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Convergence in Distribution of Supercritical
Bellman-Harris Branching Processes with State-Dependent
Immigration
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Presented by Bl. Sendov

A necessary and sufficient condition for convergence in distribution of supercritical
Bellman-Harris branching processes with state-dependent immigration is obtained.

1. Introduction

K. Athreya [2] first showed an analog of classical Kesten and Stigum
theorem [1] for supercritical Bellman-Harris branching processes, which refine
and make more precise the estlmates of the growth of processes on the set of
non-extinction.

In the present paper we investigate supercritical Bellman-Harris branching
processes which admit immigration of new particles only in the state zero.

A model with state-dependent immigration component was first investigated
by J. H. Foster [6] and A. G. Pakes [8,9]. They considered a modification of
the Galton-Watson processes allowing immigration whenever the number of
particles is zero. The continuous-time analog of this process was studied by
M. Yamazato [11].

Our paper is closely connected with [10] and [12] where the asymptotic
behavior of the two factorial moments is obtained and limit theorems are also
proved in non-critical cases.

In the present work it is shown that for these processes the asymptotic results
have an analogy with those obtained by K. Athreya.

-2. Model and equations

Now we shall briefly recall the definition of Bellman-Harris processes with
state-dependent immigration which was given by K. V. Mitov and N. M.
Yanev [7]
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Let us have on the probability space (Q, &, P) three independent sets of
random variables where:

1) X={X};», is a set of independent identically distributed (i.i.d.) random
variables (r.v.) with distribution function (d.f.) K(t)=P{X,;<t}, K(0)=0;

2) Y={Y.},», is a set of positive, integer-valued i.i.d. random variables
with a probability generating function (p.g.f.)

fle)=Es"i= T fis*, Is|<1;
and =
3) Z={Z[t), t=0, i, j=1, Z;;(0)=1}

is a set of i.i.d. Bellman-Harris branching processes defined by a particle-life
distribution function G(t), G(0)=0 and an offspring p.g.f.

h(s)= Z p,s*, Is|=1.
k=0

Then
Y;
2.1) Z({t)= T Zf1), t=0, i=1.
j=1
are i.i.d. Bellman-Harris branching processes starting with a random number

Y;>0 of ancestors.
Let T, be the life-period of Z(¢), i.e.

2.2 T,=inf{t: Z(t)=0}, i=1, 2,... .

Observe that U,=T;+ X, i=1 are i.i.d. random variables which form the
renewal process

(2.3) S,=0, S,= £ U, n21 and N(t)=max{n=0:S,=t}, t=0.
i=1

Then Bellman-Harris branching processes with state-dependent immigration
can be defined as follows:

24) Z(0)=0, ZO)=Znw+1E—Sney— XNnpy+1) |(s~(,)+xN(,)+ 1S58
The Foster-Pakes model follows from (2.4) with
0,t<1, 0, t<0,
G(1)= {

1,t>1, and K(t)={l,t>0.
We also obtain the Yamazato process if we suppose in (2.4)
0,t<0, 0, t<0,
G(t)_{l——e"‘,t>0, and K(‘)_{l,»o.

Denote L(t)=P{X,+ T;<t}=[5V(t—u)dK(u) and suppose that L(t) is"
non-lattice with L(0)=0, where V(t)=P(T;<t), V(0)=0.
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3. Basic results

From now on it will be assumed:

1°) 1<A=Hh(1)<o0, m=EY;=f"(1)< o0,

2°) G(t) and K(t) are non-lattice. A
Define the Malthusian parameter a, provided it exists, as the root of equation

3.1 Afe ™dGu)=1.
o
By the monotonicity of the left side of (3.1) and 1°) such a root always exists
and a>0. :
d
It is well-known (see [3], p. 172) that in supercritical case Z;(t)/EZ;(t) — w,

t—o0, and W(u)=Ee ¥, u=0 is the unique solution of the equation
(32 W)= | f(¥(ue~)AG()
V]

in the class

(3.3) C={‘I’:‘P(u)=aj?e"“dF(t), FO0*)<1, ?tdF(t)=l}
i V] 0

(3.4) j;:zp,jlogj<oo.

Theorem 1. Assume 1°) and 2°).
() If Zp;jlogj<oo then W (t)=Z(t)/EZ(t) converges in distribution to

a non-negative random variable W having the following properties:
a) EW<oo;
b) &(u)=Ee ¥, u=0, is the unique solution of the equation

@9 o= o) 4L+ S(¥ue) dKO—f(@
in the class

68  B={eiew=[edFO, pO=1}
e e el oo on [0, ).

(ii) If Zp;j logj=co then lim,., W(t)=0 in probability.

