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1. Introduction

This paper is concerned with the problem of determining a small value of
h=h(x), such that for sufficiently large x, there is a 3-free number in the interval
(x, x+ h]. This problem is a special case of the problem for the k-free numbers in
short intervals. The first results are concerned with the case k=2 (squarefree
numbers). E. Fogels [4] proved that there is a squarefree number in the interval
(x, x+x°], where 0=2/5+¢ (e-fixed arbitrary positive number) and x-sufficiently
large. Later K. F. Roth [10] obtained that one can take 6 =1/4+¢ by using only
elementary methods, and 6= 3/13 + ¢ using the method of the trigonometric sums.
Due to more precise estimates of exponential sums H. E. Richert [9], R. A.
Rankin [8], P. G. Schmidt [11] and W. Graham and G. Kolesnik [5]
obtained the improvements for h, h=x° where 6=2/9, 6=0.221982...,
0=109556/494419 =0.221585... and 0=1057/4785=0.2208986... respectively.
In the same time results using only elementary methods were proved M. Nair [7]
0=1/4, M. Filaseta[1] 0=3/13. Recently, independent of each other the author
in [12] and M. Filaseta [3] have given two different elementary ways for
obtaining the result of H. E. Richert (6=2/9). In [12] is obtained a further
improvement for 6 —0=17/77=0.2207792... using exponential sum techniques.
The best result to date for k=2 is due to Michael Filaseta
[38]1—60=47/217+¢=0.2165898 ... +¢.

Our main interests are in the more general k-free problem. First H.
Halberstam and K. F. Roth [6] established that for any >0 and x sufficiently
large there is a k-free number in the interval (x, x + h], where h=x°**%, 0=1/2k.
M. Nair’s approach [7] implies that 6= 1/2k is permissible. This result is slightly

1
1 . 1N ? h k = z_k : .
Serwi: “here wk)=02"") using exponential sum
techniques. An important step was made by Michael Filaseta. He proved in

1
————, when k=3 4 = if k=5.
%+ 1/3 when or 4 and 0 kT 1/5 if k=5

improved in [6] 0=

[2] that one may take 0=

We prove
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Theorem 1. There is a constant c, such that for x sufficiently large, there is
a 3-free number in the interval (x, x+c.x%, where 0=7/46.

In other words we replace the constant 1/3 with 4/7 in the case k=3. The
author thinks that the method developed in this paper will also work for k> 3.
Section 2 includes some preliminaries. In section 3 we derive some new estimates
based on polynomial identities. The final result is proved in Section 4.

Notation
C, Co, Cy, Cy, C3,... are absolute positive constants
0=17/46
h=c.x°
@ is a number greater than 6, but ¢ may depend on x. In all cases x*>x?. . /log x
and x"=o(x°’).

u, u', a, b, i represent positive integers.
@, B, v, 6, uy, uy, vy, v, A, B, C represent real numbers.
p is a prime number.

2. Preliminaries

Let S denote the number of integers in (x, x + h] which are not 3-free. Then
x+h x ) -
S —|=|)=8,+8,,
ss([5]-[3])-ses
x+h x
s e (5] [5))
psxf. flogx p p
x+h X
s, 2 (5] [5))
p>xP. fiogx p p

h ® 1 1
It is evident that S, < X ( +1) (2 F)+n(x°.~/logx)<§hfor

. psxf./iog n=2
x sufficiently large.
Thus we need to prove that S,<c,.h (c,<1/2).
Let estimate

v sss (1-[5)
() 2= z-on—SnSZ x13 )

— henoe[”"]—[:] 0or land[ ] [ ] 1 if and only if there
n

exists an integer k such that k.n3e(x, x+h
Define

?) S(A, B)={ne(A, BlnN|3keN:k.n*e(x, x+h]}.

Then S5=|S(x®/logx, 2x'/3)|.
Now we use the following (cf. [2]).




