Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemalica
Balkanica

Now Series Vol. 3, 1989, Fasc. 3-4

Markushevich Bases and Vector Measures

E. M. Giannakoulias

Presented by S. Negrepontis

Some properties of vector measures are studied and some criteria for regularity, absolute
continuity and extension of vector measures are shown.

1. Introduction

J. Diestel [2] originally applied the theory of Schauder bases to the study
of vector measures. His ideas have been developed subsequently by R. A. Alo
and A. De Korvin [1], and Z. Lipecki and K. Musial [11].

This note is placed in the framework of the above ideas. In particular, we are
dealing with vector measures taking values in locally convex topological vector
spaces with a Markushevich basis.

Let S be a non empty set, Q an algebra and R a o-ring of subsets of S. We say
that a set function x from Q to a locally convex space (abbreviated l.c.s) X is
a finitely additive vector measure or simply vector measure if, for every 4,,

A,€Q with A,nA,=Q, n(A,UA)=pu(A)+u(4,). If in addition u(() A,)

n=1

s u(A4,), in the topology 7 of X, for all sequences (4,) of pairwise disjoint
n=1

members of Q such that O A,€Q, then pu is called a countably additive

vector measure or s'imlply o-additive vector measure. The vector
measure yu is called bounded if its range u[Q] is a bounded subset of X.
Moreover, pis said tobe strongly bounded (abbreviated s-bounded) if, for
every sequence (A4,) of mutually disjoint sets from Q, lim u(A4,)=0.

For a o-additive vector measure p:Q—X and a seminorm P : X >R on X,
the P-semivariation of u is defined by p(u)=sup {U (x* y, 4) : x*eU?}.

A biorthogonal collection ’{x,,f.} in (X,X*)is a Markushevich basis
(abbreviated M-basis) for X i and only if {x‘,j,-e, is fundamental in (X, 1) and
{f;}ic 1 is total over X. We set pu,= f, o u, neN. (For further details we refer to [2],

(71 (8]
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2. The case of S-bounded and absolutely continuous
vector measures

Proposition 2.1. Let X be a l.c.s. with a M-basis (x,, f,) and p:Q — X be
a vector measure. The following conditions are equivalent :
(i) u is o-additive ;
(ii) p, is o-additive, VneN.
Proof. (i)=(ii) : For every sequence (4,) of mutually disjoint sets from Q,
with A4, @, we have klim u(A4,)=0. Therefore, for all neN, lim p,(A4,)
-0 k— o

= lim (f,° 4) (4)=0.
(ii))=(1): By the assumption klim 1, (A)=lim (f, > u)(4,)=0, for every
-0 k—

sequence (A4,) of mutually disjoint sets from (Q) withmA,‘ N@ for all neN. Since
(x,,f,) is a M-basis it follows that lim u(A4,)=0.
k— oo

Proposition 2.2. With the assumptions of the preceding Proposition the
following conditions are equivalent :

(i) p is s-bounded ;

(ii) p, is s-bounded, VneN.

Proof. By the hypothesis, lim p(4,)=0 for every sequence (4,) of mutually
k— o0
disjoint sets from Q. Thus, lim pu,(A,)=0 for all neN, which shows that (i) = (ii).
k—
(ii) = (i) : As the analogue of Proposition 2.1.

Proposition 2.3. With the same assumptions as above, the following are
equivalent :

(i) u is bounded ;

(ii) p, is bounded, VneN.

Proof. P(u(Q)) is a bounded subset of R, for every continuous seminorm
P (from the family I'" of seminorms defining the topology of X). Therefore |4, (Q)|
=/, 1u(Q)|<A,P((u(Q)) for neN, thus proving the implication (i) = (ii).

Conversefy, because R has finite-dimension, u, is s-bounded. Hence, u is
bounded, since, by Proposition 2.2, u is s-bounded.

The previous Propositions are summarized in the following result, extending
to the case of M-bases Proposition 1.5 of [2].

Theorem 2.4. Let X be a l.c.s. with a M-basis (x,, f,) and p :Q — X a vector
measure. Then the following conditions are equivalent :

(i) pn is bounded ;

(ii) p, is bounded, VneN ;

(iii) p,, is s-bounded, VneN ;

(iv) u is bounded.

Proof (i)« (i) and (iii)«<>(iv) follow from Propositions 2.3 and 2.2,
respectively. The remaining equivalence (ii) < (iii) holds because the notion of
boundedness coincides with the one of s-boundedness in finite dimensional
normed spaces.

23
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Definition 2.5. Let X be al.c.s, u : Q — X be a s-additive vector measure and
A:Q —[0,00) a g-additive non-negative measure.

