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In this paper we prove that multivariate rational functions are not worse than free spline functions as a
tool for approximation in L, metric, 0<p<oo.

Introduction

Recently A. A. Pekarskii [9] and P. Petrushev [10], [11] proved a
relation in one dimensional case between rational and spline approximation in L,
metric, 0 <p< oo, (see estimate (2)).

The purpose of the present paper is to find a relation between multivariate
rational functions and free spline functions, which is similar to the estimate (2). In
fact we develop the ideas used in [9], [10].

We shall denote by P, the set of all algebraic polynomials with real
coefficients of total degree n in R? and by R, the set of all rational functions of
degree n, i.e. ReR, if R=P,/P,, P, P,eP,.

First we shall give a definition of spline function in one dimensional case and
after that we shall consider the multidimensional case. Assume that [a,b] is a
compact interval or (—oo, o). Let § (n,k, [a,b]) denote the set of all pise-wise
polynomial functions (s glme functions with defect) of degree k—1 with n—1 free
knots on [a b], i.e. @€S (n,k, [a,b)) if there exist points x,=a<Xx,<...<X,=b
such that in any interval (x;-,X;) ¢ is an algebraic polynomial of degree k—1.

There are many different definitions of multivariate free splines (see [2], [12]).
Here we shall use the definition of free splines given in [4]. Let Q be either a cube
in R? or whole space R? If Q is a cube in R? we suppose that Q have sides parallel
to the axes. Denote by D= D (Q) the collection of all dyadic subcubes of Q. If Q is
R? there exist different collections D but this fact is not important for our
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202 Nikola V. Vladov

consideration. Let us fix one of them and suppose that if IeD, then I have sides
parallel to the axes. We shall denote by S (n, k, Q) the set of all free splines of order
k and freedom n, i.e. p&S(n,k,Q) if there is a collection I'={I,..., I,_,} of
dyadic cubes from D such that

1) p=3 PrXitPala:

lel’
-where @, @,€P,_, and yx, is the characteristic function of the set A. It is easy to
see that if d=1,
S(n, k,Q) =S (2n,k, [a, b)),

where Q :=[a,b]. .

We are interested in approximating functions in L ,(€2) metric, 0 <p<oo.
Denote by

R,()),=R, (£, Q),=inf{| f=Rllpq) : RER,},
Sh(N),=Sk(£,Q),=inf{ | =@l ) : 0€S (n,k, Q)},
SN, =8k [a,b),=inf {|| f— @l pe : @S (n,k, [a, b))}

the errors in approximating feL ,(Q) by rational functions, free splines and
univariate splines, respectively, in L, metric. In the definition of § (n, k, [a, b]) we
have supposed that f(x) is univariate function.

Throughout the paper ¢ denotes a constant which may depend on any
parameters but does not depend on fand n. The corresponding parameters can be

written in brackets.
Suppose that f(x) is univariate function. In [9], [10], [11] are proved the

following estimates :
If [a,b] is a compact interval, feL ,[a,b], 0<p<oo,
>0, g=min(l,p) and k=1, then ff)r n=max(1,k—1)
" 1/q
R,(f[a,b]),<cn"*® ( - *S5(f [ b]),,)") .
v=1

(2) Moreover, if we put f(x)=0 for xeR’\[a,b] then for n=1,

|
R,(f,(=c0, co))y=en™*(Iflp+ % ;(V“S"é(ﬁ[a,b])p)")”"-

v=1

Also if feL ,(—oo, oo0), then for n=1

n 1 1/q
R, (f;(— 0, 00)),,§cn‘“< b ;(g‘é(f,(—oo, 00)),,)") .

=1

where c=c(p,k,a).
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Here we shall give a short definition of Besov spaces (see also [1], [5]). Let ®
be the unit cube in R% If feL (@), 0<p=<oo we let w,(f,t), t=0, denote the
modules of smothness of order r of f:

(©) o, (f,),=sup [AL(f.*) |l p ehn»

Ihl<t

where || h | is the Euclidean length of the vector h; A} is the r-th order difference
with step heR?; the norm in (3) is the L , morm’ on the set © (rh) i={x;
x,x+rhe®}. When p< 1, this is not a norm, it is only a quasy-norm. If «, p,q>0
we say f is in the Besov space Bj, whenever

© dr\'"
|f|8;,,=((5) (t™* @, (1)) 7)
is finite, where r=[a]+ 1.

