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Hausdorff distance was successfully applied to the study of the space of all continuous functions
defined on a metric space X with values in a metric space Y. In some of the considerations of this kind
the compactness of X is essential. However various results which secem to be of interest may. be
obtained without assumption of compactness on X if we restrict to the functions “vanishing at
infinity”. Such results are presented in this paper. Most of them are motivated by the research of
Gerald Beer ([1-3]).

1. Introduction

Let X, Y be metric spaces. C(X, Y) stands for the set of all bounded
continuous functions from X to Y while Cy(X, R)=C,(X) denotes the set of all
continuous functions vanishing at infinity. Instead of saying that f vanishes at
infinity we simply say that f vanishes, or f is vanishing. A continuous function
f:X—>R is said to be vanishing if for any £>0 there exists a compact set K< X
such that |f(x)| <e for each x¢ K. A collection Q< C(X) is said to be uniformly
vanishing if to any >0 there exists a compact set K< X such that |f(x)| <e for
each feQ and each x¢K.

By d, we denote the supremum metric on C(X, Y) or Co(X). If (X, d)), (Y, d,)
are metric spaces we denote d the metric in X x Y defined by

d[(xy, y1), (x3, y;)]=max {d(xy, X)), d,(y;, y2)}-

The Hausdorff distance h, for two nonempty sets 4, B of a metric space (Z, d) will
be defined as

h (A, B)=inf{e:S,[4]>B and S,[B]> A},

where S[E] denotes the union of all open e-balls whose centers run over E.

It is well-known that when restricted to the nonempty closed subsets of Z the
Hausdorff distance defines (in general infinite valued) metric. Throughout the
paper h, namely will be used where d is defined as above and Y=R with the usual
metric. It will be usually applied to Cy(X), where the function f is identified with
its graph, i.e. with a subset of X x R. For the sake of simplicity we will write d,
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instead of h,. The symbols S,[x], B,[x], where r>0 denote open and closed balls
respectively with the center x and radius r. For a subset A of a metric space the
symbol B,[A] denotes the union of all closed balls with the radius r and the centers
running over the set A.

The following results will be frequently used:

A. For any metric space X the d,-convergence in C(X, Y) implies
d,-convergence.

B. ([4] Theorem 1) For any metric space X the d,-convergence and
d,-convergence in Cy(X) are equivalent.

C. ([2] Theorem 2) Let (X, d,) be a compact metric space and let (Y, d,) be an
arbitrary metric space. Then QcC(X, Y) is d,-totally bounded if and only if
{(x,f(x)):xeX, feQ} is a totally bounded subset of X x Y.

D. ([3] Lemma) Let (X, d,) and (Y, d,) be metric spaces. Let x be a limit point of
X and let ®:[0, 11> Y be a path such that ®(0) # ®(1). Then for each pair of positive
numbers ¢ and & there exist {f, g}=C(X, Y) such that

(i) both ¢(S,[x]) and f(S,([x]) are 5-dense in ® ([0, 1)),

(ii) g(z)=f(z)=D(0) whenever d (z, x)=e,

(iii) for every z, either f(z)=®(0) or g(z)=®(0).

2. Results

The following result is a variant of the classical Arzela-Ascoli theorem for the
space Cy(X).

Theorem 1. Let X be a metric space. A set Q< Cy(X) is d,-totally bounded if

and only if
() {f(x): feQ} is bounded for each xeX,

(i) Q is equicontinuous,

(iii) Q vanishes uniformly.

Proof. Let (i)—(iii) be satisfied. It is sufficient to prove that for any £¢>0
there is a finite e-d,-dense subset of Q. Choose a compact set K < X such that for
each feQ and each x¢ K we have |f(x)| <¢/2. The set {f/K: feQ} is obviously
equicontinuous and the set {(f/K)(x): feQ} is bounded for every xe K. Hence
{f/K:feQ} is a d,-totally bounded set by the usual compactness criterion for
C(K, R). Hence ¢-d,-dense subset {f,/K,..., f,/K} of {f/K: feQ} exists. Taking
{fi>---, f,} we have an g-d,-dense subset of {f:feQ}. Thus Q is d,-totally
bounded.