(i) pis called absolutely continuous (or continuous) with respect
to A (notation: u«J) if, for every AeQ such that 1(4)=0, p(A)=0.

(i) 4 is topologically A-continuous (notation: u«Jj) if, for every

t-neighborhood U of zero in X, there exists >0 such that u(A4)e U, whenever
AeQ and A(A)<d.
An immediate consequence of the above is

Proposition 2.6. Let X be a l. c.s. with a M-basis (x,, ), u : Q — X a o-additive
vector measure and A : Q — [0, 00) a non-negative o-additive measure. The following
conditions are equivalent :

(1) p<i;

(ii) p,< 4, VneN.

Proof. By Definition 2.5 (i) u(4)=0, whenever A(A4)=0, AeQ. Therefore,
wu, (A)=f, (1(A))=0 for all neN, AeQ, whenever A(A4)=0. So pu,«< A for all neN,
thus proving (i) = (ii).

Conversely, by the hypothesis, u,(A4)=0 for all neN, whenever A(4)=0 and
AeQ. Therefore, by the definition of a M-basis u(A4)=0, whenever 1(4)=0, AeQ.
Hence u<« A, thus proving the Proposition.

Lemma 2.7. Let (X,t) be a metrizable l.c.s, p:R — X a c-additive vector
measure and A :R —[0,00) a non-negative c-additive measure. The following
conditions are equivalent :

(i) p<i;
(ii) p<i;
(iii) A(A) > 0= P(u(A)) =0, for every seminorm PeI and AeR.

Proof. For (i)« (ii) cf.[13], Theorem 2.

(iii) = (i) is obvious.

(i) = (iii) : Assume that the conclusion is false. Then there exists £>0 such
that, for every § >0, exists a set AeR such that A(4)<d and P (u)(A4)=¢, for every

. 1
%, we have thai A(A)<§ and P(u)(A,)=¢, Pel for

a @ @ 1
all neN. If we set B,= () 4, and B= () B,, then A(B,)< = A(A,,)§—2m, for all

seminorm PeT. Taking 6=

=n n=1 k=n
neN. Hence A(B)=0. 1,‘\s a result, for every I'eR with ' B, A(I')=0 and since
pux A, u(IN)=0. For pup(A)=sup {P(u(F)) : F< A, AeR} we have u,(A)=0. On the
other hand, up(B)Zpp(A)ZP(p(A,)=e for all neN. Since {B,},.n Iis
a decreasing sequence, we conclude pup(B)=lim u,(B,)=¢, which is a con-

tradiction. .
If (u,)nen is @ sequence of positive measures on Q, then a g-additive vector

measure p:Q — X is said to be uniformly absolutely continuous
over Q, relative to (u,)n, if, for every t-neighborhood U of zero in X, there
exists 0 >0 such that u(A4)eU, whenever u,(A)<d for all neN and AeQ. In this

case we write Ky (cf. [1]).
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The next theorem yields a necessary and sufficient condition for the measure
u to be extendable to o(Q) (: the o-algebra generated by Q).

Theorem 2.8. Let X be a sequentially complete metrizable l. c. s. with a M-basis
(x,,f,) and let p:Q — X be a bounded o-additive vector measure. Then the
Jfollowing conditions are equivalent :

(1) p is uniquely extendable (as o-additive vector measure) to o (Q);

(ii) u < U (u,), where U (u,) is the total variation of u,.

Proof. (i)=(ii): We set 1:0(Q) > R with
2 U4
@D M= P+ UG, 9

If A(4)=0, then pu,(A)=0. Therefore pu,«A for all neN and p«i by the
Proposition 2.6. In virtue of Lemma 2.7 for every t-neighborhood U of zero in
X there exists >0 such that

(2.2) u(A)eU,

whenever A(A)<d, A€Q.
Taking U (u,, A)<d for all neN, (2.1) implies that }.(A)§";=E1 ?%
combined with (2.2) implies that pu(A)eU. Thus B U (u,), for neN.

(i) =(i): p « U (u,) yields u<U (u,). Then lim P(u(A4))=0, PeI', whenever

U (u,, A) » 0. Thus by [3], Corollary 2.1 there exists a unique extension of
u on o(Q)

<, which

3. The case of regular vector measures

In this section we are mainly dealing with the regularity of a vector valued
measure.

Definition 3.1. Let S be a locally compact Hausdorff space, 4 (S) be the o-ring
generated by the compact sets of S and (X,7) a lLc.s.

