Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathematica
Balkanica

New series Vol. 4, 1990, Fasc. 1

On Positive Strongly Continuous Cosine Functions

Carlos Lizama

Presented by M. Putinar

If A is a complex number then, (*) Cosh t\/AeF(+ for all teR, if and only if AeR,. In this
note, we give a generalization of this property to the case, when 4 is the infinitesimal generator of
a strongly continuous cosine function defined in a Hilbert space and in a Banach lattice.

1. Preliminaries

Let X be a Banach space. We denote B(X) the algebra of bounded linear
operators on X.

A function C:R—B(X) is called a strongly continuous operator cosine
function on X if

i) C(t+s)+C(t—s)=2C(@t)C(s) s, teR

ii) C(0)=I

iii) t—>C(t)x is continuous on R for each fixed xeX.

For an introduction to the subject of strongly continuous cosine functions,
the reader is referred to [2] and the references listed in its bibliography. We state
below some of the ideas we need from this theory. .

The infinitesimal generator of a strongly continuous cosine function is the
operator A from X to X with domain D(A), defined by the conditions:
D(A)={xe X/t—C(t)x is twice continuously differentiable for all teR}

Ax=1im (2/t>)(C(t)x—x) for all xe D(A).
t—0

The sine function S(t), te R associated with C(t), teR is defined by:
t
S(t)x= | C(s)xds for all teR, xeX.
o

We define E={xeX/t—»C(t)x is once continuously differentiable for

all teR}.
We will require the following result of J. Kis ynsky [3].

Theorem 1.1. Let C(t), teR be a strongly continuous cosine function in the
Banach space X with infinitesimal generator A and associated sine function- S(t),
teR. Then E under the norm
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lIxllg= llx|l + Sup [I(d/d6)C(e)x|
0stsi1
becomes a Banach space and V(t), teR defined by:
V() [x, yI=[Ct)x+S(t)y, AS(t)x+ C(t)y], [x, yJeEx X
is a strongly continuous group in E x X with infinitesimal generator:
Blx, yl=[y, Ax]; D(B)=D(A)xE.
We denote o(T) and p(T) the spectrum set and the resolvent set of a closed

linear operator T respectively. If Ae p(T) then we denote R(4; T)=(A—T) '.
2. Case of a Hilbert space

Let (H, <, >) be a Hilbert space. We recall that an operator
T:D(T)sH—H with domain D(T) is called positive if:

(2.1) {Tx, x)=0 for all xeD(T).
It is well-known that if T is bounded, then the property (2.1) is equivalent to
2.2) T selfadjoint and o(T)<[0, o).

Theorem 2.1. Let C(t), teR be a strongly continuous cosine function with
infinitesimal generator A. The following properties are equivalent:

i) C(t) is positive for all teR.

il) A is bounded and positive.

Proof.

i)—ii) According to (2.2) we have for every teR:
2.3) C(t) selfadjoint and o(C(t))<[0, o).
Then, Theorem 1.1 and 1.2 in [4] imply:
24 C(t) — I selfadjoint and o(C(t))<[1, o0),
2.5) A selfadjoint and o(4)<[0, o).
Now, it is well-known that there are constants M =1 and w=0 such that
(2.6) IC@I=Me™, teR

and the following formula holds
2.7 AR(A?; A)x=°j?e""C(t)xdt, A>w, xeH.

0
Then

(2.8) A2R(A%; A)x—x= [ de"*{C(t)x—x}dt, A>w, xeH.
)



On Positive Strongly Continuous Cosine Functions 45
It follows from (2.4), (2.8) and the identity AR(A%; A)=A?R(A*; A)—I that:
(2.9)CAR(A?; A)x, xy= (e ¥ (C(t)x—x, x»dt=20, A>w, xeH.
° .

Now, let xe D(4) and A>w be fixed. Put y=(42— A)x. As C(t) is selfadjoint
for every te R, we obtain, by definition of the infinitesimal generator, that A4 is
a symmetric operator. Then we have from (2.9)

(A2 —A)x, Ax)=(Ax, (A*—A)x)={AR(A?* A)y, y>20
whence we obtain
(Ax, Ax)=—{(A2—A)x, Ax)+A*(Ax, x) SA*(Ax, x).
Therefore,
(2.10) |lAx|| £A%||x|| for all xeD(A).

Finally, using (2.10), the fact that A is a closed operator and D(4) is dense in H,
we obtain that D(A)=H. Therefore A is a bounded operator. Moreover, we
obtain from (2.5) that A is a positive operator.
ii)—i). As A4 is bounded, the series
® t2n

11 T — A
(210 =0 (2n)!
converges and defines a strongly continuous cosine function with infinitesimal
generator A. Therefore, by uniqueness, we have

© 2n

o=z G

the result is now clear from the hypothesis.

" teR

A" teR

QED
As an application, we have the following:

Corollary 2.2. Let C(t), teR be a strongly continuous cosine function with
infinitesimal generator A. Assume that C(t) is positive Jor all teR. Then,
i) C(t) cannot be a periodic function, unless A=0.
i) —A is the infinitesimal generator of a periodic strongly continuous cosine
function.

Proof.
i) Let us suppose, by absurd, that C(t) is periodic with period 2zn. Then, from [5],
we obtain:

a(A)s —N3, N,:={0, 1, 2,...}
therefore, the spectral relation in (2.5) imply
a(A)={0} or a(A)=P.
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As A is bounded, o(A)={0}. But this implies, due to the self—ad_]omtness of A4, that
A is the identically null operator.
ii) We define

C(t)x=(Cost/A)x, xeH, teR.
QED.

