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1. Introduction

In this paper we shall study the problem of introducing topologies on proper
classes. Similar problem was considered by P. Vopenka [4] and Chudachek in
alternative set theory. Namely, there were introduced such notions as “a closure
of a class”, etc. However, we remind the reader that the alternative set theory is
not an extension of Cantorian set theory (i. e. ZF set theory). In the following, we
shall assume NBG system, or, occasionally, Morse theory of classes which are in
fact extensions of ZF. There are natural examples of topological class-spaces, as
we shall show. Secondly, there might be some applications of such constructions
in the foundation of set theory and topology.

In building notions related to class-spaces, it is not possible to transfer in the
straightforward way definitions and constructions from classical topology. The
reason is that many notions and constructions in classical topology are
complementary, i.e. one has to use the set-theoretical complement operation.
This problem can be avoided in many cases defining separately classes of open
subsets and classes of closed subsets of a space, as it is indicated for standard
spaces in the following theorem.

Theorem 1.1. Assume topological spaces ¥, and X , are given by ¥, =(X, 1),
Z,=(X, o), where 1 is the set of open subsets of & ,, and ¢ is ithe :set .of all closed
subsets of & ,. If for all xet, ye o we have x—y et and y— x €w, thenw iis the set of
all open subsets of &, and o is the set of all closed subsets of X,.

Proof. In the following, for any Y= X, Y* stands for the complement «f Yiin
respect of X. Let 7, i=1, 2 be the set of all open sets in Z,. Then

Uet,, Ver,=Uer, Vieo=>U—-Ver=>UnVer.
Taking U=X we find Ver,=Ver, i.e.
(1) T,E1,.

Further, assume Uet, and Vert,, and choose A, B X such that U= 4",
V=B‘. Then A‘et, and Beo, so B—A°e€c. Therefore, AnBeo, i.e.
(Un V) et, Thus we proved the implication
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Uert,, Ver,=UuVer,.
Taking V= 0, we find that Uert, implies Uert,, i.e.
2 T,E7T,.

Therefore, by (1) and (2) we have 7,=7,. m

According to this theorem we may define the notion of a topological space as
a triple (X, 7, 0), where 7 satisfies the usual axioms for the set of open subset, and
o satisfies the axioms for closed subsets with the additional condition:

©) Uert, Veo=>U—-Ver, V-Ueo.

We remark that this approach may be useful for studying topology on the
basis of intuitionism, first because the notions of open and closed subsets are
independently defined (i.e. they are not complementary notions), and secondly,
for differences in (C) we may take the relative complement.

2. Topological class-spaces

In this section we shall define topologies on classes. First, we introduce some
notion and terminology. By capital letters X, Y, Z, ... we denote classes, and by
x, y, z sets. Greek letters may stand both for classes and for sets. For our
metatheory we shall take NBG class theory if not otherwise stated. Further, we
shall assume the usual constructions and definitions from set theory and class
theory, e.g. (x,y)={{x}, {x,y}}, (X,Y)=Xx{0}uYx {1}, V is the class of all
sets, ORD is the class of all ordinals, CARD is the class of all cardinal
numbers, etc.

Now we shall state the axioms for topologies on classes. Let K be a class, and
7, o two classes of subsets of K. We call the triple (K, 7, 6) a topological
class-space iff the following are satisfied:

1. x, yet=>xNyer.

2. For any i, and <{xjljei), (Vjei x;et)=u;x;€eT.

3. For any ae K there is xet such that aex.

4. Vxe1Vyeo x—yeo.

1. x, yeo=xUYy€o.

2'. For any i, and {xjjei), (Vjei x;ec)=n;x;€0.

3’. For any subset x of K there is yeos such that x<y.

4. Vxe1Vyeo y—xert.

Example 2.1. 1. Discrete class-space on V, (V,V, V).

2. Let for any € ORD, 7, be the set of all open subsets, and o, the set of all closed
subsets of « in respect to the order topology of a. As a<p implies 7,=1,, and
0,50, it is easy to see that for 7=U,corpTa» = Ysecorn%, (ORD,7,0) is
a class-space.

3. Same as 2, but taking CARD instead of ORD.

4. Let u be any set-topological space, 7, be the set of all open and g, the set of all
closed subsets of u. For any class K let us define
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t={x<=K|xnuert,}, o={x<K|xnuea,}.

Then (K, 7,0) is a topological class-space.

5. While the Axiom 3 is obvious (as we need that every point has
a neighborhood), in order to justify 3’ consider the following example. Let a be
any set and

t={{a}ux|xeV}, o={xla¢x}.

