given and seS be such that

| x—s]| <dist(x, S)+¢/2.
Choose n, such that
(1=p)s(1—p)ll=¢e/2 (V) n=n,. It follows that

(1 =p)x(1=p) Il =11 =p)s(1=p) | (1 —p,) (x—5)(1 —p,)ll

(2) =<|Ix—s]|| hence inf|(1—p,)x(1—p,) | <dist(x,S)+e.

Now (1) and (2) lead to the desired conclusion.

Lemma 2. The subspace T+S is uniformly closed.
Proof. Define

@ :T/T(\S—>T+S5/S

¢(a+S(\T)=a+S for every a in T.
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This mapping is easily seen to be norm-decreasing. We claim that it is isometric.
For this purpose let ae T and &> 0 be arbitrary and choose n, =1 such that every
n=n, satisfies

dist(a,S)= |[(1 —p,)a(l —p,) Il —e.
Now ||(1—-p,)a(l1—p,)ll=la—(p,a+ap,—p,ap,)l|
=>dist(a,S() T). hence

dist (a, S)=dist(a, S() T)—e (V)& >0 and consequently the equality holds for every
a in T. This establishes our claim.

It follows that T+ S/S is closed in the quotient norm and since S is also
closed, T+ S will be (uniformly) closed, which concludes the proof.

Theorem 1. QT=T+R.
In particular T+ R is a closed subalgebra.

Proof The nontrivial inclusion to be proved is

QT<T+R.

Let then xeQT and ¢>0 be arbitrary.
By hypothesis, there is no=1 such that for every n=n,

I(1—p,)xp, |l Se.

By the distance formula for nest-subalgebras of von Neumann algebras ([7]) there
is an operator a in M satisfying

(1—p)ap;=0 (V)izn, and |x—all <.

There are operators be T and ceS such that a=b+c (b is obtained from a after
finitely many steps, the first one being a—a—(1—p, _,)ap, _,).

It follows that x belongs to the uniform closuré of T+S. By Lemma 2,
x belongs to T+S. ¥
Since x is in QT, it follows that actually xe T+ R, which concludes the proof.

Remarks. In particular, let M be a semifinite von Neumann algebra and
L =(p,) be an increasing sequence of finite projections in M, converging strongly
to the identity.

Denote by J the norm-closed two-sided ideal generated by the finite
projections in M. Recall that
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S={xeM; lim || (1 —p,)x(1—p,) =0} and that R=S()QT.

Define J,=J()QT. Theorem 1 shows that
QT=T+J,=T+R.

If M =B(H) then J=J,=K (H) (the ideal of compact operators on the Hilbert
space H) and we obtain W. Arveson’s classical result QT = T + K (H). Note that in

this case
T+K(H)=T+R.

Proposition 2. For every x in M
dist(x, QT)=lim sup | (1—p,) xp,|.

Proof. For every operator a in QT

lim sup "(l —pn)xpn" =lim sup ”(1 _pn)(x_a)pn " é "x_a”

hence lim sup [(1—p,)xp,|| < dist(x,QT).

For the opposite inequality, let £>0 be arbitrary and choose no 21 such that for

every n=n,
(1 =py) xp, || = lim sup ||(1—p,) xp, |l +¢&/2.

As in the proof of Theorem 1, there is an operator a in M such that (1 —p,)ap,=0

(V)i=zn, and
x—all = lim sup ||(1—p,)xp,|l +e.

It follows that there are operators beT, ceR such that a=b+c, hence
|[x—b—c|| < lim sup ||(1—p,)xp,| +¢, so that

dist(x, QT)= lim sup [/(1—p,) xp, | +e.

Since ¢ was arbitrary, the proposition is proved.
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