Ognian Trifonov

52

Lemma 1. If

3) IS(x®, 2x®)|«<x*"#® for u,<@=<v,, and B>0
then |S(x*1, x°1)|<« zx*~ P41,

If

4 IS(x®, 2x?)|«<x**% for u,<@=v,, and 6>0

then |S(x"2, x"2)|« zx?*%2,

3. Auxiliary results

Lemma 2. Let u, u+1,, u+1,eS(x% 2x%), 0<o<1, |, <l, and |, =0(x®). Then
there exists a constant c,, such that 1, .1$42>c,.x%°! for x sufficiently large.

Proof. Since u, u+1,, u+1,eS(x®, 2x®) there exist positive integers k,, k,
and k, such that kou®, k,(u+1,)?, ky(u+1))*€(x, x+h]. Then

x h x h x h
o k°_F+°(F>’ k"(u+11)3+°(5)’ kz‘m”(ﬁ)'

Since I, +1,=0(x®) one can write the Taylor-series expansions of — X and

. (u+1,)?
(u+1,)*
© x _x_ 3xl, 6xl} B 10xI3  15x1} _
u+1,)? o ut u’ u® u’
x x 3xl, 6x13 10x3 15xI5
(u+lz)3=-u_3-— ut us - u® + u’ s

Then we obtain the identities

3xl x5 h
ko—ky=—3" + o(u—;) + 0(;).
If ko =k, then |kqu® —ko(u+1,)*| 2 3kou*l; >u>h (u=x®2x°% which is a contra-

diction with kqu®, ky(u+1,)*€(x, x+h].
Then k,#k, and |ko—k,|21 (ko, k,€N).

2
But O(h/u)=0(1) and xu‘sl‘ - o(’:f‘)-

Then for x sufficiently large we obtain
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/ 3.x.hy 1
ut T2’
0 L2 L xee s
l=6’

Now consider the identity

3
®)  A=ko.(—u+l)+k, . (+2l)=— % + ("_’?) " (i)

((8) follows from (5) and (6)).

A3 B 2
Again xusl = o(%s—l) (l;=0(x®)) and iz=o(%) (because I3>1,

u

> %.x"’.’“ and ¢>0).

Then the case 4 =0 is impossible for x sufficiently large. (If 4A=0 we get that
B x. 1% h o 2.x.8: 1
i (0] " + 0 " .) Then |A|=1 (A€Z) and we obtain 05 > 5

©) B> %.x"’“‘.

The third identity we consider in this lemma is:
B=ky.[3(,— 1) . u+—13]1+k, .[31,.u+1,(5,—1,)]

Sx. by 1. (1, —1). (B—L 1y + 3
by (=3, (1 — Sl = — 2t ii) Gisliaed)

4 = 2
+0(x.ll.lz .7(12 ll)) + 0<h.212)'
u u

A 08.0,—
(We can write the first remainder term 0(x ! 21‘7( 2=h) > in this form because

one can easily see that the coefficients of u~%, u~°
L., —=1))

g Xl =1y o(x.ll.lg.(lz-—ll)) il o(x.l,.lg.(lz—z,))
7 6 u2 >

,... contain the factor

u . ol
x. 0y B.(,—1) 1, B.x'"5° > b 2
because u® > 2lemhzD2 5 (e O), (W

 =o(h/u) (¢>0) and 1}-1,12+1§;%.1§).
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Then for x sufficiently large we get B#0,

Sx. 0y 1. (ly—1). (B=11,+13) _ 1
u® 2

v

and

1 -
(10) Il";; E-xw ' m

Define t(a)=|{u € S(x?, 2x?) such that u+a is the next element of S(x?, 2x?)}|.

Then S(x®, 2x%°)= X t(a).

a=1

From Lemma 2 it follows that
xq @© 69—
T Ha)< T t@)+1, where x,=c}°.x" 5
a=1 azxg
69p—1
(to every a<ci/®.x 5 we may relate his right “neighbour”).

