Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemalica
Balkanica

New series Vol. 4, 1990, Fasc. 1

Sufficient Conditions for Certain Multivalent Functions

Mamoru Nunokawa™, Shigeyoshi Owa™ *
Presented by Z. Mijajlovic

The object of the present paper is to derive some interesting sufficient conditions for p-valently
convex, starlike, and close-to-convex functions in the unit disk.

I. Introduction and Preliminaries

Let .o/(p) denote the class of functions of the form

f(2)=zF + ; a,z" (peN ={1,2,3,...})

n=p+1

which are analytic in the unit disk 2={z :|z|<1}.
A function f(z) belonging to the class .o/(p) is said to be p-valently convex iff

1+Re {sz(g)} >0 (ze9).

A function f(z) in /(p) is said to be p-valently starlike iff
Re {zf (Z)}>o (ze D).

1)

Further, a function f(z) belonging to ./(p) is said to be p-valently close-to-convex
iff there exists a p-valently starlike function g(z) such that

')
Re{ ) }>0 (ze2).

Some interesting results for certain multivalent functions were proved by D. A.
Patil and N. K. Thakare [3], S. Owa [2], and by M. Nunokawa [1]. In
order to derive our results, we need the following lemmas:

Lemma 1 (Nunokawa [1, Lemma 1]). Let f(z)e.o/(p) and
Re {zf '(z)}>k (ze D),

f(2)

where k is a real bounded constant, then we have f(z)#0 for 0<|z|<1.
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Lemma 2. Let f(z) € /(p) and there exist a (p—k+ 1)-valently starlike function

a0

g2)=zr*14 T ‘b2

n=p—k+2

Re {zf (:)()z)}>o (ze D),

then f(z) is p-valently close to-convex in the unit disk 2.

which satisfies

Proof. Using the result by M. Nunokawa [1, Theorem 8], we see that
zf'(2)
0
Re{G(z)}> (ze2)

for a p-valently starlike function G(z) in 2. This implies that f(z) is p-valently
close-to-convex in the unit disk 2.

Lemma 3 (Nunokawa [1, Theorem 5]). Let f(z)€ «/(p) and suppose that

Re {/%(_p%}w (ze9).

Then we have

Re{;{—i":()(z;—)}>0 (ze2)

for k=1,2,3,...,p—1.
Lemma 4 (Nunokawa [1, Theorem 1]). Let f(z)e «/(p) and suppose
zf(p+ ”(z)
‘ P+RC{W >0 (ZE@).
Then f(z) is p-valently convex in 9 and
o )

k+Re {———————f(k) @

}>0 (ze2)

for k=1,2,3,...,p—1.

2. Sufficient conditions for certain multivalent functions

We begin with the statement and the proof of the following result.

Theorem 1. Let f(z) € o/(p) and suppose that there exists a positive integer k and
a (p—k+ 1)-valently starlike function
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a0
glz)=z""**'+ T b,2"
/" n=p—k+2
which satisfies

(1

Zf**Nz)  zg'(2)]|_n
Im{ ) — %) } < §|z| (ze2),

where 1<k=<p. Then f(z) is p-valently close-to-convex in the unit disk 2.
Proof. Since g(z) is (p—k+ 1)-valently starlike in 2, we have

zg'(2) :
Re{ D }>0 (ze D).

Therefore, using Lemma 1, we see that g(z) #0 for 0 <|z| < 1. On the other hand, it
is trivial that zg'(z)/g(z) is analytic at the origin. After this, we need to prove that
f®(z) has no zero for 0<|z|<1.

Suppose that f®)(z) has a zero of order m(m=1) at a point « that satisfies
0<|a| < 1. Then f*)(z) can be written as f*)(z) = (z — «)"q(z), where g(z) is analytic in
2 and q(a)#0.

Then it follows that

zZf** V() mz +zq’(z)
fO@)  z—a q(@)°
Therefore, by a simple calculation, we have
) Zf**V(2)  zg'(2)
l’i‘““’( G g(z))
4@ g (z))
2@ FTY%0

This contradicts to the condition (1), because the condition (1) implies that
2f** D (2)/f®(z)—zg'(z)/g(z) has no pole for 0<|z|<1. Thus we know that
f®(z) does not have any zero for 0<|z]<1. A simple computation gives that
(k)
,og( 7™ (2) )
P—D(=2)...(p—k+1)g)

_[( ﬂ““(t)—g—,—(t—))dt

=lim (mz+(z—a) o #0.

z—a

SO0 0]
< gy e g (t)) ds
P g()

where z=re”, t=se®, and 0<s<r<1. Therefore, it follows that

" (Zf"“(z)> { ( 2™ () )}
E\ 90 pr—1)(p—2)...(p—k+1)g(2)

ob,‘
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_ y e g (t))ds
“5,' (” ™0 90

_“ (f"‘“’(t) tg' (t))g

A G0
From the assumption (1), we obtain
g< - (z)) <l (ﬂ"(:)”(t) g (t)) ds
g(2) ) AR ()] g(t)
4 1 b1
=£ 5ds=5r< 5

This shows that

o9 (2) |
Re{ 26 }>0 (ze 9).

Then, using Lemma 2, we have that f(z) is p-valently close-to-convex in the unit
disk 2. This completes the assertion of Theorem 1.