Conversely, let Q be a d,-totally bounded subset of Cy(X). We show first that
(iii) is valid. If not, then &,>0 exists such that for every compact set K there is
f€Q and xeK such that |f(x)|>¢&,. Choose an arbitrary f, €eQ. Let K, be such
a compact set that |f,(x)|<ég,/2 for every x¢ K,. Then there exists f,eQ and
a point x,¢ K, such that |f;(x,)|>&,. So

d,(f;, fi)2 [f10¢3) —=f2(2)| > £0/2.
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In this way it is possible to construct a sequence {f,} of distinct functions
belonging to Q such that d,(f;, f})>&,/2 for i, j=1, 2,..., i#j. Thus the subset
{f,:n=1, 2,...} of the totally bounded set Q is not totally bounded. It is
a contradlctlon so (iii) is proved.

The validity of (i) is obvious. Now suppose that Q is not equicontinuous at
some xeX. Then £¢>0 and sequences {f,}=Q, {x,}=X exist such that
d(x,,x)-0 and |f(x,)—f,(x)|>¢ for n=1, 2,... . Since {f,:n=1, 2,...} is
d,-totally bounded, a d,-Cauchy subsequence {g,} of the sequence {f,} exists. So
n, exists such that for each n=n, and each xe X we have |g,(x)— ng (x)| <¢e/3.
Using this, the inequality

Ign(xn) - gn(x)l é lgn(xu) - gno(xn)l + Igno(xn) = gno(x)l + |gno(x) = gn(x)l
and the continuity of g, At X, WE obtain |g,(x,)—g,(x)| <e for sufficiently large n.

Since {g,} is a subsequence of {f,} it is a contradiction.
Another criterion of d,-total boundedness in Cy(X) involving the d,-total
boundedness is the followmg

Theorem 2. A set QcCy(X) is d,-totally bounded if and only if
(i*) Q is d,-totally bounded,

(ii) Q is equicontinuous,

(iii) Q is uniformly vanishing.

Proof. Let Q be d,-totally bounded. Then (i*) follows from the inequality
d,(f, 9)<d,(f, g) which is true for each f, ge Co(X). The validity of (ii) and (iii)
follows from Theorem 1.

Suppose now that (i*), (ii), (iii) are satisfied. We prove the d,-total
boundedness of Q showing that to any ¢>0 a finite é—d,-dense subset exists.
Since Q is uniformly vanishing there exists a compact set K = X such that for each
feQ and each x ¢ K we have |f(x)| <&/2. Now for any xe€ K the equicontinuity of
Q at x implies the existence of r,>0 such that

(1) |/(x)—f(2)| <e/4 for each z€S, [x] and each feQ.

There exists {x,, X,, ..., X,} =K such that Kc u S [Ix.], where r,=r, /2. Put

§=min {¢/2, r,: 1—1 2,..., n}.

Let {fi, -..s fu} be a o- d,-dense subset of Q. We prove that {f,,...,f[,}
is also &-d, -dense subset of Q. To show this it is sufficient to prove that for each 1,
geQ the mequahty d,(f, g) <6 implies d,(f, g) <e. So suppose d,(f, g) <4 is true. If
x¢ K then |f(x)—g(x)| <e. If xe K, then there exists ze X such that d[(x, g(x)), (z,
f(2)]<é, hence d(x, z)<é and |f(z)—g(x)|<é. There exists x;e K such
that xeS,[x). Evidently ze€S,[x], so (1) implies |f(x)—g(x)I=1/(z)—g(x)l
+fIx)—f(2)l <e. So d\(f, g)<e.

Since the space Co(X) is d,-complete we obtain from the preceding theorem
and from the known criterion of compactness in metric spaces, the following
compactness criterion in Cy(X)
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Theorem 3. A set Qc Cy(X) is d,-compact if and only if it is d,-closed and
satisfies (i*), (ii), (iii).

Now a condition for d,-total boundedness of Q< C,y(x) seems to be of
interest. Note firstly that (iii) is not necessary for d,-total boundedness of Q.

Example 1. Let X=(0, o) with the usual metric. For n=1, 2,..., let
f,: X—R be such that f,(x)=0 if x<1/n or x=3/n. On the segments [1/n, 2/n],
[2/n, 3/n] let f, be linear and such that f,(2/n)=1. The set Q={f,:n=1,2,...}is
d,-totally bounded because { f,} is a d,-cauchy sequence. But Q does not vanish
uniformly. _

The condition (iii) is necessary for d,-total boundedness in certain type of
metric spaces.

A metric space is said to be uniformly locally compact, if there exists >0
such that for any xe X the set clS,[x] is compact.

Theorem 4. Let X be uniformly locally compact metric space. Let Q = C(X) be
d,-totally bounded. Then Q vanishes uniformly.
~ To prove Theorem 4 we first prove the following

Lemma 1. Let X be uniformly locally compact metric space with & such that
cl S,[x] is compact for each xe X. Let K< X be a compact set and n<6. Then
{ze X :d(z, K)<n} is compact.