(i) Any o-additive vector measure u : & (S) —» X is called Borel measure on
S whereas a non-negative measure on % (S) is called a Borel measure if it is
a Borel measure in the sense of Halmos [4], §52. .

(ii) A o-additive vector measure u : 8(S) — X is regular (with respect to 1), if,
for each E€ % (S), e>0 and continuous seminorm P on X, there exists a compact
set K< E and an open set G in $B(S) with GoE and such that P(u)(G\K)<e.

Theorem 3.2. Let X be a metrizable l.c.s, p : B(S) = X a Borel measure and
A :4(S) > [0, 00) a non-negative, c-additive regular Borel measure. If p<A, then
u is regular. ,

Proof. Let £>0. Since u« 4, by Lemma 2.7, for every continuous seminorm
PeT there exists 6 >0 such that P (u)(A4)<e, whenever A(4)<d, A€ (S). By the
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regularity of A, for any E€ % (S) and the above 6 >0, there existsa compact set K in
#(S), K< E and an open set Ge#(S) with G E such that A(G\K)<J. Thus
P(u)(G\K) <e.

Lemma 3.3. Let X be a l.c.s. and p:R — X a o-additive vector measure.
Then, for every seminorm Pel’, there exists a non-negative c-additive measure
Ap :R — [0, 00) such that

lim P(u(A)=0 and Ai,(E)<sup{P(u(A):A<E}.
Ap(4)—=0

Proof. Refer to [3], Theorem 1.1.

Proposition 3.4. Let X be a metrizable l.c.s. p : #B(S) = X a Borel o-additive
vector measure, and for every seminorm Pel’, 1p be the non-negative o-additive
measure determined by the above Lemma. Then, the following conditions are
equivalent :

(i) p is regular;

(ii) Ap is regular, for every Pel.

Proof. (i) = (ii) : Let PeT. Since u is regular, for any E€ 4 (S) and £¢> 0 there
exists acompact set K in #8(S), K< E and an open set GeZ (S), G E such that
P(u)(G\K)<e. From the inequality P (u(G\K))=< P (#)(G\K) and Lemma 3.3. we
obtain that 1,(G\K)<e.

(i) = (i) : From the inequality
P(u(E)<P(u)(E)<4{sup P(u(F)) : FSE, E€%(S)} and our hypothesis we have
that lim P(u)(4A)=0. By Lemma 2.7 and Theorem 3.2 u is regular.

Ap(4)—0

Theorem 3.5. Let X be a metrizable l.c.s. and p : B (S) —» X a o-additive vector
measure. Then the following conditions are valid :

(i) There exists a non-negative o-additive measure A : % (S) — [0, c0) such that
TR

(ii) p is regular if and only if A is regular.

Proof. (i). Since X is metrizable 1. c.s. there exists an increasing sequence of
continuous seminorms (P,).n generating the topology 7 of X. By Lemma 3.3, for
every seminorm P,, there exists a non-negative c-additive measure A, :4(S)
— [0, c0) with P,,(;z)«,l,,". We set "

z A
3.1 A(A)= m,

n=1

A€eR.

Then P,(u)« 4, neN. By [5] Proposition 4.3, P(u)«< A for every continuous
seminorm P on X. Thus Lemma 2.7 implies that pu<«A.

(ii) If A is regular, Theorem 3.2 gives the regularity of u.

Conversely, by the regularity of x4 and Proposition 3.4 4, is regular, for all

neN. Hence, by equality (3.1), Lemma 2.7 and Theorem 3.2 1 is regular.

In the case of a locally convex space X with shrinking M-basis (cf. [7]),
the following Theorem describes the regularity of x in terms of the p,’s (recall that
Bn=Jno H).

Theorem 3.6. Let X be a l.c.s. with a shrinking M-basis (x,, f,) and
1 B(S) — X a o-additive vector measure. Assume that there exists a Wel Isclass
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W such that the sequence ((f,o 1) (E))wen is convergent for each E€W. Then, the
following conditions are equivalent :

(i) u is regular;

(ii) p, is regular, VneN.

Proof. (i)=(ii): It is clear.

(ii) = (i) : By the definition of shrinking M-basis, the sequence (f,,Jx, JneN
(where J : X — X** is the canonical embedding) is an M-basis for X*, when X* is
endowed with the strong topology. Therefore, for each x*eX*, ‘there exists
a sequence (y¥)..n in X*, each term of which is a finite linear combination of some
f,'s such that y¥ — x*. By our hypothesis and [9], Theorem 5.2, x* u is a regular

Borel measure for each x*e X*, and so u is regular for the weak topology of X.
Therefore, by [10], Theorem 16 u is regular for the z-topology of X.