Corollary 1. Let f(z)e </ (p) and suppose that there exists a positive integer
k such that

zf**V(z) 2(p—k+1)rsinf T
Im 5 — B
f®(2) 1—2rcosO0+r 2
for ze D, where l‘g k<p, z=re®, and 0<0<2n. Then f(z) is p-valently close-
to-convex in the unit disk 2.
Proof. Noting that the function g(z)=2z?"**!/(1 —z)*?*~**V is (p—k+1)-
valently starlike in 2, and that
" zg'(2)\ _ 2(p—k+1)rsin6
g(z) ) 1—2rcosO0+r* "

Thus, our conclusion follows from Theorem 1.
Next we prove

Theorem 2. Let f(z)e.«/(p) and suppose that

Zf*PrU(z)  ZfP(2) n
f— <
lm( f(P)(z) f(p—l)(z) = 2|Z| (ZG@).
Then f(z) is p-valently starlike in the unit disk 9.

Proof. We first prove that /%7~ (z)#0 for 0<|z| < 1. Suppose that f*?~ 1 (z)
has a zero of order m(m=1) at a point a (0 <|«| < 1). Then f~ " (z) can be written

)
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as f®~V(z)=(z—a)"q(z), where q(z) is analytic in 2 and q(x)#0. Then, we
see that

lim(z—a)

z—a

<2f"’”_’(2) _ 7?0 )
G o)

[ mm—1)g@)+2mz—)g @)+ -Gz }
=lim {z ma(z)+ G — o) @) M) ¢
=(m—1)o—ma
= —a#0.

This contradicts to the condition (2), because the condition (2) shows that

P V() HP(2)
@ 70
has no pole for 0<|z|<1. Thus f®~!)(z) can not have any zero for 0<|z|<1.
Next, we need to prove that fX(z) has no zero for 0<|z| < 1. Suppose that
S®(2) has a zero of order m (m=1) at a point 8 (0<|B|<1). Then f®(z) can be
written as

3 fP@)=(z—P)"g(2),

where g(z) is analytic in 2 and g(B)#0. In this case, if f*~V)(z) does not become
zero at a point f, then we have

p o () zf“"(z))
(e ”)( AT
. '() 7
e R

Also, this contradicts to the condition (2), because the condition (2) implies that

7PNz 2fP(2)
) ")
has no zero for 0<|z| < 1. Therefore, in this case, f*)(z) has no zero for 0<|z|<1.
On the other hand, if fP(z) has a zero of order m (m=1) at a point z= g, and,
at the same time, f*~')(z) has a zero of order n (n=1) at a point z=p, then
S®~1(z) can be written as

() 1%~ () =(z— BYh(z),
where h(z) is analytic in 2 and h(B)#0. With the aid of (3) and (4), we have
(5) SP@)=(z—B)"~ {nh(z) +(z— PN (2)}

=(z—B)"g(2).
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It follows from (5) that nh(B)#0 and g(B)#0. This shows that m=n—1 or
n=m+ 1. Therefore, by a simple calculation, we obtain

. SO ()
l‘fﬁ:"“”’( 7 _f“’“’(Z))

i _ 2d(@) o zh’(z))_
11_1;[; (mz+(z e m+1)z—(z—P) ) B#0,

which contradicts to the condition (2). Consequently, in any case, f*(z) has no
zero for 0<|z|<1.

Noting that

o ( f‘”(z)) j(g 0 A U B U
%)) % SO ﬂ""(t)

_I 14 7 A O B A ()
o e 1’(t)
where z=re®, t=se?, and 0<s=<r<1, we have

”(2) ()
wre (i) =1 Jon (7))
g P o)
=§I“‘(” 0 1o “(t))

_ I . (Ef(‘” 1)(0 tf‘”’(t) )
o0 f270)

Hence, with the help of the assumption (2), we obtain

P)( r tfe+ 1) tf P l) d
. 11‘_)2)) =] '"‘(fﬁ"(t)( ) "ﬁj:- ‘(’(n) i

B ive =
=)gd5<3

Re {7’5{—;:(’2_)}>0 (ze 2).

Finally, applying Lemma 3, we have

2f"(2)
Re{f(z)}>0 (ze 2),

which shows that f(z) is p-valently starlike in 2.

This proves that
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Theorem 3. Let f(z)e /(p) and suppose that

. (<p+ 1)2f** V(2)+ 2P+ V) 2P "(z))
T P+ 0 1P(z)

for zeD. Then f(z) is p-valently canvex in 2.

(©)

T
S_
_2|2|

Proof. Applying the same method as in the proof of Theorem 2, and from

the assumption (6), we obtain
), (p+ 1), +1),
arg (pj‘P @)+ 2™ (z)) =|arg (P + z—f;‘(’p)(z§2))

()

<z
2

for ze 2. Therefore, it follows that

p+Re{z;:—;(lz—);ﬁ}>0 (ze 9).

Thus, using Lemma 4, we have
Zf "(Z)}
1+Re<—; >0 z€ 9),
{f(z) 5=
which completes the proof of Theorem 3.

Finally, applying the same method as in the proof of Theorem 2, and using
Lemma 3, we have

Theorem 4. Let f(z)e o/(p) and suppose that
P)
‘Im of (z))

o) _S_glz| (ze D).

Then f(z) is p-valently starlike in the unit disk 2.
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