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1. Introduction

In this paper, we deal with the numerical solution of singularly perturbed
2-point boundary value problem

(1) —eu"+pxXu=f(x), u0)=a, ul)=0,, O0<exl, xe(0, 1),

where function p(x), f(x) lies in C?[0, 1] and satisfies the following monotonicity
condition: p(x)>p>0.

In [3] spline difference scheme is derived using adaptive spline function
approximation. For a certain choice of arbitrary parameter g; in [3], uniform
nodal and global second order accuracy is proved in [4] (q=\/pi/e h, p;=p(x;)).

Here is given a posteriori improvement of adaptive spline function
approximation to numerical solution of (1), and the resulting error in uniform
norm is proved to be O(h?) for uniform partition. The improvement of the
approximation is achieved by introducing appropriate values for parameter g;
in [3]. Namely, setting g;=./2hth(p;h/2¢) we obtain the following spline
difference scheme

(2) RV;=Qf, uo=0o u;=0o, i=1(1)N-1,
where
Viea 17 A0 Vit = fioa i Hfdi+ fiv1ai

and v; denotes approximate solution of (1) obtained by (2) with coefficients

h* piy, Pit1 h? p;
rf=1— —s——(1—-—-—"—), ri=—-2-2— —(—1+p;cthp;);
Pl € ( Shpii-l) pi 5( & P
h* 1 Pisi 2h% 1 ~
gh=— (1= P I L T
e Pm #hpgr BT gphmitecthens

pi=p(x), pi= \/2h th (p;h/2¢),
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or in a shortened notation

ri =1+pi—1qi, ri=1+4pi1q, ri=—2+pd;

We suppose that mesh for the problem under consideration is uniform
A:0=x,<x,;<...<xy=1 with the step size h=x;,—x;_,, i=1(1)N.

Lemma 1. [1]. Let u(x)e C*[0, 1] and p’(0)=p’(1)=0. Then the solution of (1)
has the form

3) U(x) = uo(x) + wo(x) +g(x),

where

@ ugx)=goexp(—x./p(0)/e). wo(x)=q, exp(—(1—x)\/p(1)/e)

do. 4, are bounded functions of ¢ independent of x, and
() lgP()N=M(1+¢'"72), i=0(1)4,

M is a constant independent of e.

2. The local truncation error

The local truncation error t(u) of the scheme (2) is defined by
t(u)=Ru;—Q(Lu); for an arbitrary sufficiently smooth function u. From
Lemma 1. 7;(u)=1(up) +t{wo) +7(9). As R(u;—v;)=1(u) nodal errors are

(6) max |u;—v,|<|B|| "' max|t,(u)],

T L3

where B denotes matrix of coefficients in the matrix form of (2).

1°. Matrix estimate

2
) 1Bl =67 +r4rt)sME ; th

%g M h¥/g

for all h, e.
We observe separately the contribution to the truncation error and
consequently to the nodal errors each of the functions in Lemma 1.
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2°. Contribution of the function g(x) to the truncation error

When h?<e¢ we use the following form of truncation error

Kt h*
(®) wlg) =gl + Vgl i qru )+t U )
K2 h* _ h? h*
+¢q; 5"(4) (n3) —pi-1 -‘ﬁu“" (n4) g +eaq; Eu“" (Ms)—Pi+1 Zq.-* u® (n).

Xi-1 =M SXivq, i=0(1)6,

where 7{9=1"=0 and

h* _ :
752)27(".' +r —qi pi-1— a4 Piv )+l +4it+ai);

h? _ - -
T§3)=‘6—(ri+—ri +pi-14i —Pi+14i") +helg —ai).

Using shortened notation of (2)
t@=h>+e(qi +4qi +45), P =he(q" —q) e

@ —h2(1— 2 th2y+N.
pi 2

1

With N is denoted the part in t; which obviously leads uniform O(h?)
accuracy. Taylor’s development of th(p,;/2) and (5) give

|7 g7 | < Mh*/e.
Since
lgit —ai IS MR/e?, |7¥g)" | < Mh*/e
one can find that the remainder terms in (8) are bounded by Mh*/e. It means

) |T{g)| S Mh*/e, then h*=Ze.

