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1. Introduétion

One-sided approximation of functions was first considered by G. Freud [1],
T. Ganelius [2]. They obtained the first nontrivial estimates of the best
one-sided polynomial and spline approximation. Using the so-called averaged
moduli of smoothness Bl. H. Sendov, V. A.Popov,and A.S. Andreev [4, 5,
6] obtained direct (Jackson’s type) and converse (Steckin’s type) theorems for the
one-sided approximation in the one-dimensional case in L ,-metric, 1<p<oo.
Using a multidimensional analogue of the averaged moduli of smoothness,
introduced by V. A. Popov [7], direct and converse multidimensional theorems
for one-sided trigonometric polynomials and entire functions approximation are
proved in L ,-metric, 1 Sp= 0, (8], [9]

In the case L,, 0<p<1, the first one-dimensional result belongs to A.
Shadrin [10]. This result was proved independently in [11] using another
method.

The purpose of this paper is to consider the multidimensional analogues of
A. Shadrin’s operator [10]. Direct theorems for the best one-sided approxi-
mation in L -metric, 0 <p < oo are proved. Isotopical and anisotropical cases are
considered.

2. Definitions and notations

Let R? be the d-dimensional Euclidean spaces and Q= R? or Q=I1={xeR* :
0=<x;<2m i=1,...,d}, d-dimensional cube. For 0<p=< oo we denote with M ,(Q)
(or M ,) the set of all measurable and bounded functions defined on R? (in the case
Q=TII" these functions are 2n-periodic’ with respect to each variable) for which
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1/p
(A s 3=||f||,,=(_f If(x)l"dx) <o, O<p<oo
Q

and

I/l @ :=1fllo=sup [f(X)I.

xe

Definition 2.1.
For feM,, keN, xeR? 6eR** ={yeR?:y,20, i=1,...,d} the k- local
modulus of smoothness is defined by

w, (f, x, 8)=sup {| A} f()| :t,t+kheKu(x)},

2
where

k
(1) Aif(n= X (—1)"+"'(k)f(t+mh)
=0 m
and

Ku={y€Rd:|yi'—in§k5i/2, l=1,,d}

2
q lgeﬁnition 2.2. The k™ averaged modules of smoothness for fe M p is defi-
ned by

) 7 (£,0),=llw (f,+, 9) "Lp(ﬂ)'

In the case 6=(d,,...,d,) :6,=05,=... =35, the modulus (2) coincides with the
well-known modulus introduced by Bl. Sendov [12]and P. Korovkin [13]in
the one-dimensional case and by V. A. Popov [7] in the multidimensional case.
For details see [3].

Here we consider 7,(f,9), in the case deR*,

Proposition 2.1. The following properties hold :

3) 1) 0, (f,x,0)=0, w,(f,* d)eM ; ,
2)If 6=¢, ie 6,26;, i=1,...,d, thenw [ x, d)Zwf. x, ) and
7,(£,0),2 1. (£.6),;

2
3) wk(f,x+y,6)§wk(f,x,5+zlyl). where |y|=(lysl,---.1ya4l);
4) Let A1>0, eR**, 0<p<o0. Then
1.(f;40), SC[AFH P 1, (f,6),,

where p=min (1, p), [Al=min {u= 4 : u is an integer } and the constant c depends on
k and d only.
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Proof. The proofs of the first three properties are standard and they can be
obtained in the same way as in the one-dimensional case [3].
We give a sketch proof of the fourth property. The following estimate holds

w, (f,x,1A18) = (2[A)* S oy (/x5 9),

where
A={peZ’:|w|<[4,  i=1,....d},

peZ={u=(u,....u,) : p; are integers, i=1,...,d},
k
x,.=x+§<u,6>, a0y =(ly Oysenvs UgOy)-

In the case 1 <p=<oo using the Minkowski’s inequality we get 4. In the case
O<p<l1 we get 4 by

1/p
T (f14] 5),§(§ QA T o (fx,, 0/ dx) =AY 1, (£, ),.
Q

pe A

By the fact 7,(f19),=7,(f;[416), we end the proof of 4.
Les us denote
HM,(Q)={f:feM,(Q), o (f+,0eL,(Q)}

It is clear that HM,(IY)=M,(I1Y), HM,(R%) & M,(R’). For neZ®* =
{n =(ny...,n)eZ’ and n;20, i=1,...,d} we denote by =, the set of all
trigonometric polynomials with real coefficients of order n; with respect to the i-th
variable, i=1,...,d. For veR*"* with &, we denote the set of all bounded, entire
functions of exponential type v; with respect to the i-th variable.