Then S(x?, 2x°)<2. X t(a)+1.
azxy
Let u, u+a and u+a+b, u+2a+b are two “couples” of elements of the set
S(x®, 2x®). We want to estimate the minimal distance between them. For technical
reasons we use a different notation in the following

Lemma 3. Let u—d, u—c, u+c, u+d (d>c) are elements of S(x?,2x®) and
d=0(x®?). Then there exists a constant cy such that for x sufficiently large
(d—c)®.d°2cy.x%%7 L

Proof. The proof is based on three polynomial identities. Since u—d, u—c,
u+c, u+deS(x®, 2x®) there exist integers ko, ky, k,, k3 such that ky(u—d)3,
ky(u—c)?, ky(u+c)®, kyu+d)*eS(x®, 2x°). Again we can use the Taylor-series

x x X and %
u—d)?’ (u—c)® (u+o)? (u+d3>*
The first identity we consider is

A
—=ko.(—u+2d—c)+ky.(u+d—2c)+k,.(u—d+2c)+k;.(—u—2d+c)

2
—r)3 3 3
2x.(d cl .(d+0) (x.(d—u:) .d ) (:2>

expansions of

u

—_ 3 33
(The reason to write the first error term in the form O M is that the

coefficients of u~?"*1 are 0, of u™2"—(4n—2)x.[(n—2)d*" 2 —(n—1)d*" 3¢
+(n—1)d.c* 3—(n—2)c*"?] and all of them contain the factor. (d—c)*.)
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- (d—-c)83,d3 ((d uc)a ) (d=0(x*)) an d L. (LW) (in (9)

u u

1
we proved that (d—c)*= e x3*~! and d=1).

Then for x suﬁ'lciently large A#0, |A]=Z1 (¢ and 2deZ) and
2x.(d—c)?.(d+c)

u6

(%
Bl

s

(11) (d—c)’.dg%.x""".

The second identity is

g=ko.(—3(c+d)u+5d2+50d—4c2)+k1.(3(c+d)u+4d2—5cd—-502)
+k,.(—3(c+du+4d>—5cd—5c*)+ky.(3(c+d)u+5d*+ 5cd —4c?)

_ 24x.(d—c)®.(d+c).(d*>+3cd+c?) + O(x.(d::)3.d5> + O(hu_zd>

u7

(The coefficients of u~2" are 0, of u~@"*D_8nx. [(n—2)d*"+(n—2)d*>""c
—@2n—1)d*>"2c24+2n—1)d*c** 2 —(n—2)d.c*" ' —(n—2)c*"] and all of them
contain the factor (d—c)>.)

a3 s N33 _ 3 g3
" @d—o°.d _ o((d 3)7 -d )andhu—zd = O(W) (this follows from

“9
d=1 and (11)).
Then for x sufficiently large B#0 and

24x.(d—c)3. (d+c) (d*>+3cd+c?) l
u’ 8

1
—c)2 d3> — -1
(12) d—c).d°= 1950 x7emL,

The third identity is

x| Q

= (ko[ —2cd . u+c(3d*> — )]+ k,[2cd . u+d(d* — 3c?)] + k,[2cd . u— d(d* — 3c?))

14xc. d‘; d—c)? D (xc .d® .l(;l—c)s)
u u

+ky.[—2cd.u—c(3d*—c?))=

c. h.d3
+o(" = d)+o( : )
u u
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(The coefficients of u=?"*V are 0, of u~2"—(4n—2)x.[(n—3)c.d*" "' —(n—1)c3d*" 3
+(n—1)c?""3d® —(n—3)c*"~'d] and contain the factor c.d.(d—c)>.)