Appropriate form of the truncation error when h?2¢ for shortened
notation of (2) is

h2
T{9)= 5@ CD+g"C)) —elgi gi- 1 +aigi +q" g1y (see [4]).

Since |q*‘| < Mh?/e, |g"(x)|< M, then
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(10) t{g)|<Mh? when h%2=e.

3°. Contribution of the boundary layer functions
to the truncation error

Ti(uo) =uoi{ri exp(po) +ri+r" exp(—po)} —{(Po—Pi-1)4i exp(p,)
+(Po—P)gi +(Po—Pi+1)4i" €xp(—po)}.
or in a shortened notation of (2)
7o) = o {45h? (po/2) + Po(ai” exp (po) + 45 +4i* exp (—po))},
where po=1/po/&*h, po=p(xo).

Taylor’s development of these expressions gives
(1) o) =toipB(p? — P35 + o (97 +P9)+ =1 p2 +0(p%) {+ N
i\*o oiMO\Vi (0] 12 90 i (4] 360 i B

Now we must estimate the part
p? — pé=2hth(p;h/2e)— poh?/e = h*/e(py— p;) — h(poi cth po; — 1)/cth po;,

where po; =p;h/2e¢. .
Using estimate |tctht—1|<Mt?/(1+t) we obtain

(12) |p? — p3l=M(h*/e) (po—p) + N
(11) and (12) yield
(13) |T(uo))| < Mh*/e, for h?>=Ze.

Appropriate form of the truncation error when h%>>¢ is the following one:
Ti(uo) =uoi{(ri —ri (po)) exp(po) +(ri —ri(po)) +(ri" —ri" (po)) exp (—po)}
—{(Po—Pi- 1) 4i exp(po)+(Po—P)Gi +(Po—Pi+1)4i" exp(—po)} (see [4]).
Since 75— (po)l S M(p—po) /. |gE| < Mh/e

lp—pol < M(h//e)(po—P)+N, then

7:(uo)| < M(h2/e)x? exp(—+/Po/e* X;), ie.
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(14) (o) < Mh? exp(—0./po/e-x;) when h>=e.

The proof for the second boundary layer function wy(x) is similar and
estimates identical

(15) |7:(wo)| < Mh? exp (—0(1—x))\/p(1)/e), when h*Z=e
(16) |t{wo)| < Mh*/e, when h*<e.

Now we can formulate the main result of this paper.

Theorem 1. Let p(x), f(x) lie in C?[0, 1] and p(x)=p>0, p'(0)=p'(1)=0. Let
{v;}, i=0(1)n denotes the approximating solution of (1) obtained by (2). Then the
solution of (1) can be estimated by the inequality

M is a constant independent of €, h.

Proof. (3), (9), (13) and (16) give

(18) | |7,(u)| < Mh*/e, when h*Ze.
(3), (10), (14) and (15) yield

(19) |t,(u)| < Mh?, when h*=e.

Matrix estimate (7), (6), (18) and (19) give the assertion of Theorem 1., which
concludes the outline of the Proof.

3. Numerical evidence

Finally we illustrate the efficiency of the proposed scheme by means of results
for the test problems.

Example 1
—eu” +u= —cos?nx—2en?cos(2nx), u(0)=u(l)=0

with exact solution

u(x) = (exp (— (1 — X)//2) + exp (— x//&)/(1 +exp (— 1//&)) — cos? mx.
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Table 1.
Presents rate of the uniform convergence obtained by using the well-known double mesh principle

(1, 12D-

k
. 1 2 3 4 5 P,
20 1.99 2.00 2.00 2.00 2.00 2.00
2°! 1.99 2.00 2.00 2.00 2.00 2.00
272 1.99 2.00 2.00 2.00 2.00 2.00
273 1.99 2.00 2.00 2.00 2.00 2.00
274 1.98 1.99 2.00 2.00 2.00 2.00
273 1.93 1.98 1.99 2.00 2.00 1.98
2-° 2.19 2.19 2.34 3.02 3.17 2.58
277 242 1.59 1.79 1.93 1.98 1.94
278 231 2.63 2.67 1.72 1.91 2.25
27° 227 2.16 2.53 3.44 2.11 2.50

The numbers shown on Table 2. represent approximately the maximum
absolute errors max |u;—v;| which is attained at nodes of spline.