2. The main result

The basic result of this paper is the following :

Theorem 2.1. If Q is an arbitrary cube in R, feL,(Q), 0<p<oo, a>0,
g=min(1,p) and k=1, then for n=zmin(l,k—1)

L | 1/q
) 4wsuﬂgm0 .
14

v=1

4) Rn(ﬁﬂ)pécn_“(
Moreover, if we put f(x)=0 for xeR¥\Q, then for n=1,

® - R,(fR),=en (I /I + Z %(V’S'C(f,Q)p)")”‘ﬂ

v=1
Also if feL ,(RY, then for nz1

LS| . ; 1/q
z;w&mamﬁ.

v=1

(6) R, (/. R"),,écn"‘(

In the estimates (4), (5), (6) c=c(p,k,a,d).
Remark 1. Clearly, the estimates (4), (5), (6) do not hold for p=oco.

Corollary 2.1. Let feL ,(Q),0<p<co, and Q be either a cube in R? or whole
space R If Sk(£,Q),=0(n""), y=0, k=1, then

R,(£,Q),=0(n"").
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Theorem 2.1 can be used successfully in more general situations.

Corollary 2.2. Let fe L (), where 0<p < oo, and Q be either a cube in R* or
whole space R%. Let w be a nondecreasmg and nonnegative function on [0, 00) such
that @ (28)<2° w(d) for 620, B=0. If SK(£,Q),=0(n""w(n™ '), y=0, k=1, then

R, (,Q),=0(n""w(n™")).

The next corollary gives a result which is closely connected to the result in [3].

Corollary 2.3. Let © be the unit cube in RY O<p<oo, 1/o:=a/d+1/p,
t:=min(l,d/(d—1),). If feB;, and 0<a<rt, then for n=1,

R,(;©),Scn™*| f|y
with c¢=c(p,a,d).

3. Auxiliary results

The proof of Theorem 2.1 is based on the following statement :

Theorem 3.1. Let Q be a cube in RY and @eS(n k,Q), where k=1, n=>1,
O<p<oo. Then for any A>0 there exists a rational function R such that

degR<cnln?(e+1/4)

lo—Rl,gH =4l
with c=c(p,k,d).

To prove Theorem 3.1 we shall need another representation for ¢. Let
r={I1,,...,1,} be a finite collection of dyadic cubes. If I is one of these cubes, we
let B, denote the collection of all cubes JeI' such that J<I, J#I and J is
maximal (J is not contained in another cube with these properties). It may happen
that some of the sets B, have large cardinality however we can imbed I in a larger
family I"={A4,,..., A4,}, where |B,|<2? (with respect to I") for all AeI".

Lemma 3.1. Let I'={I,,..., I,} be an arbitrary collection of dyadic cubes,
with QeT . Then, there is a second collectionT'={A,,..., A,} of dyadic cubes with
the following properties :

i) el
ii) |BA|<2‘ for all Ael”,

iii) m<29n.
This lemma is proved in [4]. In the same paper the following property

is proved:
If AeT” and A4,,...,A,, s :=2¢ are the
(7) 4 children of A4, then any JeB, is contained in one of

the 4, i=1,...,s. A given A4; can contain at most one JeB;.
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Now let ¢@eS(n,k,Q) and let '={Q,I,,...,1,_,} be the cubes in the
representation (1). Let I'” be the set of dyadic cubes given by Lemma 3.1. Clearly,
with respect to this larger set I'" we can also represent ¢ as in (1) with polynomials
@y. If IeT" we let I' :=1\| J{J : JeB,}. The functions yx,” have disjoint supports
and we have

(8) o=Z oy or= X @]
lel” Jer’;J=1
If Q is a rectangle in R!, I=1, with side lenght vector 6=(d,,...,0,), where
Q=TT [a;,b;] and 6,=b;—a; >0, then for any real 4> 0 let uQ denote the rectangle

with side lenght vector ué :=(ud,,...,ud) and the same centre as Q.
If feL,(RY, I=1, then Mf is the Hardy-Littlewood maximal function

1
Mf(x)=sup — [ | f(8)|dt,
Je x IJI J

where sup is taken over cubes J which contain x. | 4| is the Lebesgue measure of
the set 4. We shall use the following inequalities for the maximal function
Mf (see [7)).