Hut c.dﬁ.(lt(i)—c)"‘=o(c.d‘.(;l—c)3>
u u
4 (]_ 3
h.ucz.d=o(c.d u(;l c)) (see (12)

h.d? .d*.(d—c)
3 =o<f—u(8—i) (see (11)).

and

Then C#0 for sufficiently large x and

2xc.d*.(d—c) _ 1 1 -
___F(__L;E, @-0 .z 5.x"" @d>0)

In other words we have proved that, if u, u+a and u+a+b, u+2a+b are
two “couples” of S(x?, 2x®) then

13) a®.(a+b)y’=cy.x8%1
for x sufficiently large. (b=c/2, a=d—c)

Corollary 1. Let ¢p>1 /81. +’I;l;en for x sufficiently large there exists a constant c,

such that S(x®, 2x®)Sc,.x 13 .
Proof. We use that:

(14) Z t(a)=S(x°®, 2x%)
a=1
and
(15) X a.t(a)=x".
a=1
From (15) follows
® x®
z o) —.
aznt( )= §

There are two cases to be studied.
I case: a=b
Then
a2 33 X%, a2(ey/3D) . X" =g,

T (a)Scs.x'® (cs=(cs/32)3).
agzay
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II case a<b.

c
Then a®.b%= 2 .x%°71, b=b_ .= (c3/32)"/°.xB°~ V5 g=3/5 and the

32 = v
: : x®
number t(a) of the “couples” u, u+a is not exceeding b +1, ta)
éc(, Cx(1=30)5 aa/s(c6 =(32/C3)”5).
Let a,=x(8°~1/13
Then
a2
2 Ha)Scg.a3® . X173 =¢, x(F50NA3
a=1
and
x‘?
T ta)S — = x1*50/13
azay az
1+5¢

Finally we obtain S(x®, 2x°)<(ce+1).x1*59V13 1o  x'/8 But

13
1
>z @>1/8).

4. Main results

First we will prove (following an idea of M. Filaseta)

Lemma 4. Let u, u+l, and u+u,, utu,+1,eS(x®, 2x°), Il,#1,. Let
If+lz-o(u) and 1,.u,=o0(u). Then one of the following statements is true

G) I3—=Blzc,.x%%71,

@) I3—=B|<cg.x se+0=1,

Proof. There exist mtegers ko, ky such that kou?, k,(u+1,)*e(x, x+h]. (u
and u+1, e S(x®, 2x%)).

One can write the identity

5
A, = 6u(ko — ky) — 3ul, (kg + Sky) + Bk — 10k, = 2211

x. 1§
+ 0( 0 + O(h/u), (I, =o0(u)).

In the same way one can write

S51x.13
(u+u,)"

5 3 13
_ 51x6. B, O(x.luz7.u >+ O(xu 2)+0(h/u) (A,€2).

u

2=

(x ) +omm)
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Then

S1x(l — 15 IS +18 NES
A o A e X(ulﬁ 2)+0(x (;7 2))+0(" :7“‘)+0(h/u).

There are two cases to be considered
I case. A,—A,=0

Six(l3 =13 1S +18 3
Then 2209, (" h 2’)+ (" 2 “‘) O(h/u).

] But 1§ —15]> 18 +14 (I, —1,70)
an
x. (I8+15 x.(I4+18
(16) “ ’)=o( o 2’) (5 +13=o(w)
x.I3.u x. 14
(17) _ :7 L o( u62) (I, . u, = o(u)).

In this case we obtain that there exists a cg, such that

x.|[3=13 h
|':6 z‘léca-;a 1 =13l Scg. x50 1,

IT case. A;,—A,#0
Then |4, —A4,|#0. Since O(h/u)=o0(1) then for sufficiently large x we get

SixIlf =131 .1
—_— O S —
u® =2 L BT 102

np—l

(see (16) and (17)). m

Proof of the Theorem. Let 1/8<¢p<9/35. Let us divide the interval
[x?, 2x°] to equal subintervals with length [I|=cg.x1%°~ /11 where ¢, is
a constant, such that 2.c3<cj.

Let I is one of these subintervals.

Define t; — the set of all intervals [u, u,] which have the properties:

1) u and u, are consecutive elements of S(x®, 2x?),

2) u and u,€l,

6p—1 6p—1

3) lu—u,le[2i.x 5 , 2"t .x"5).