Lemma 3.7. ([8], 2.1, Corollary 2.) If X is a metrizable l.c.s. and p:R - X
a o-additive vector measure, then there exists a non-negative o-additive measure
A:R — [0, 00) equivalent to p.

Theorem 3.8. Let X be a matrizable l.c.s. and p : B (S) » X a Borel o-additive
vector measure. The following conditions are equivalent :

(i) u is regular;

(i) For every compact set K there exists a compact G, set B such that K — B
and p(B\K)=0.

Proof. Let A:2(S)—[0,c0) be the non-negative measure determined by
Lemma 3.7. By Theorem 3.2 and the equivalence of A and u it follows that A is
regular. Thus there exists a sequence (4,) of open Borel sets such that K < 4, and
l(K)-mf A(A,). By [4], Theorem 50.D, there exists a compact G, set B, such that

K<B,cA,. Then B= ﬂ B, is a compact G, set, BoK and A(K)<A(B)<A(B,)

<4(A,), for all neN. Hence A(K)=A(B) implies that A(B\K)=0. Since u« A1, we
get ,u(B\K) 0. Thus showmg the first part.
Conversely, since A« u, 4(B\K)=0 holds. Let (4,)..n be a sequence of open

sets such that 4= ﬁ A,. By [4], Theorem 60.D, there exists, for each n, an open
n=1 .

8

Baire set U,I such that AcU,cA,. Then we have A= ﬂ U, and therefore

lim A( ﬂ U,)= A(A) A(K). By [4], Theorem 52.H, A is regular. Since pu«a4,
Theorem 3.2 shows the regularity of u and completes the proof.

It is known that a set AcS is called locally measurable if AnBeR, for
every BeR. If u:R — X is a o-additive vector measure, we say (cf. [6]) that u is
singular with respect to 4 (notation : u | 4) if there exists a locally measurable
set A such that u(AnB)=0 and A(B\A4)=0, for every BeR.

Proposition 3.9. Let X be a l. c.s. with a M-basis (x,, f,), 1 : R = X a o-additive
vector measure and A :R —[0,00) a non-negative measure. Then the following
conditions are equivalent :

() pt ;

(ii) u, 1L A, VneN.
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Proof. (i)=(ii)): There exists a locally measurable set 4 such that
U(EnA)=0 and A(E\A)=0, for every E€R. Therefore, u,(EnA)=0, for all neN,
and A(E\A)=0.

(ii) = (i) : Since u, | A for all neN, there exists a locally measurable set such
that p,(EnA)=0 and A(E\A)=0. From the definition of an M-basis, u(EnA4)=0
and A(E\A)=0, thus p| A.

Proposition 3.10. Let X be a metrizable l.c.s., p : #(S) - X a o-additive vector
measure and A : 2 (S) — [0, c0) a non-negative c-additive measure. Then there exist
uniquely o-additive vector measures p,, i, : 2 (S) = X such that p=pu, + pu,, where
H<A and p, | A.

Proof. This is a direct concequence of Lemma 2.7 Theorem 3.5 and [12],
Theorem 2.1.
Proposition 3.11. Let X be a metrizable l.c.s. with a Schauder basis (x,, f,),

1 :R — X a o-additive vector measure and A : R — [0, ) a non-negative o-additive
measure. If u;, (i=1, 2) are the vector measures determined by proposition 3.10,

Ho=fropn VneN, p,=f,on; (i=1, 2) and
(32) Hn=Hn,1+ tin2

with p,,<A and p,, | A, neN, then p,;=p;,, for all neN and i=1, 2.
Proof. By Propositions 2.6 and 3.9 we have that u, ,« 4 and p,, | A. From

the equality pu=p, +pu, it follows that u(A4)= E f,(u(A) x,, AeR; hence,
n=1

WA= E S+ 1) A% = T (a2, ()X,

n=1 n

By the uniqueness of the last expression we have
(33) ﬂn=”l.n+ﬂ2.n

with p; ,«A and p,, 1 A
Now (3.2) and (3.3) imply that u;,=pu,;, for all neN and i=1, 2.

For the sake of completeness, we state the following result, which can be
thought of as a variation of [11] Corollary 3, using [7], Theorem 13.

Proposition 3.12. Let X be a Banach space with a uniformly bounded,
unconditional Schauder basis (x,, f,). The following conditions are equivalent :

(i) (x,) is a boundedly complete M-basis ;

(iiy X has the Radon— Nikodym property ;

(iii)y X contains no subspace isomorphic to c,.

¥
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