4. Preliminaries

" For classical Bellman-Harris branching processes Z;{t) it is known (see [3],
p. 152, Theorem 3A) that in supercritical case we have
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4.1) m(t)=EZ;[{t)~c,e*, t— 0,
where
A—1
4.2) c =

aA? [te”*dG(2)
o

Also if (3.4) holds, then the process W(t)=Z,-,(t)/cle“ converges in
distribution to the non-negative random variable W having the following
properties:

1) EW=1;

2) The dlstrlbutlon of W is absolutely continuous on (0 o0);

3) P{W=0}=g=Ilim,.,, P{Z;(1)=0}.

On the other hand, from R. A. Doney [4] it is known that if 4> 1 and (34

holds, then the process (Z;{t)/c,e*, v(t)/cze“‘)——> (W, W), where v(t) denotes the
total progeny (the number of partlcles born up to time ¢) of the process Z;(t) and
cy=Ac,/(A-1).

Let u(t) be the number of particles died up to time ¢ of the process Z;(t).
Denote F(t, s,, s,)=Esfi/s4®. It is not difficult to obtain the following

equation
(4.3) F(t,51,5;)=5,(1-G(1))+5, (I) h(F(t—y, sy, s))dAG(),

Isi<1, i=1, 2, t20.
If s,=1 from (4.3) for &(t,s)=Es"® we have

@4) 8t 9)=1—G()+s[h3t—y, )AGO), IsIS1, 120,
o
and by differentiating and letting s=1 for n(t)=Eu(t) we obtain
4.5) n(t)=G(t)+A£ n(t— y)dG(y).

Then applying the renewal theorem ([3], p.147, Theorem 2) it is easy to
see that

(4.6) n(t)~ c4e®, t—oo,
where a>0 is the Malthusian parameter and
fe~*G(r)dt
° 1
03= —

Af te"dG(t) ad? [ te*dG(r)
o o
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Theorem 2. Let 1<A<oo. If (3.4) holds, then

(Zif(t)/c e, ;t(t)/c3e“‘)f>(W, W), t—o0.

The proof of the theorem follows from the next lemmas.
Denote
g(uy, uy, 1)=F{exp{—u,/c e}, exp { —u,/cye™}, t},

um(e) | upn(t) _ 1].

R(u,, u,, t)=(u,+u,)"| glu,, u,, )+
(uy, uy, 1) (u, 2) [g(l 2 1) c,e"“ c3e“'

Lemma 1. Under conditions of the Theorem 2 there exist
lim g(u,, u,, t)=Pu,, u,), u;>0, i=1, 2

t—*

and
lim sup R(u,, u,, t)=0.
;10 t=20

Proof. Let &,(t)=Zft)/c,e™, &,(t)=u(t)/c;e™. Note that
R(u,, u,, t)=E{[e”“110+42520 4y &, (8)+u,&,5(t) — 11/, +u,)}.
Using Zf{t,w)SW(t, w) and p(t,w)=wt, @) for every weQ we have
u &, () +u, () S &) [uyd, +uad,),

where d, =c,/c,, dy=C,/c3, c;=Ac,/(A—1) and &(t)=wt)/c,e*.
On the other hand, since the function e”*+x—1 is non-decreasing for
x=0, then

d
@7 0< Ry, up s 2902 iy, 4 dyuy0),
u, +u,
where H (u,t)=E {u™ " (e™“® +ué(t)—1)}.
Now applying Theorem 1 in [4] we have lim, o sup,>o H(u, 1)=0, so that from
(4.7) we obtain
(4.8) limsup R(u,, u,, t)=0,

ul0 120
which implies that there exists ®(u,, u,)=lim,.,g(u,, ,, t).

Therefore from (4.3) making the substitutions s, =exp{—u,/c,e*},
s, =exp{ —u,/c,e} it follows that as t— o0

@.9) ®u,, u2)=afh(d>(e”""ul, e~ "u,))dG(y), 420, i=1, 2.
0

Lemma 2. There exists a unique solution ®u,, u,) of the equaion (4.9),
such that
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®0, 0)=1, 0<D(u,, u,)<1, ©,20, i=1, 2,

4.10) fim — P 4 _ i=1,2,
ylo Uptu

O(u, +uy)="Y(u, +u,),
iff (3.4) holds.