If Q is a cube in R' with centre g, then

1Y 12l

@ Qi+ Ix—al =" =(gr =gy

with ¢,, ¢, depending only on I
The next lemma gives an approximation of the jump function in one
dimensional case.

Lemma 3.2. Let 0<d<1, O0<y<1; A=[a,b] be an arbitrary compact
interval ; r — integer. Then there exists a rational univariate function o (x) such that
dego(x)=cln(e+1/6)In(e+1/y),
0<o(x)=1 for xe(— o0, ),
0<1—-0(x)=y for xe(1—=0)A,
0=0(x)Sy(M x,(x))* for x¢A,

with c=c(r).
This lemma is proved in [10], [11]. The next lemma is an analogue to the
above lemma in several dimensional cases.

Lemma 3.3. Let P be a rectangle in R® and let Q be a cube in R? which con-
tain P. Then, for 0<d<1,0<y<1, r — integer, there exists a rational multivariate
Sfunction o(x) such that
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(10) dega(x)<cln(e+1/8)In(e+1/y),
(11) 0<s(x)<l for  xeR?

(12) 0<l—o(x)Scy for  xe(1—9)P,
(13) 0<o(x)Scy(Myro(x)*  for  x¢P

with c¢=c(r,d).
Proof. Suppose P=II} A;, A;=[a;,b], b;—a;>0. By Lemma 3.2 we have

1

rational univariate functions o, (x),...,0,(x) such that for i=1,...,d the following
conditions are satisfied :

(14) dego;(x)<cln(e+1/d)In(e+1/y),
(15) 0=0;(x)=1 for xe(— o0, o),
(16) 0<1—0;(x)=y for xe(1-9)A,,
(17) 0=0,(x)Sy(Myy, (x)**  for  x¢A,.
Consider the rational multivariate function o (x)=1I14 o,(x;), where x=(x,,...,X,).

We shall prove that g (x) satisfies (10), (11), (12), (13). By (14), (15), we get (10), (113
To prove (12), we shall suppose that xe(1—39) P. If xe(1 —0) P, then x;e(1—-0)A,,
i=1,...,d. Using (15), (16), we obtain

0S1—0(x)S1—0,(x)+0,(x))(1—0,(x;)+ ...
+0,(x)...04-1 (Xa-1) (1 —04(x)) =dy.

The last inequalities implay (12).

Now let consider the case when x¢P. To estimate o (x) it is necessary two
cases to be considered. The first case is when x€4Q. Since x¢ P, then there exists
an integer k such that x,¢A,. By (9) we obtain 12My,(x)=c, c=c(d).

Consequently

6 (x) <0, (x) Sy = ey (Mo (X)),

where the second inequality uses (17).
The second case is when x¢4Q. Suppose that P and Q have central a and b,
respectively. There is an integer k such that | x, — b,| = max |x;—b;|. Since a,beQ

I1sisd
and x¢Q, then 172 |x,—by|<|x —a|S2|x,—bl. Since x¢4Q, then |x,—a
>1/2]x,—b,|=21Q|">|A,|. The last inequalities show that x,¢A,.
By (17), (9) we obtain
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A 2rd
o(X)Sor(x )=y (MXAk (o)< ey (ﬁ:—a—l) =
k k

1A, ) ( [ )2' 2
solmpinmonr) 5(omiemmp) oM

This completes the proof.

Lemma 3.4. Let I be a cube of the collection T" and I'=1\\ ) {J : J€B,}. Then,
for 0<d<1,0<y<, r-integer, there exists a rational function ¢ =aoy (x) such that

(18) dego(x)=<cln(e+1/d)In(e+ 1/y),
(19) ’ 0<o(x)<6 for xeR“.
There exist two sets U,(I) and U,(I), which are disjoint, such that

i) I'=u,(HYU, W),

(20) i) |U,(DI=e|r],
iii) |[1—a(x)|=cy for xeU, (I),
(21) 0=o(x)=cy(Myy(x))*  for x¢l'

with c¢=c(r,d).

Proof. If I'=(), then the rational function ¢ (x)=0 satisfies (18), (19), (20),
(21). Let us assume I' #@. There exists a collection of rectangles F={J,,...,J,},
u=<6% which are disjoint and we have

II:U.IGFJ-

Really, the existence of the collection F can be easily extracted from the pro-
perty (7).

