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An incident acoustic plane wave is scattered by a multi-layered scatterer. Integral representations for
the total, exterior field, as well as for the normalized scattering amplitude are given. Using
low-frequency techniques the wave problem is reduced to an iterative sequence of elliptic boundary
value problems, which can be solved successively, using methods of potential theory. Low-frequency
expansions are given for the total exterior field and the normalized scattering amplitude. We evaluate
the leading term of the normalized scattering amplitude and the scattering cross-section in the
low-frequency region in the case of a multi-layered scatterer with a rigid or soft core.

1. Introduction

We consider the three-dimensional problem of Helmholtz equation
corresponding to the scattering of an acoustic wave by a multi-layered scatterer.

J. Rayleigh’s [9] idea of approximating a scattering problem by the
corresponding static problem when the wavelength is large compared to the
characteristic dimension of the scatterer has been extensively investigated. In
electromagnetics, A. Stevenson has developed a procedure for obtaining the
general term of the electromagnetic field in low-frequency expansion [10]. The
main contribution to electromagnetic and acoustic scattering in low-frequencies
was made by R. Kleinman. In his paper [7] he formulated the Dirichlet
boundary value problem (soft scatterer). E. Ar and R. Kleinman considered
the Neumann boundary value problem for the Helmholtz equation (rigid
scatterer) [1]. Some important theorems for scattering are proved by
V. Twersky [11]. G. Dassios has investigated the scattering of acoustic wave
by a penetrable body [3] and by a penetrable body with an impenetrable core [4].
He applied the method to a general ellipsoid with a confocal ellipsoidal core.
Low-frequencies expansions have already been used in elasticity [5].

In this work an integrated and systematic theory for scattering of acoustic
wave by a multi-layered scatterer is developed. A multi-layered scatterer consists
of many closed penetrable surfaces S;, j=1, 2,..., g—1 and an impenetrable (core)
S, Every surface S, is inside S, for a>b. For =2 we have the scattering problem
for a penetrable body with an impenetrable core [4]. So, due to its generality, this
work includes all previously studied problems as special cases.

22



338 Ch. Athanasiadis

We give an integral representation for the total (incident plus scattered)
exterior field. Based on the asymptotic form of the integral representation for the
total field, we express the normalized scattering amplitude in a closed form.

All the wave fields of the problem as well as the fundamental solution are
expanded in power series of the wave number. Using these expansions the wave
problem is reduced to a sequence of potential problems which can be solved
recursively by means of appropriate harmonic functions. The particular potential
problems that determine all the coefficients are stated explicitely. Integral
representations for every coefficients, as well as their asymptotic form, far away
from the scatterer, are found. The far field form of the integral representation of
the total exterior field provides particular solutions of the corresponding Poisson
equations.

We prove that when the core of the multi-layered scatterer is rigid the leading
low-frequency approximation of the normalized scattering amplitude is of order
k3 and of scattering cross-section of order kf. On the other hand, for a soft core,
we prove that the leading terms of scattering amplitude and cross-section are of
order k' and k°, respectively.

2. Formulation of the problem

We consider the space R® to be divided by means of closed and smooth
surfaces S;, j=1, 2,..., q into g+1 regions V,, V,,..., V,,, with the property
oVindV,=8,j=12,..., q. Every surface S;, , is inside S, for every j=1, 2,.

—1 The set ofl all these reglons V; and surfaces S, j=1, 2 ., q constitutes the
“multi -layered scatterer”.