3. Case of a Banach Lattice

Let X be an ordered Banach space with positive cone P, that is, P is a closed
convex cone with Pn — P =0. (This induces the order x<y if and only if y—x € P.)
An operator T:D(T)= X —X is called positive if and only if TxeP for all
xeD(T),; where D(T),=D(T)nP. In such case, we denote T=0. For
fundamental notions, we refer to [8].

Theorem 3.1. Let C(t), te R be a strongly continuous cosine function with
infinitesimal generator A defined in a Banach lattice X. The following properties are
equivalent:

i) C(t)=1 for all teR,
il) A is bounded and positive.

Proof.
As in the proof of Th.2.1 it is clear that ii) implies i). Conversely, it is
well-known that the formula

1
J7s
defines a C,-semigroup with infinitesimal generator A (cf. [1], Remark 5.11, p. 92).
Then, we obtain that T is a positive C,-semigroup due to C(t)=(C(t)—I)+1=0
for all teR and P is closed.

On the other hand, if x e D(A4),, then it is obtained from the definition of the
infinitesimal generator and the hypothesis

(3.2) Ax=1im2/t> (C(t)x—x)=0. .

t—0

Because of the relation (3.2) and the fact that T(r)is a positive Cy-semigroup
on a Banach lattice, we have from lemma 4.18 p. 279 in [6], that A is bounded. We
give the proof for completeness.

There exists a constant K=>1 such that ||R(4; A)| <K/A for all A=w,. Fix
L=w,, then

AR(p; A)Ax=pR(u; A)Ax — Ax=p’R(u; A)x —px— AXx,

(3.1 T(s)x = j e 4 C(x dt, s>0, xeX

hence
0<Ax=<p’R(u; A)x, whenever xeD(A),.

Thus ||Ax||ZC| x| for all xeD(A), (C=constant). Consequently, |[AR(4;
A)x —x||=||AR(A; A)x||=C|R(4; A)x|=KC/A||x]|| for all xeP and all A=w,.
Hence,
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IAR(4; A)y—yl=KC/A (Ily* I+ Iy~ )=2KC/Alyl

for all yeX.
Thus R(4; A) is invertible if A is large enough and D(A) Im(AR(4; A)=X.
Q.ED

Remark 3.2. Formula (3.1) shows that the properties of the infinitesimal
generator are reduced, in general, to the case of positive C,-semigroups. However,
if the C,-semigroup in (3.1) is positive, then, the strongly continuous cosine
function in (3.1) is not necessarily positive as the example C(t)x=(cosbt)x teR,
xeR, b real and fixed, shows.

In the following result, we point out the relation between a positive
C,-semigroup and a strongly continuous positive cosine function. We consider
the C,-semigroup V(t), t=0 defined in section 1.

Proposition 3.3. Let C(t), te R be a strongly continuous cosine function with
infinitesimal generator A defined in a ordered Banach space X.

If C(t)=1 for all te R then V(t)=0 for all te R .. Conversely, if V(t)=0 for all
teR, then C(t)=0 for all teR.

Proof.
i) As in section 2, from (2.8) and the identity AR(A%; A)=A2R(i%; A) —1I for A>w,
we obtain, by hypothesis

(3.3) AR(A%; A)=0 for all A>w.
Now, we observe that if 12 € p(A) then 1€ p(B) and for each [x, y]e E x X we have:
R(4; B) [x, y]=[AR(A%; A)x+ R(4%; A)y, AR(A%; A)x+AR(A%*; A)y].
Therefore, we havé from (3.3) that
‘ R(; B)20 for all A>w.
The result now follows from the well known formula for C,-Semigroups
V(t)=lim (n/t) R(n/t; B)", t>O0.

i) We obtain by definition of V(¢) that
V() [0, y]=[S(t)y, C(t)y] for all yeX, t=0
and the result now follows from the hypothesis.
Q.E.D.

Example 3 4. There exist strongly continuous positive cosine functions
with unbounded infinitesimal generator.

Let X =C(R) be the Banach space of the bounded continuous functions on
R with the sup-norm. The following set

P={feX/f(s)=20 for all seR}
defines a positive cone in X, and the formula
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CONx=((x+t)+f(x—1)/2, x, teR, feX
defines a strongly continuous positive cosine function with infinitesimal generator
(Af)x=f"(x), xeR, feD(A)
D(A)={feX/f"e X},

and it is clear that A is unbounded.

Let X be an ordered Banach space with positive cone P and T{(t), teR
a strongly continuous positive group of operators defined in X with infinitesimal
generator A (see [6]). Then the formula

C(t)x=(T(t)x+ T(—1t)x)/2, xeX, teR

defines a strongly continuous positive cosine function with infinitesimal
generator A2

Example 3.5. Let C(t), teR be a strongly continuous positive cosine
function with infinitesimal generator A. Let beR be fixed. Then, the series

C(t)x= X b*"C,(t)x xeX, teR,
n=0
where

Co()=C(t), C,(t)x= j' S(t—s)Cn-1(s)x ds, xeX, teR
0

defines also a strongly continuous positive cosine function, but now with
infinitesimal generator A,=A+b?I (see [2] p. 60, lemma 4.1).

Remark 3.6. Necessary and sufficient conditions such that a strongly
continuous cosine function be positive have been also considered in [7], where,
moreover, it is shown that the positiveness of a strongly continuous cosine
function is a sufficient condition for the positiveness of the “resolvent” of the
Volterra equation

w(t)=f @)+ ] alt —5) Aufs) ds,
(V]

when A is an infinitesimal generator of a strongly continuous cosine function and
a(t) is an appropriate kernel.
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