If J is a rectangle of the collection F, then by Lemma 3.3 we obtain that there
exists a rational function o,(x) such that

(22) dego,(x)<cln(e+1/y)In(e+1/5),
(23) 0<o,(x)<1  for  xeRY,

(24) 0<l—o,(x)<cy for  xe(1—8/d)J,
(25) 0=0g,(x)Scy(My,;(x))*  for  x¢J.

Now let us put o(x)= X 0,(x).
Je F
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We shall prove that o (x) satisfies the conditions of the lemma. By (22), (23),
we get (18), (19). Let us put

{Ux (D 3=UJeF(1 —o/d)J,
U, (D) :=)se r (J\(1—6/d) J).

It is obvious that U, (I) and U,(I) are disjoint and we have I'=U, (I)| JU, ()
because I'=|),erJ. By (26) we obtain

(26)

U, (DI=(1—(1=0/dy) Zyc p| | SOZye p|T|=61T'|.

Now we shall estimate |1 —o(x)| when xeU, (I). There is an integer v, 1Sv=y,
such that xe(1—-46/d)J,. If k#v, then J,‘h(l—é/d).lv=®, Ji=1,...,u are
disjoint) and we have x¢J,. By (24), (25) we obtain

[T—oe(X)|=|l—0; )+ Z o, X)=cpy=cy.
I%kgu
#v

The last inequalities and (26) show that (20) holds.
Let us estimate o (x) when x¢I’. Since x¢I’, then x¢J;, i=1,...,u. Using (25),
we get

27) 0<o()=c T 7(My; () <y (My; ().
1

We shall use the following inequalities for the maximal function
(28) Myy (x) =My, (x)=cMyy (x)

with ¢ depending only on d. The left-hand-side inequality holds because I'<1.
Since I’ #(Q, by (7), we obtain 4~ ¢|I|<|I'| £|I|. By the last inequalities and (9), it
is not difficult to prove the right-hand-inequality in (28). Now (21) immediately
follows from (27), (28).

The proof is completed.

The next lemma gives some equivalent norms for polynomials.

Lemma 3.5. Let pePy_,, 0<q=<p= o0, k-integer, I and I' are as in Lemma
34. If I'#Q, the following inequalities

1 1/q 1 1/p 1 1/q
— a) <[(— p) <ol — a) |
(29) '/C(|1|§'¢') —<|1|§"”'> —c(mf"”')

1 1/p 1 1/p 1 1/p
1/cl — P < P <cl = P
(%0) ”(mf"”') -(u'l I "”') —C(m;""')
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hold with c=c(p,q,k,d). If A>0, then

1/p 1/p 1/p
(31 l/c(mflqﬂ") <(IHI § |¢|"> =c (IIlflfpi")

with c=c(p.k, A, d). When p or q is equal to co the corresponding expression in (29),
(30), (31) is replaced by L norm over I, I', AI, respectively.

Proof. (29) and (31) are proved in [6] (see §3). We shall prove only (30). By
(7), there is a cube J satisfying the following conditions :

Jerelcssd.

By the last inclusions and (31), we have

(fter) "se(an § o) el ror)
(”, Ile")l/p< (luflwl”)lm-

The same proof works when p=co.
Lemma 3.6. Let I and I' be as Lemma 3.4. If I' #Q, ¢eP, -, k-integer, then

(32) le()I=Zcll@llouy(Mxy ()04 for  xeR?

with c=c(d, k).
Proof. This lemma is based on the following inequality for polynomials :

(33) le(x)|ZScll@llweMxox)* ¥4 for  xeRY,

with c=c(d, k); Q is a cube in R?. The inequality (33) is well-known when ¢ is an
univariate polynomial (see [8], [9]).

Without loss of generality we can assume that Q=[—1, 1] and x¢Q. The
general case can be proved by simple change of variables. There is an integer /
such that |x,|=max |x;|. Since x¢Q, we have a ::—-Ix,|>1.

1Sisd ’

We put
X X
g(t)=<p(—‘t, T3, .. "t)
a a

Clearly, g is an one variable polynomial and g(t)eP,_,. We shall estimate
g(t) for |t|>1.
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lgI=N1gllep-1. l]Tk—l(t)é”g”co[—l.l](‘t‘+\/t2_1)k_1
<2 Mgllw-1. 1]|t|h—l,

where T, (t)=cos (n arccos x) is the Chebyshev polynomial (see [8]). We put t=a in
the last inequalities and obtain

lg@|=le@)|=Scllglle-1. 0 ' Scl@la@lxlf "

Now it is easy to estimate |x,|*”'. Indeed,

d\ (k—1)/d
IX.I"“§CIIxII"‘“'”"’éc|QI"‘"""(——|QI|+Q”|XH )

Sc(Myg(x)*t ~0,

Hence (33) holds. Applying (33) with Q :=1 and using (30), (28), we obtain that
(32) holds.

