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Two kinds of additive subgroups in associative rings with zero divisors are introduced and
studied.

Introduction

In order to classify associative rings with zero divisors we introduce two new
concepts. These are two kinds of additive subgroups. We study some properties of
the above rings and mainly in the rings Z/mZ, Z is the set of integers. At the end
of this paper we give an example of the ring of nxn square matrices.

Definition 1. Let R be an associative ring. We shall call strong V-group
(s. V-g) every additive subgroup M # {0} of R satisfying the following condition :

rm=mr=0, VmeM iff reM.

Definition 2. Let R be an associative ring. W shall call a weak V-group
(w. V-g) every additive subgroup M # {0} of R satisfying the following conditions:

(a) Vme M —{0}, m is left and right zero divisor,

(b) if reR such that rm=mr=0, Vme M, then re M.

Obviously if M is s.V-g, then M is also w.V-g.

Theorem 1. If M,, M, are two s.V-g of a ring R and if M,<=M,, then
M,=M,.

Proof. Let re M, and r¢M,. re M,=rm=mr=0, Vme M,=rm=mr=0,
Vme M ,=reM,, contradiction. So in any ring R every s. V-g has no subgroup
which is s. V-g. :

Theorem 2. If m=pq, where p, q are prime numbers, p+#q, the Z/mZ, has
no w.V-g. B

Proof. First let A=A+mZ, YVieZ. Z/mZ has two additive subgroups:
M,={0, p,...., p(q—1)} and M,={0, q, ..., g(p—1)}. We have g M, ={0} and
pM ,={0} but g¢M ,, p¢M ,, so no-one of M, and M, is a w.V-g.

Theorem 3. Let Z/mZ be an additive p-group, m=p°®, and a>1; then
M={0, p, 2p...., p(@* '—1)} is a w.V-g.
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Proof.a)For ﬁ=;§, Vxe{01,..., p® ' —1}, from (n, m)# 1 we obtain that
i is 0 or zero divisor.

b) Let i¢M; then p | u so for the element p e M we have g, p#0, i.e.
up #£0 (modp?). That means that there is no element g¢M such that f.
m=m .ai=0, VmeM.

Remark. In the above theorem if a=2, then M={0, p, ..., p(p—1)} is a
s.V-g, because m .m'=ni'. m=0, Vm, m €M and there is no g¢M such that
j.m=m .i=0, VmeM.

Theorem 4. If m=p°c, where a>1 and p Yo, then M={0, p, 2_p
pp° to—1)} is a w.V-g of Z/mZ.

Proof. a) Let fi=xp, where x€{0, 1,..., p"~ 'o—1}, because of (n, m)#1 we
obtain that i is 0 or zero divisor.

b) Now let g¢M so p \u, then for n=p supposing f.p=0, ie. if
up=0(modp®s) then p/u, contradiction. Thus V a¢M we get i .p#0 Q.E.D.

Theorem 5. Let R be an associative ring. If R has a s.V-g, then R[x] has
also a s. V-g. g

Proof. (We use the technique of [1, p.97])
Let M be a s.V-g of R and f(x), g(x)e M[x], where

f(x)=a,+a;x+...+a,x", g(x)=by+bx+ ... +b,x"

and the leading coefficients a,, b, are different from zero. Then
f(x).9(x) =co+CyX+ ... +Cminx™" ", where

C;= > ajbi_j=aob,-+alb,~_1+ Biee +a'-b0
Jj=0 y

(taking a,=0 or b, =0, if a, or b, is missing). Obviously f(x).g(x)=0, Vf(x),
g(x)e M[x]. Now let h(x)=hy,+h,x+ ...hx"€ R[x], and

hx). f()=f(x). Hx)=0. V f(x)e Mix].
For f(x)=a, we get Ya,e M
f(x). h(x)=aghy+aghx+...+agh x*=0=

aghy=agh,= ... =ayh,=0 (likewise hoa,=h,a,=... =ha,=0)
so, because M is a s.V-g, we obtain that hy, hy,....h,eM and h(x) e M[x];
therefore M[x] is a s.V-g Q.E.D. :

Remark. Trivially we extend the above result to R[x,,..., X,].

We conclude with an example using the same notation and theorems as in [2].

Example. Let R be the ring of nxn square matrices over a field K with
characteristic #2. We define an xy-symmetric matrix 4=(a;;) as one which
satisfies the following
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@ . Aij=0qn+1-i,j

}Vi, j=1,..., n
(IT) Aij= —Qin+1-j

We define similarly the yx-symmetric matrices. The set S,,={A4/A is an
xy-symmetric matrix over K} is a s.V-g of R.

Proof. In [2] one can see that

AT=4 means that 4 is a symmetric matrix with respect to the vertical
median, ) . :
A T=_—_A means that A is a skew symmetric matrix with respect to the

horizontal median. o
So a matrix A is xy-symmetric iff

(I11) A=AT=—-A"T

or equivalently
A=A 1I'=-1".4,
where 1’=1'(n) is the transpose of the unit n x n matrix with respect to the vertical
median.
In order to prove that S, is a s.V-g of R first we observe that S, is an
additive group and for every 4 and B of S,, we get

AB=—A.1".1".B= —AB, because 1'.1'=1,

so 2AB=0 and AB=0. Similarly BA=0, i.e. AB=BA=0.
It remains to see that if AD=DA=0 for every A of S,, then D=(d;))€S,,.
Suppose n=2p. From AD=0 we get

p 2p P 2p
0= X ad;;+ X adj= X adj+ T (—a2p+1-5)dsj=

s=1 s=p+1 s=1 s=p+1

ap(dyj—dyp )t ain(drj—dyp— 1 )+ ... +aip(dy—dyi )

for all a;eK. So djj=d,, ..., d,;=d,,,; hence D satisfies condition (I).
Likewise DA=0, VA€S,, implies that D satisfies condition In.
For n=2p+ 1 we work in a similar way observing that a;p+1=0fori=1,...,

n.
It follows therefore that DeS,,.
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