Definition 2.3. For fe M ,(R?) we define the best one-sided approximation of f
by the functions from &, in the L ,-metric (0<p=o0) through the following
expression :

E; (),=inf{IG—gl, &% :G geé,, ¢g=<f=G}.
Definition 2.4. For fe M ,(I1%) we define the best one-sided approximation of

J by the functions from =, in the L ,metric, 0<p<oco by the following
expression :

E,,"(f)p=inf{llG—-gll,_pmd,:G,gen,,, g<f<G}.
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3. Direct theorem for one-sided approximation — the
isotropical case

In this section we will get an estimation for E s, (f), and E x, (f), in the case

v=(Vy,...,V)) v, =...=vgand n=(ny,...,ny) :n, = ... =n,. The estimations will
be given in the terms of the averaged moduli of smoothness (Def. 2.2.) being used
for 6=(0,,...,0,) :6,=... =0,. We substitute v=v,=... =v,, n=n,=...n, and
0=0,=...=0, in this case.

The following theorem holds:

Theorem 3.1. Let k, neN, v>0, 0<p=oco and feHM ,(Q). There exists a
constant c(k, p,d) such that

a) E; (N),Zc(k, p,d)r (f; 1/v),
and

b) E, (1), <ck p. Az (s 1/n),.

Only the estimate a) will be proved because the proof of b) is similar. We shall
give some comments concerning b) only.
Let

E* (x5t u)=(— 1" Af f(x) + [0, (f, x +t, o |ul) + @ (f, x +u, o [ t] )] +(x),
where

x,t,ueR?, o, =2(1+1/k) and for veR% |v|,=max{|v;), i=1,...,d}.

Lemma 3.1. For x, t,ucR? the following estimates hold
a) Fy (x 1, ) Sf()SF (x5t u);
b) F.f (x :t,u)—Fy (x ;t, u)<4w, (f, x, (o, + 2/k) max (|ul,, |v],))

Proof. The estimate a) follows from the inequality
|AY f()] So (f, x+t oy |uly) + o (f, x+u, 0 t]y),

which is obtained by the fact that x, x+kt belong simultaneously either to

k«unm (x+u) or to K‘(k+n|u|

2 d 2 d

(x+1).

The estimate b) follows by the inequalities (see (3))
Fr(x;t,u)—Fg (x;t,u)=2[w, (f, x+ 1,0, |u|)+ o, (f, x +u, 0 |t],)]
L2[w, (s x, 04 |t + 2 |uly/k) + @, (f; x, 0 |uly+2[t]4/K)]

4w, (f, x, (o, +2/k)max (|t],, |ul,).
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The following Jackson’s type kernels are considered for reN, ceR*™*, teR? :

d
Jr.a (t)= II jr.a',- (ti),
i=1

where

, sinag; t;/2 " "4 sino, /2 |* ‘
)= - . A ) ro;— - .~ i =1,...,4.
Jr.ai( |) )’r.ail: o, t,-/2 :| Yr, i _‘.1 o, t,/2 dt, 1 1 d

R

We shall use the following lemma (see [14]):
Lemma 3.2. For J,,(t) we have
a) J,,€8,,(\L, for p>1/2r;
b) j..., are even, positive functions and for meN
SUP {0, (5) :selm— 1)/, m/o ]} <c(r)o,m™ 2.

Definition 3.1. For feHM ,(R%, keN, ¢>0 we define

g=* (f’x)=j j Ftk(x su, t)Jr.a(u)Jr.a(t)dudt
Rd Rd
(here 0,=0,=... =0,=0).

The functions g+ (f;*) are our operators of one-sided approximation in the
isotropical case.

Lemma 3.3. For the functions g+ the following properties hold :
a) g=€8,,(\ L

b) for xeR?