This completes the proof.

Lemma 3.7. Let T'={I,,...,1,} be the collection of dyadic cubes given by
Lemma 3.1 and let y,,...,y, be nonnegative numbers. Then, if vmin(1l,p)>1,
0<p< oo, v-integer, we have

(34) IE7 v (Mg () lpw S ¢ T VEILDY?

with c=c(p,v,d).

Proof. This inequality is well-known for one variable (see [9]). Without loss
of generality it can be considered in (34) only these terms for which I' #Q. In [7] is
proved the following fundamental property of the Hatdy-Littlewood maximal
function :

If fieL,(RY, l-integer, i=1,...,I, 0<g<oo, then

(35) IHE, (M (DD gy € N EL i (D2 llgmi

with c=c(q).

The proof of (34), when 0<p<=1, is based on the following well-known
inequality | Zf;15<Z | /lI5. Applying (35) for || y,‘(Mx,’:(-))"uE we obtain (34). If
1 <p<co, then we apply (35) with I:=m, q:=2p, fii=In X (x) and obtain

IZF v (M) 1, =1 (ET (M N w213,
<l ET a2 13, S I vy I, S e (BT VEITDYP.

Here the last equality uses that I, k=1,...,m are disjoint. Consequently (34)
~holds for v=2. Since My, (x)=1, 4 is an arbitrary set, (34) holds for any v=2.
The proof is completed.
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Proof of Theorem 3.1

If A= 1, then the rational function R =0 satisfies the requirements of Theorem
3.1. Let 0<i<1, r be the smallest integer such that [2r+(1 —k)/d]min(1,p)>1,
where [x] denotes the integer part of x. Let y :=4/a, é :=(4/a)?, where a=1. The
exact value of a will be fixed latter. Consider the rational function

R=Z%, . @yoy,

where I is the collection of dyadic cubes from Lemma 3.1; ¢, are the
polynomials from representation (8) ; o,/ are the rational functions from Lemma
3.4. Without loss of generality it can be assumed that if IeI”, then I'#Q. If I' =,

then we have y, =0, =0. Let first estimate the degree of R. By (18) and Lemma
3.1 we have

14
(36) degR<2%ncln (e+%) In <e+<;—1) )gcn In2 (e+11)-

By (20) we obtain I'=U, (I)| JU, (I). Let us put U (I) :=U, (I), V(I)=R*\U (I) for
Iel”. Now we are ready to estimate |[@—R|,.

@—R=Z, oy (xy —0r)=Zier’ @1 Uy —01) Xy gy + Zrer @1 (0 — 0r) Xy =41 + 4z
First we shall estimate a,. By (20), (21) we get
(X = 1) Xy, ) S cy (M (X))
By Lemma 3.6 we obtain '
lor N=cll@llwuy (Myy (x)™ 79
Consequenly
la, )=y Zier @l way (Myy (%)),
where v=[2r+(1—k)/d]. Now by Lemma 3.7, we obtain
(37 la I3 cy? Zier @ sy 1 1]
Let us estimate a,. Since {I'},.~ are disjoint and U(I)=U,(I)€I’, then

U (I),.r are also disjoint.
By (19), (20) we have for [a,|l,-

la 5= Zier @ (xy —ov) Xy IP=cZicr @y 1 pway

ScZier oy 12 wan U (DI £coZ e Il @11 fur 1 T]-
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By the last estimates and (37) we get

A\ ’
H(P—Rllf,m-)éC(;) Zierlolla) ']

AN AN
se(2) sr 101z se(2) 10150,

The second inequality uses the fact that ¢ on I’ is a polynomial and

Lemma 3.5.
Hence

A
(38) lo—=Rll,mt=co 19l e

Let we put a=max(l,¢,). The estimates (36), (38) imply Theorem 3.1.

Remark 2. Theorem 3.1 can be used in more general situations. Let
@eS (n,k,RY. If |l rdy<=, then there exists a rational function R such that
degR=cln*(e+1/2), [|¢—R | prty< A1 @ |lprd).