Then it is easy to see that all the axioms 1-4 and 1’, 2’, 4’ are satisfied on V but not
the Axiom 3'. If we assume the usual definition of the closure of a set, in so defined
space the closure of {a} is V, i.e. the closure of {a}, is not a set.

Let (K, 7, 0) be a class-space and x< K. Then we define restrictions of t and
o to x as follows:

tlx={ynxlyet}, olx={ynx|yea}.
Now we shall see that class-space induce a topology on every x<K.

Proposition 2.2. Let K=(K,1,0) be any class-space. Then
1. For any x<K, (x,1|x,0|x) is a set-space.
2. T=U,kT|X, 6=U,cx0l|x.

Proof. It is easy to see that (x, 7|x) and (x, o|x) are topological spaces under
usual axioms for open (closed) subsets. Further, let u € t|x, and ve o|x. Then there
are aet and beo such that u=xna and v=xnb. Therefore,

u—v=(xna)—(xnb)=xn(a—>b),

but a—be1, hence u—ve|x. In a similar way we can prove that v—ue o]x, so by
Theorem 1.1. the proof is finished. m
As in the case of topological set-spaces, we can define most of usual notions,
and perform topological constructions as well. Objects introduced in this way
satisfy in general the expected properties. For example, for a topological
class-space X4 =(K,t,0) we have:
(1) Every point of X has a neighborhood.
(2) uez iff u is a neighborhood of every acu.
(3) For every xe K there is uet such that x<u.
For example, let us prove (3). We have Vyex3vet yev. So for each yex
there is v et such that yev,. Then for u=u,e.v, we have uet and xcu.
For xcK let us define x=n{yea|xcy}. The set % is well defined as for
every x< K there is yeo such that xcy. Observe that xeo.

Proposition 2.3. x={y| every neighborhood of y intersects x}.

Proof. Suppose yex, i.e. y belongs to every closed u such that xcu.
Further, suppose that there is ve t such that yev and vnx= 0. But then x—veao
and xx—v, so yex—v, a contradiction. Therefore, we proved

(1) x<{yl every neighborhood of y intersects x}.

Now, suppose that every neighborhood of y intersects x, and assume there is
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a closed set ¢ such that xcc and y¢c. Taking any open neighborhood v of y, we
have that v—c is still a neighborhood of y, but v—c does not intersect x, and this
is a contradiction. Therefore, we proved

2) {y| every neighborhood of y intersects x} <X,

and this finishes the proof. m
We shall use later the following proposition.

Proposition 2.4. Let & =(X,t,0) be a class-space, and f=X. Then
1. fis closed iff Vy¢ fIvetr (yevAvn f= ().
2. If fis closed and an f= 0, a= X, then there is an open v such that a<v and
vn f= 0.
Proof. 1. (=) Suppose f'is closed and assume y¢f. Then there is uet such
that yeu. For v=u—f it follows that vet, yev, and vnf= 0.
(<=) If fis not closed then f#f, so there is yef—f. But by the previous
proposition y violates the righthand side of 1.
2. Suppose f'is closed and assume a= X, an f= . For each x ea there is an open
v, such that xev, and v,nf= P. Then for v=U,0,, aSv and vnf=0. =m
If X and Y are classes, recall that a map from X into Y is every class
Fc X x Y such that Vxe X3,ye Y (x,y)eF. If Z and ¥ are class-spaces, we can
define in a natural way the notion of continuity of maps from Z into %.

Definition. Let & and % be class-spaces. A map F : X —Y is continuous iff the
restriction F|u to every uety is a continuous function.

It is easy to see that F is continuous if for all uety, vety, we have {xeuy
F(x)ev}ety. For example, we shall see that projection maps n,: X x Y- X,
m,:X x Y>Y, are continuous in respect to product topology Z x%.

We can transfer many constructions from classical topology to class-spaces.
For example, the product of two class-spaces X ;=(K;,1;,0;), 1<i<2, is the
class-space H =(K,t,0), where K=K, xK,, and the basis for 7 and o are the
classes

to={ny ' (W)nn;'(v) uet,, vet,},
oo={n; '(Wnn;'(v) ueo,, veo,}.

Here, n, and m, are projection maps from K to K, and K, respectively.

3. Compact class-spaces

The following proposition will enable us to introduce the notion of compact
class-space.

Proposition 3.1. Let Z be a Hausdorff class-space. Then the following are
equivalent:
1. Every set of subsets of Z which has the finite intersection property has the empty
intersection.
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2. Every closed subspace of ¥ is compact.