@ *

g ([ix)=s/(x)=g" (f,x);

©) 9" (LX) =g~ (£ x)=16d [ o (f, x, (o +2/k) 5)j, s () ds.
o

Proof. It is clear, that gte&, ()L, see [14, p. 135].
The assertion b) follows from Lemma 3.1 a) and the fact that

J, o ()20, teR* and |J,,.|,=1.

Let us prove the assertion c). Using Fubini’s theorem one may get from
Lemma 3.1 b) the following

g (fix)—g  (fix)= jd fd [Fd(x;t,u)—F (x;t,u)]J,,(w)J,,(t)dudt

R R

=4 fd ay (f, x, (o4 +2/k) max (|uly, [t])) Jr.q () .0 (1) dude
R R

d
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§4[ @ (fs x, (4 +2/k) [ulg) Iy o (u) du + Id o, (fs x,(ak+2/k)|tld)J,.a(t)dt]
R

Rd

<8 T [ oulfix et 2016 0 () de=16d T @y (f; % (0 +2/K)3)j0.0 (5)ds
R [4]

kp+1+d

||' Mn_

13

Lemma 34. Let 0<p=<oo, r- the minimal integer exceeding
p=min(l,p), 6>0 and feHM,. There exists a constant c(r,k,d,p) such that

’

§c(r, k7 d’ p)‘ck(j; l/a)p'

s (o +2/Kk)s) jr.q (s) ds

.
’

0 p
Proof. Let 0<p<1. We have by Proposition 2.1

©
p

14
<

p

p

z j @y (j; ’ (ak + 2/k)S)_], a (S) dS

ml_._

=c?(r) > M'z"fu(f,(ak+2/k);)5

m=1

| ou(f+ 5 (0 +2/k)s)jr.q () ds

om0

=cP(r)

m=1
<cP(N v (f1/o)y T m~2PrRPTA<cP(r, k, d, p) T, (f, 1/0)}-

m=1
We can change the order of summation and integration since fe HM,. Now let
1 <p<oo. By Minkowski’s inequality we get

= | w(fs (o +2/k)s),r.a (s) ds
o

o+ (o +2/K)S) jir.o () ds

14

a0
> m—2r+k+d

<c0) T n(hu+2k),m T <c)n /o),
m=1 m=1

=c(r, k,d) 7, (f, 1/0),.
Proof of Theorem 3.1. We choose r- the minimal integer exceeding

kp+1+d
_p_:l—__, a=v/r and let g* (f; x), g~ (f; x) be the functions from Definition 3.1

25
By Lemmas 3.3, 3.4 and Proposition 2.1 4) we get E, (/') <lg*—g 1,

<c . (fi1/0),Sct (£, 1)), and this ends the proof of a).
For the proof of b) we substitute o= ;T and determine

L x)= fd Id F(x5u, 007, W) J7 . (1) dudt,

ne mn
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where

d sing s/2 > 1 2*[sines/2
* _* % ) % —* * .
Jr.a (t) - ,'I=-Il Jr.o (tl)’ Jr.a (S) Yr.o I:o_ sin S/2:| s Vro (_‘; o sin 8/2 dS

The functions t*, are trigonometric polynomials of degree n with respect to
each variable. We have also

sup {j; . (s) :se[(m—1)n/o, mn/o]<c(r)om™?, m=1, 2,...,0

and the corresponding versions of Lemmas 3.3. and 3.4. are valid and can be
proved in the same way.

4. Direct theorem for one-sided approximation —
the anisotropical case

In this section the estimates for E s (f), and E ., (f), are obtained using the
averaged moduli of smoothness (see Def. 2.2.). The scheme we follow is the same
as in section 3 but the functions F%(x ;u,t) have to be changed.

Let us denote I'={l=(,,...,l):;=0,1; i=1,...,d} and for IeT,
I=(1—1,,..., 1=1).

For x,t,ucR? we define the following functions :

Fr(x;t,u)=(—1)"1 Ak f(x)

()£ Z ap (f; x+<Lud+ <L, 0 (KL |uld + <L [e]))),

lel’

where ak=2(1 + I/k), <I,u>=(11 “p---aldud)’ |u|=(|u1|9;--a|ud|)-

Lemma 4.1. Let keN and x,t,uecR® Then
a) Fom (x5t u)Sfx)SFt (x5tu);
b) Fif (x;t,u)—F (x5t u)<29% ' w, (f, x, 00, (|ul +1t])).