Let p; be the mass densities and y; be the compressibilities in the regions Vi
j=1,2,..., q. The space V., is the impenetrable core. We assume that the orlgm
of coordinates is in the V,,+ 1- We also assume that a plane acoustic wave /™" (r) is
incident upon the multi-layered scatterer Let y be the scattered wave and ¥, (r)
the total acoustic wave for the spaces V), j=1, 2,..., q. The fields ™ (r), ¥ An), w(r)
must satisfy Helmholtz’s equations

(1) (V2+kD)®(R=0, reV,

2w 3 A
where k;= = are the wavenumbers in the regions V;
J

The wavenumbers are connected with the relations

Y1 Pj .
2 k=L g2, j=1, 2,...,
2 J Py, q

On the surfaces S; of the multi-layered scatterer the transition conditions
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(3) k/’j(")=‘/’j+1("), "ES,'
@) a,w,-(r)=p”f dji1(r), res,
jt+1

should hold, for every j=1, 2,..., g—1, where d,=# .V is the outward normal
derivate on S; and # the outward normal on S
On the boundary S, of the core, the field |/Jq satisfies

(5) ey (r)+(1—¢)0,Y,r)=0, resS,

where ¢€[0, 1]. In particular, for ¢=1, (5) becomes a Dirichlet boundary condition,
for e=0 a Neumann boundary condition and 0<¢<1 a boundary condition of
Robin’s type (impedance boundary condition).

The incident wave has the form

(6) win (r) — eiklk .r,

where £ is the unit vector in the direction of propagation and r is the observation
vector.
The scattered field must satisfy the radiation condition

(7 lim [10,y(r)—ik,¥(r)|* ds(r)=0

r—w S,

S, being a sphere of radius r and 0, the outward normal derivative on S,.

3. Integral representations

In this section we will construct an integral representation of the solution in
V, that contains explicitly the physical dependence as well as the geometrical
dependence of our scattering problem.

The scattered wave y(r) satisfies in ¥V, the well-known Helmholtz’s integral
representation [3]

lkl|r r| iky |r—r|

e"1
—rl =]
where the radiation condition given by Eq. (7) is included.

The total field y,(r), reV, is the superpotion of the incident and the
scattered field

&) Ya(r)=e*1" "+ ylr), reV,

®) (r)— = 5 w()o, Oy(r)] ds(r’)

Since the incident wave exp(ik,R .r) belongs to the kerner of the differential
operator of the problem we have that
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eik1Ir—r| eikylr—r

(10) [e*15 70, _ d,e1% 7 ds(r) =0.
J [ Ry — 1dstr)=

From (8), (9) and (10) we conclude that

1k Ir—r| eikllr—r’|

xkkr . -
I e j[t//()aI =7 T =]

0¥y (X)Ids(r').

Introducing the boundary conditions given by (3) and (4) we have
lkllr r|

¥, (r)=e*1k '+— j ¥,(r)a, =T ds(r)

(12)

ikqlr—r|

Loy & 5 u)dsr).

4n p, 5y r—r|

Applying Green’s first identity successnvely on Y (r), (exp (ik, |[r—r|))/[r—r'| in
., g, using that ¥; (r) (exp (ik, [r—r'|))/Ir—r'| are

V; with 0V;=S§;_ —-S_]23
solutlons of Eqs (1) in V; and V,, respectively, and introducing the boundary

conditions given by (3), (4) we have the relations

lk Ir— lr r|
j‘/’z(’)a =r ds(r)— _f Y, (")5 P ds(r)
q , elkllr—/l ,
- (13) —k%ji Jj'ﬁj(’) =7 do(r')
q iky lr—r|
+ T (V). V,"l : 7 e,
j=2 V]
P1 ekl ’ P ek1lr=
;)—2 sj 7] 6 W (r)do(r)=— s'[ 5 WY (r)ds(r)
(14) A . o
—K3 y—j A + 2 Pr )., S dur).
j=27j Vi =2 Fjv; | |

Substituting (13), (14), (5) into (12) we have the integral representation of the

solution Y ,(r) in V,
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lk 1lr— 4l

Ya=etitr— ZPL ST 5y (ydstr)

an p, 3 Ir—]

1 P1 Lsen (r—r).A o el
+4ns,,[£p.,+(lr—r'| "“) r— |]‘“’| el

q ikl|r—[
SPLEL 3 (y—‘— ) ° /
VEG, ) g ae

dn " ;-

elk lr—r| r—

Ir—r| lr—r|

(1— )I( — iky) Vl// () do(r').

i=2 p_, V |

So, we have succeeded in expressing the field ¥ ,(r) in terms of two surface
integrals on Sq (of the core) and a sum of volume integrals over the regions V;of

the fields ¢, j=2, 3,.