Proof. Suppose ®,(u,, u,) and ®,(u,, u,) are solutions of (4.9) satisfying
(4.10). Let

YUy, u))=|®,(uy, u)—Py(u,, w,)l/(u,+u,), u;>0, i=1, 2.

Using |h(x,)—h(x,)| S Alx, —x,|, 0=x;=<1, i=1, 2, and equation (4.9)
we have

@.11) Wty 43S (ty +105)"" Ilh@,(ule"’, e )

— @™, e NAGO)S A | e~ use ™, uze™)dG(y)
o

<E{pu,e”%, u,e"%)},
where ¢ is the random variable with distribution

G, (x)=P{{=x}=A4 fe"’dG(y)
and °
E¢=A [xe **dG(x)<co.
0

From (4.10) we have
limy(u,, u,)=0, i=1, 2.
w10
Iterating (4.11) we obtain
Py, u;)S E{p(u,e™%, “ze—"{)}ée{}’(“le—mlﬂz), “zef'(€1+<2))}---
SE{p(u,e™*n, u,e"n)},
where S,=X7.,¢, and {}/-, are i.i.d.r.v. with common distribution

function G (x).
By the strong law of the large numbers (SLLN) we have S,— o0, n—c0, a.s.

and hence the bounded convergence theorem yields
PWuy, uy)< lim E{p(u,e™ 5, ue”*n)} =0,

for u;>0, i=1, 2, which proves the uniqueness.
K. Athreya [2] has shown that (3.4) is a necessary and sufficient condition
for existence of a unique solution W(u) of the equation (3.2) such that
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¥0)=1, 0<W¥w)<1, for u=0,
4.12) {

lim 1= ®)

ulo u

=1.

Let W(u) is such a solution and denote &(u,, u,)="Y¥(u, +u,). From (3.4) and
(4.12) it follows that ®(u,, u,) satisfies (4.9) and (4.10).

On the other hand, ®(u,, u,) satisfies (4.9) and (4.10) and ®(u, 0)="¥(u),
which implies the lemma.

5. Proof of the Theorem 1

In the case p, =0 it follows that Z(t) is a classical Bellman-Harris process and
the assertion of the theorem follows by Theorem 2, p.172 in [3].

Let now p,>0 and v(t) be the number of particles in Bellman-Harris process
Z(t) which are born up to time ¢ and ug(t) be the number of particles which are
died up to time t. Denote

N() N@)
S,(t)= Zv(t) and S,(t)= Z uft),
i=1

i=1

where N(t) is defined in (2.3) and the process N(t) is independent of {u(t)}

and {v{(1)}.
We have the representation
(.1 Z(t)=S,(t)—S,(®).

Under conditions of the theorem N(t)—v, t—o0 a.s. and Ev=1/(1—- f(g))< oo
(see [5], Ch. XI, §6).
On the other hand, we have for i=1
v(/e* > H,

(see [4])) and from Theorem 2 we obtain

u‘(t)/e"iﬂ,, as t—o0.

Therefore as t— o0

NQ@®) v

(52) 50 _ 8 veye S £ B,
i=1 i=1
N(@®) . v

(5.3) - s+ff)= T ult)e” > T A,
€ i=1 i=1

From (5.1)—(5.3) it follows that the process W(t) converges in law. °
The rest of the argument is a direct consequence of Corollaries 4.3 —4.4 of
[10], which completes the proof in the case when (3.4) holds.
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Now, to prove (ii) we shall use the definition (2.4). Therefore we have the
representation

2O _ Znw+1 (BO) o pan

(5 4) em eaﬁ(l)

where B(t)=t—Snp— Xno+1-
It is well-known that Zp;jlog j= co yields Z;(t)/e*—0 in probability (see [3],
p. 172) which implies that
Z{)
eat

Zi{v)

at
1 €

-0

Y;
(5.5) = 'Z

J

in probability, as t—oc0.
Using EU,=ET;+ EX;= 00, i= 1, by renewal theory (see [5], Ch. XI, &3 and
Ch.XIV, &3) it follows that

(5.6) P{B.=<x}—0

for all x as t—oo.
Finally, from (5.4) applying (5.5) and (5.6) we obtain that W()— 0 in

t— o
probability, when Zp;jlogj=co.
The theorem is proved.
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