Proof. Let x,t and u be fixed. We determine [*eI" in the following way
{1 it jul =1
It=
0 if Jul>tl
Then we assert that

X, X+KLEK (o tuis 4 oy (X H K5 w0 + KT, £))
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and consequently
|AE SIS o, (f; x+ <P ud + KT 1), g (KT¥, [ul) +<I%, [t]))
and from this inequality follows a).

The assertion b) follows by Proposition 2.1.
Definition 4.1. For fe HM, and k,reN, ge R%* we consider the functions

gr(f;0=J [ BEX(x;t,u)d,,(0)J,,w)dude
Rd Rd

The functions §*eL  since F,*eL_ and J,,eL,.

Lemma 4.1. The functions §* have the following properties :
a) g*eé, ;
b) for every xeR‘

g~ (0)=/0)=§" (f;x)
Proof. According to Definition 4.1 we get

g=(f;0={ [ (=) AL f(X)+f (N J,.0 (W) ], o () dude

r? Y

I | | op(fx+{Lwy+ <L 6, oL (ul+ LIt rs (W) I, 0 (1) dudt.
lel’ Rd Rd

The first term of the sum belongs to &, ,, see Lemma 3.3. Let us fix [eI” and let
w=Lu)+ T, D>, v=LT, ud+ <l t). Applying Fubini’s theorem as many times as
necessary we obtain

Id Id a (f; X+<L‘u>+<T, 3, a (L ul> + <L) Jro W) 0 (1) dude
R™ R

=]; jd o, (f, x+w, a|v])J, . (W)J,q(v)dodw
R R

=| Yy(x+w)d,,(w)dw,
d .

where

Y(x+w)= | o (f,x+w, a|v)J,,(v)dveL , (R
d

R

since w, (f, x+w,+)e L, (R**), J, ,€ L, (RY. Using the fact that J, ,(w)e&, ,( | L,
and the convolution properties (see [14, p. 135]) we get a). Assertion b) in fact was
proved in section 3, see Lemma 3.3 b).
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Theorem 4.1. Let keN, veR**, neN%, 0<p=oco and fe HM ,(Q). There exists

a constant c(k,p,d) such that
a) E, (f),Zclk,p.d)t (f;1/V),5
b) E (.f)<c(k p9d)tk(fl/np,
where
1/vi=(1/vy,...,1/v), 1/n:=1/ny,...,1/ny).
Proof. Let us prove a). We choose p=min(l,p), r- the minimal integer

kp+1+d
¥ ta and o=v/r. By Lemmas 4.2, 4.1 we get

exceeding 25
E, (N1 =g~ 1,52 I Iwk(f, > o (lul+[t))J, (W) I, (¢)dude
R R

14

14

j. j wk (./; *s ak (u+t)) Jr,a (u) Jr.a (t) du dt

Rd. + Rd, +

4) < 23d+1

To estimate (4) we consider two cases :
1. Let O<p<1. We have

p

[ ] @fes au@t0) gy, @) dud

Rd. +: Rd. +

14

S S [ [ oufier ot i)y @)y (@)dud

ieNd pueNd I, , L

(there I, ,={yeR?:(;,—1)/o,;<y,<A/o,, i=1,...,d})

Sc T F q(fi<i+ml/od)e rI (i)~ 2P

ieNd HE Nd

d
sau(il/e)y T T |A+pli ™ I1 (Ap) %7

ieNd jend i=1

=cf (k,p,d) 7, (f,1/0)5.
From (5) we get

E, (Npscikp.d)r(fir/v),=c(k,p,d) T (L 1/V),.

2. 1£p=< 0. Using Minkowski’s inequality we get

p

_" j wk(ﬁ', ak(u+t))Jr.a(u)Jr.a(t)dudt

Rd. + Rd. +

d
ST |A+upltt 0 (4p) et (fi1/0),

i=1

<ct (fi1/0),

ieNd peNd
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and we end the proof similarly to 1.
The second part of the theorem (b) can be proved in the same way using the
polynomials

fni(_f;x)=j I Fkt (x ;t’u)',:.a(u)‘]r..a(t)d“dt

w2 1)

This ends the proof of theorem 4.1.
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