Table 2.
, N 32 64 128 256 512 1024
26 0.877E—02 | 0.184E—02 | 0.332E—03 | 0.377E—04 | 0.561E—05 | 0.949E—06
279 0.650E—02 | 0.132E—02 | 0.210E—03 | 0.195E—04 | 0.583E—05 | 0.153E—06

If we compare the results presented on Table 2. with the results given in [4],
the usefulness of our modification is self-evident then. This parameter yields the

better approximation then a conventional g;=./(p/e)h.
This is shown by numerical computations of the next stiff examples from [1],
[2]. The calculations were performed on DELTA 340 (PDP 11/34) computer.
Accuracy of the spline approximation for the problem from [2] is displayed in
Table 3. The first line in each row is the maximum of the differences between two
consequtive meshes.

Example 2.
eu’ — {4+ de(1 +x)} /(1 +x)*u={ —4/(1 +x)*} - {(1 +&(1 + x) + 4n*e?) cos (2nt)
—2me2(1 4 x) sin(27t) + 3(1 +&(1 + x))exp(— 1/e) (1 —exp (— 1/e)) "'},
u(0)=2.0, u(l)=-1.0.
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Table 3.
k 1 2 3 4 5
&
0.125 0.274E —01 0.686E —02 0.172E—02 0.429E —03 0.107E—03
’ 1.93 1.99 2.00 2.00 2.00
0.015625 0.548E —02 0.138E—02 0.355E—03 0.893E—04 0.224E—04
! 2.25 1.99 1.96 1.99 2.00
0.103E—01 0.259E—02 0.646E —03 0.162E—03 0.404E —04
SiaLad 1.98 1.99 2.00 200 2.00
0.140E—01 0.318E—02 0.707E—03 0.168E—03 0.414E—04
0001959128 226 2.14 2.17 207 202
0.001 0.322E—01 0.688E —02 0.148E—02 0.333E—03 0.799E —04
’ 1.95 2.24 2.21 2.15 2.06

The following example is taken from [1] and also confirms the theoretical

accuracy O(h)? stated in Theorem 1.

Exam

ple 3.

(1 + x2u’) —cos (3—x) 3u=4(3x2—3x+1)((x—0.5)2+2)

u0)=—1, u(1)=0.
Table 4
. k 1 2 3 4 5 P,

100 0.620E—04 | 0.155E—04 | 0.388E—05 | 0.969E—06 | 0.242E-06 2.00
2.00 2.00 2.00 2.00 2.00 :

10-1 0.558E—03 | 0.140E—03 | 0.349E—04 | 0.872E—05 | 0.218E—05 .00
2.00 2.00 2.00 2.00 2.00 :

10-2 0.285E—02 | 0.712E—03 | 0.178E—03 | 0.445E— 0.111E—04 2.00
2.00 2.00 2.00 2.00 - 2.00 g

10-3 0.133E—01 | 0.213E—02 | 0.398E—03 | 0.917E—04 | 0.225E—04 232
2.38 2.64 2.42 2.12 . 203 g

10-4 0.207E+00 | 0.452E—01 | 0.101E—01 | 0.195E—02 | 0.259E—02 233
1.98 2.20 2.16 2.38 291 .

10-5 0.416E+01 | 0273+01 | 0.118E+01 | 0.341E+00 | 0.733E—01 L61
222 0.611 1.21 1.79 2.22 :
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