Proof. (1=2) Suppose 1 and let be yeo. If f, ies is a family of open subsets
of a subspace y such that y=u,,f, then there are g,et so that
fi=yng, Therefore, ySU;c,g; i.e. Nicy—g)= 0. As for all ies we have
y—g;€0, by our assumption there is a finite <s such that N, (y—g,)= 9. Then
{fil iet} is a finite cover of y.

(2=1) Suppose 2, and let f={f| ies} be a set of closed subsets of & with finite
intersection property. Assume N, f;= @, and let xeo be such that U, ,f,Sx.
Then for u;=x—f, u; is an open set in x (since f;= fnx is a closed subset of
subspace x), so u;, i€s, is an open cover of x, thus by the compactness of x, there
is a finite tes such that x=u, ,u;. Hence

x=uiel(x—f;)=x_niexj;a

i.e. N fi= P, contradicting our assumption that f has the finite intersection
property. m

Therefore we can define a class-space 2" to be compact iff 2" has either of the
listed properties 1 and 2 in the last proposition. An example of a compact
class-space is the order topology on ORD. Really, every closed subset x of ORD
is a closed subset of some a e ORD in respect to the order topology of a, but it is
well-known that this topology makes « a compact space, thus x is compact as
well.

Let us remark that if Z is compact, and Y< X is a class of closed subsets with
finite intersection property, then NY # @. To see this, let Y={v,| e ORD}. We
can list elements of Y in this way if we assume the Global Choice. Recall that the
Global Choice holds in the constructible universe, therefore it is consistent with
NBG system. Further, let us define the sequence s, by s,= Ngeavp, € ORD, >0,
So=0o. Then for each e ORD, s5,# 0, and 5,25,2 - 25,2 . f nY= 9, then
we would have a subsequence Saps £ e ORD, which is strictly decreasing, and this is
a contradiction, as otherwise s, would contain a proper class.

As in the case of set-spaces it is possible to establish a characterization of
compact spaces in terms of cartesian products. For this we need the following
lemma, a variation of Lemma 3.1.15 in [2].

Lemma 3.2. If a is a compact subspace of a class-space &, and y is a point of
a class-space %, then for every open w= X x Y containing a x {y} there exist open
sets u= X and v<Y such that

ax{ylcsuxvew.

The proof of this lemma is same as in [2], so we omit it. Now we state and
prove a variant of Kuratowski theorem for compact class-spaces, cf. 3.1.16. in [2].

The Kuratowski theorem. For a Hausdorff class-space & the following are
equivalent:
1. Z is compact.
2. For every class-space %, the projection n,:X x Y—Y is closed.
3. For every normal class-space % the projection ny:X x Y—>Y is closed.
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Proof. (1=2) Let X be compact and f= X x Y be closed. Further, let v be
a closed subset of X such that n,(f)<v, and suppose y¢ny(f). As vx {y}nf= 9
by Proposition 2.4. there is an open subset u of X x Y such that unf= @ and
vx{y}cu. Then by Lemma 3.2. there are u,€ty, u,ety such that
vx {y} Su, xu,<u, thus u, xu,nf= 9. If there is be n,(f)nu, then there is an
element a such that (a,b)e f. Then we would have a¢u, and aeny(f), so aev,
and therefore aeu,, but this is a contradiction. Hence ny(f)nu,= 0, i.e. u, is
a neighborhood of y which does not intersects m,( f), so by Proposition 2.4. my(f)
is a closed subset of Y.
(2=3) This part is obvious.
(3=1) The proof of this assertion is an adaptation of the proof of the Theorem
3.1.16. part (3=1) in [2]. Namely, if {f]| ies} is a set of closed subsets with finite
intersection property, then we choose a closed subset x=2u,f; and the subspace
topology on x. Taking x for the ground space in the mentioned proof in [2],
yo€X —x, Y=xU{y,}, and restriction of py to x x y, one can obtain the proof of
this part. m

Corollary. If & and % are compact spaces, then Z x% is a compact space

Proof. Projections ny: XX YXZ—>YXZ, ny:YxZ—Y are closed map-
pings in respect to appropriate product topologies, so the composition © of 7y
and my, n: X x Yx Z—Y is closed, too, therefore by the previous theorem 2" x %
is compact. Iterating the construction finitely many times, one can obtain that the
product of finitely many compact spaces is a compact class-space. m

Finally, it would be interesting to see which other properties and notions of
standard topological spaces can be transferred to class-spaces. For example it is
easy to code a family of classes Y; where i runs through a set s by a class Y, and
then to define a class-product ITY of such a family. However there is no obvious
way for defining the product topology on IIY if s is infinite.
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