Proof of Theorem 2.1

Let Q be a cube in R% Let ¢,eS(2,k,Q) and satisfies || f—¢,| s =S51(f),
= 5% (£,Q), for i>0. Here we use the existence of the best approximating element
in S(n, k,d) in L, metric. This fact can be proved, but the existence is not
necessary for the proof of Theorem 2.1. We use this fact only to reduce the proof.
Without using the existence ¢; can be chosen such that || f— ;|| q <2 S’;.-(/)p,
when S%i(f),>0. If $%(f),=0, then we terminate the sequence ¢,.

Obviously, for i=1 we have ¢,—¢;_,€S(2'*!,k,Q) and

loi—@i-1 Iy = c(lf— @il ey + | f— @iy ||p(n))§cs'5i—1 U)p'

Let s be an integer. Applying Theorem 3.1 for the function ¢,—¢;_,(i=1)
with 2, :=20"9" we obtain that there exists a rational function R, satisfying

(39) deg R, <c2'*!'In?(e+2 ()

(40) l@;—@i-1—R,; ”p(n)§ AR Pi—Pi—y "p(n)§ a2v = S‘il" 1 (f)p-

Consider the rational function R= X R,, where Ry=¢,, ¢,€P,_,. By (39)
i=0
we get for degree of R

N=degR=< X degR,<k—1+ T 2*'In?(e+2° ") <c T 2i(s—i)><Zc25

i=0 i=1 i=0
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Hence
41) N=deg R=<c2"

Now we estimate || f— Rl pq- By (40) we get

S
lf—Rl}e= lf— o llpe+ 21 l@;—@i-1—R; ||§(n)+ l@o—Ro 3

<S4(f)i+c Z (A S'ii-l(f)p)‘i
i=1
s 23
<27 % (2'.“S'§i(f)p)"§02—’““ z
i=0 v=1

—l-(v" Sk N,
v

By these estimates and (4.1) we obtain that for any s=0

2‘1

. 1/q
(42) Ry(f)p=c2—* ( - S’:U’),,)") X

v=1 v
where N=c, 2"
Now let n=max(1,k—1). If n<c, then

n o 1/q
R,m,,gkk_l(n,,gszm,,gcin‘“(z ;(v“S':m,)") :

v=1
Hence (4) holds for max(l,k—1)=n=c,.

Let n>c,. We choose s=0 such that ¢,2°<n=c,2*"'. Then by (42) we
obtain

2° 1 1/q
z ;(V“S'é(f)p)“) §cn"<

v=1

noq 1/q
Rn(ﬂpéczz_sa( 2 ;(Vc S’:’(np)q) Y
v=1
These estimates show that (4) holds. The estimate (5) can be proved in a similar
manner. In this case we choose R, such that deg Ro<cln?(e+2%=c2%;

| 9o — Ro ll prty < €27 % | fll py- The estimate (6) can be proved also in a similar way.
It must be used the Remark 2.

The theorem is proved.

By Theorem 2.1 it is easy to obtain Corollary 2.1 and Corollary 2.2 (see
[10], [11)).

Proof of Corollary 2.3

In [4] is proved the following estimate for free multivariate splines
SH(,©),Scn | flg,
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with ¢=c(p,«). By Corollary 2.1 and above estimate we obtain Corollary 2.3.

Remark 3. The restriction a<t=min(l, a/(d—1),) in Corollary 2.3 can be
omitted. We can prove this corollary without this restriction. Corollary 2.3 holds
for O<a <.

Remark 4. Now we shall give a new definition of a free spline.

Let Q be either a cube in RY or whole space R% ¢ is a free spline of order k
and freedom n if there is a collection I'={I,,...,I,} of cubes, I,cQ, which are
disjoint and

@=Zcr Pr 1>

where ¢,€P,_,. If n=1, then I'={Q}. We shall denote by IT(n, k, Q) the set of all
free splines.

Obviously, the new definition of free splines do not use dyadic cubes, but here
the cubes must be disjoint.

With the new definition of free splines Theorem 2.1 holds. It must be
changed : the letter S with the letter Il.

If d=1, then S (n,k,Q)cII(n,k,Q). The last inclusion shows that for one
variable we obtain exactly the result of [9], [10], [11].

Acknowledgements are due to Vasil Popov and Pencho Petrushev for their
valuable advice during the preparation of this paper.
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