Let S,=|INS(x®, 2x°). o

We have proved that |S(x?, 2x°’)|§2‘£.,,;,‘1 t(a)+ 1, where x1=c2,x¢T

In the same way we prove that

$;<2. X ta+1, §;=2. Z |y|+1 where 2‘10<c,.

azx; i=cyo
uutacl

Let J is the integer number, such that
3_
2.’<x 165 <2.’+1
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Then

<) J @

z |til= z |ti|+ z ltil-

i=cyo i=cqo i=J+1
But
©  6p-1 @ 1 3-8¢
X 2'.x |t1|§”|a thus P |t|_—('6¢—_n———5209.x 33 .
i=cyo i=J+1 x

@
Now we want to estimate X |t and for this purpose we derive an

; i=cyo
estimate for |t

Lemma 5. Let a,, a,,..., a,, are different integer numbers in the finite interval
K with the property: for every 1=<i<j<m |a;—aj]|<P or |a;—a}|=Q. Then
m=<(K|/Q+1).2P+1).

Proof. Letg; ,q;,...,a; is the maximal set such that laij—a,kl = Q for every
1<j#k<s. It is evident that s<|K|/Q + 1. For every a;, there is no more than 2P
a;s such that Ia —a|=P. m

Let [u, u+ll] and [u+u,, u+u, +1,] are | two elements of t;, (u, u+l,, u+u,,
u+u, +1,e8(x® 2x?)nI and l,, ,e[2’x 5 2'“x ))

Let i <J. Then the conditions of Lemma 4 are satlsﬁed.

2(60—1) 769 -12
[2<220*D x5 <4.x 33 =0(x°) (9 <9/35).
691 680—9
I ou, 277 x5 I|S2¢e.x 33 =0(x°).
Cq g St
Then |Il—12|§?.2 x 5 (I, Let)
or L=l =g 2% P ¥~ L5,

Now we will prove that there are not elements of t; with equal length.
Let assume that [u, u+a] and [u+b+a, u+b+2a] are elements of S(x?, 2x?).
In (13) we proved that a*(@a+b)’=c;.x%°"! for x is sufficiently large.
0

But a<2’*'.x 5 (i<J) and a+b<|l|=cy.x1%?~ V11 Then a’(a+b)®
3—8¢ 3(6p—1) 5(10¢—1) _ .
<2¢3.x 55 *7 5 t7T 11 =2¢3.x% 7' But 2c3<c, and the assumption

lead us to contradiction.
From Lemma 4 and Lemma 5 there follows:

|t|<<lll/< 27, x0T “’5)+1).(2.c8.2-4-‘.x0+<w-ws+1)
Seyy (2712 X HETLS)
(69— 1)/5<(10¢ —1)/11, ¢;; =max (20cg/c;, 10/cy)).

J .
2 Itilézcll .(251+2l _x0+(¢—l)/5)=2cll(x(8¢—l)/33 +x9+(5¢-6)/33)
i=cyo
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and we get that
S;=IS(x®, 2x®)NI|=2(cyy +Cg) . (x B2 133 4 x0+(S0-6)/33)

c12=2(cy1 +cy).

@ ® )
IS(x®, 2x°) §<T7| + 1) .S, ZI’I-‘I- 8y S 2,5(x(6~ 5933 4 x0+(80-3)/33),

But (8¢ —3)/33< —1/35, (¢ <9/35).
Then for 1/6 < <9/35 we have proved

[S(x®,2x%)| < 2¢1 5(x(6 3933 4 x0~1/35),

Let 0=7/46.
Then

|S(x9’46, x1 l/46)| Lo - x(6- 5.9/46)/33 +0(x0)___(1 1/46<9/35)=Cl3 . x7/46 +0(x9)_
From Corollary 1, there follows
IS(x? /log X, XV46)| <cyy. X150 (T/46
Finally we use the estimate from [6]
IS(x®, 2x%)|Scys. x5,

,S(xl 1/46’ 2x1/3)l §CI6 . x(l —11/46)/5 =cl6 . x7/46' ™
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