4. The scattering amplitude and cross-section
In the present section we obtain asymptotic expansions for the scattered field
in the radiation zone. We need to elaborate some computational formulae in

appropriate forms.
Using the asymptotic relations

1
(16) |r-r’l=r—f.r’+0(;), r— oo
17 rer _peo(
( ) Ir_rl| o r)' r—oo
1 1 1
(18) |r_r/| _;+O(T_2)’ F=5%0

we finally obtain the following asymptotic forms

cikll”"’./' . e"‘l’ 1

19 —— =ikye"* 1" —— L (=

(19) lr—r| : ik,r +0(r2)' r=e
eik 1lr=rl ) iklr

(20) v, =k§fe—'*1'~f‘?—+o(lz), r—»00

" r—r| ikr r

From (9), (15), (19) and (20) we have
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(21) Y(r)=g(#, E) hd (klr)+0(rl2), r— oo,
where
. eiklr
(22) ho(k,r)= o

1

is the zeroth order spherical Hankel function of the first kind and -

g(?, k)= ——{lk 21 I[lﬁ.,( )= 0, (r)]e” 1" "ds(r)

3)  +k} [ Ay (F)e *1f ds(r) + ik 5 EL—1) fyr)e 17 " du(r)

Sq i=2 1

+k? é (1— &) (¢ .Vl/lj(r’)e'"‘l""dv(r’)}, r—oo

ji=2 iV

is the normalized scattering amplitude.
The scattering amplitude g satisfies [11] the recnprocny theorem

(24) g¢, B=g(—k, —F

and the scattering theorem
A ~ -1 ~
25) ob, By+g*k, A= S—[o, K) g*@, ») dQ),

where the asterisk indicates the complex conjugate and the integration is taken
over all angles.

We now define the scattering cross-section as the ratio of the time average
rate (over a period) at which energy is scattered by the body, to the corresponding
time average rate at which the energy of the incident wave crosses a unit area
normal to the direction of propagation. The scattering cross-section has the
dimensions of area and is a measure of the disturbance caused to the incident
wave by the scatterer.

The scattering cross-section o, satisfies [4] the relation

(26) o, = ;'gng(f, P [2doe)

and the optical theorem [11].
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5. Low-frequency expansions

The incident plane wave ¥/ (r)=exp (ik, k. r) is analytic at k, =0 and we
assume that the fields Y (r), j=1, 2,..., q are also analytnc at k, =0. Thereforc the
fields y(r) can be expanded in convergent power series of k

a0 k n
27) V== @ 1) 0P, reV, j=1,2,.., 4.
=0
Substituting (27) in (1) and equating equal powers of k,, we obtain the following
differential equations

reV
(28) V209 (r) = n(n— 1 )Z‘ ;’Jq)‘ﬁz() =1, 2,.
YU n=o, 1,2,....

The boundary conditions given by Egs (3), (4), (5) are transformed into the
boundary conditions

(29) Q) =@ (), res,;

(30) 0,00 = L 0,00 V(r), res,
Pj+1

(31) e®@(r)+(1—¢) 3,09 (r)=0, res,

for every j=1, 2,..., (g—1) and n=0, 1, 2,...
Similarly, substituting (27) and the expansions

(32) enk : r s (lkl)"(k )n
n=0
ik |r—r| 3] n
(33) T = = S
n=0
' gtk -1 . (1k1)" P
(34) = o k)= = S

into (15) we obtain the following integral relations among the coefficients ®f,
oP,..., oY Cd e ¥
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O (F)=(k .r)y— ;;ﬂl = (N[ lr—rPm10,09 (¢)ds(r)
S

q m=0 q

+ L™ y[8—”—‘|r—r'|2—(n—m—1)(r—r').ﬁ]|r—r']"—'"—3q>§g)(r')ds(r')
41'[ m=0 m S

q

L E (?_1_ ) Z"l (n)m(m——l)fIr——r’l"""“3(l>(,,’,"(r’)dv(r’)

0 V]

L E (1—&) i (n)(n—m—l) [lr=r"=" 2 (r—r). VO (r)do(r).
=2 Pj m=o M V;

The asymptotic representation for n-th order coefficient can be derived from
the integral relation (35) if we omit the n-th term in the right-hand side, which is of

1
order —. So we have
r

n—1
€ pl n /iIn—m—1 / ’
U=k .nN"—-—— % |r—r| 0,09 (r)ds(r)
(N=(& .r) 4Mw:o(,,,)sfq
n—1
+ 2P s (Y [e—r 0@ (r)ds(r)
47'[ pq m=0 m Sq
1 n—2 n /In—m—2 ! /
(36) ~ i T ()n—m—1)[¢F. Alr—r| D@ (r)ds(r)
m=0 Sq

("Ymm—1) [ |r—r|"~™=3 @Y (v)do(r)

4n j=2 7j m=0 V;
1 g p, "2 n o ;
—— T (A=2 2 ()m—m=1) [lr—r|""m" 2 VO (r)do(r).
an j-» Pj m=o0 V;

By substitution of U (r) given by (36) in Eq. (28) we obtain a particular solution
of (28). Hence, ®" can be decomposed into the sum of two terms

(37) OV =UP+ WD,
where U" is given by (36) and W is a harmonic function in V,, regular at
1
infinity (i.e. WS,“(r)=0(;), r—o0) and such that the boundary conditions (3), (4)
are satisfied. We also note, that (35) provides ®{" in terms of ®Y, ®Y,..., ®Y,
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while (36) gives USV (i.e. asymptotic form of ®{") in terms of ®F, ®Y,..., O,
j=2,3,..., q.

The boundary value problem for Helmholtz’s equation is thus reduced to a
sequence of boundary value problems for Laplace’s (for n=0, 1) and Poisson’s
(for n=2) equations.

6. The far-field behaviour at low-frequencies

Substitution of (27) and of

(lk 1)'.

e—lkfr____ E ( l)n

n=0

—#.ry

into (23) yields

o, =gt = C e e O0)=0,00 ) )
(38) —iky [ . PG ) DD, () ds(r)
okt T (0 21) [ ¢ YO ) do(r)
j=2 )’j Vi

— ik, %(1——)j(r rym VO ,,,(r)dv(r)]

i=2 i Vj

For a multi-layered scatterer with a soft core (¢=1) the normalized scattering
amplitude is O(k,). The leading term approximation, as k,—0, is

ik
(39) gi, B)=— L P21 (5 o@ (r)ds(r).
4” pq Sq

If the multi-layered scatterer has inversion symmetry (reS implies —reS),
using the scattering theorem, we conclude that the normalized scattering

amplitude, in the case of a rigid core (¢=0) is 0(k3). The leading term
approximation, as k, —0, is

(ik,)?
~an l: [ (7 .r)(#.5) @ (r)ds(r)— j'(r A) P (r)ds(r)

q

g(¢, k)=

(40) — % & 1) [0 ()du(r) — 5 (1= 2Y) [ ¢ .vo9 (¥)do(r)

i=2 7j Vj j=2 pj Vj

FE (=P [y .V(D‘o’"(r’)dv(r'):l.

ji=2 j V
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In order to evaluate the leading low-frequency approximation for the
scattering cross-section, we substitute the expansions (39), (40) into the relation
(26). We observe that the leading low-frequency approximation of the scattering
cross-section for the multi-layered scatterer with a soft core is independent of the
wave number, while in the case of the rigid core it is of order k{. In other words,
the total energy scattered by a multi-layered scatterer with a rigid core is four
orders of magnitude in the wave number more than the corresponding total
energy scattered by a multi-layered scatterer with a soft core. These results are in
agreement with Rayleigh’s law of scattering for sound waves, which says that in
the low-frequency limit the total energy scattered by a rigid scatterer is
proportional to the fourth inverse power of the wavelength.
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