Proof. Denote L={ze X :d(z, K)<n}. Let {x,} be a sequence of points
belonging to L. Let {y,} be sequence of elements from K such that d (x;, y)<n for
i=1,2,.... Since K is compact there exists a limit point of {y,}, y, € K. Without
loss of generality we can suppose that {y,} converges to y,e K. (In this case of
course {x,} will be a subsequence of the original sequence which was chosen.) If
n is sufficiently large then x,ecl S[y,]. Hence the compactness of cl S,[y,] implies
that there exists a limit point x, of {x,} belonging to cl S,[y,]. What is more we
prove that x, ecl S,[y,]. If e <d—n then there exists k such that d (y,, y,) <&/2 and
also d(x,, x,)<é¢/2. Then

d (g, Yo)=d(xo, X)+d (X Y)+d,(Vi» Yo)<n+e.

Since ¢ is arbitrary we have d(yo, Xo)<7, hence x,eL. The compactness of
L is proved.

Proof of Theorem 4. Suppose that Q does not vanish uniformly. Let
&> 0 be such that for each compact set K = X there exists fe Q and x ¢ K such that
|f(x)|=e. Choose f; € Q arbitrary and a compact set K; = X such that |f,(x)|<¢&/2
for each x¢ K,. Now let L, ={ze X :d,(z, K,)<6/2}, where § is the positive
integer from the uniform compactness of X. Since L, is compact, by Lemma 1,
there exists f,€Q and x,¢L, such that |f,(x,)|>e. Then for every point xe X

@) d(x, fox2)), (x, f(N)=max {d,(x;, x),|f(x2)—f;(x)]} >max {6/2, &/2}.

In fact, if xe Kl’ then d[(xzo f(xz»’ (x9 fl(x»] g dx(xp x) > 6/2a if x ¢ Kv then
dl(x5, f(x2)s (%, f1:N2If2(x;)=f1(x)|>¢&/2. Denoting c=max {5/2, ¢/2} the
inequality (2) implies d,(f, f;)=¢>0. Now the construction by induction in
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a natural way may be used to obtain a sequence {f,} of elements of Q with the
property d,(f;, f)=c for i#j, i, j=1, 2,... . Obviously there is no Cauchy
subsequence of {f,}. Thus Q is not totally bounded.

The Beer’s result C. on total boundedness may not be without a change
transferred to Cy(X) for arbitrary metric space X.

Example 2. Let X =R with the usual metric and fe C,(R) be an arbitrary
fixed element. Then Q={f} is d,-totally bounded but {(x, j(x)):x€ R} is not
totally bounded subset of R x R.

But we have the following result

Theorem 5. Let X be uniformly locally compact metric space. Then the
Jollowing are necessary and sufficient for Q= Cy(X) to be d,-totally bounded:

(a) Q vanishes uniformly;

(b) for each compact set K<X the set {(x, f(x)):xeK, feQ} is totally
bounded in X x R.

Proof. Let Q be d,-totally bounded. Then (a) is satisfied according to
Theorem 4. From the d,-total boundedness of Q the existence of a finite
1-d,-dense set {f},..., f,} =Q follows. Because the set is obviously uniformly
bounded on X we obtain uniform boundedness of Q on X, hence for any compact
set K< X the set {f/K: feQ} is uniformly bounded on K. So a number c exists
such that {(x, f(x)): xe K, feQ} =K x[—c, c]. Thus the set {(x, f(x)): xe K, feQ}
is a subset of a compact subset of X x R, so it is totally bounded in X x R. Thus
(b) is satisfied.

Conversely let (a), (b) be satisfied. Let ¢>0. Since Q vanishes uniformly, there
is a compact set K<X such that |f(x)]<e&/2 for each feQ and each x¢K.
According to the assumption {(x, f(x)):x€ K, feQ} is totally bounded in K x R.
So by the result C. the set {f/K :feQ} is d,-totally bounded in C (K, R). So there
are f,,...,f,eQsuch thatf,/K,..., f,/K is &-d,-dense subset of { f/K : fe Q}. Now
it is easy to verify that {f,,....f,} is &-d,-dense subset of Q.

Remark 1. A careful examination of the second half of the proof of
Theorem 5 shows that in this part no assumption on the metric space X was
necessary.

Remark 2. Moreoverin the first part of the proof of Theorem 5 the
condition of the uniform compactness was used only for proving that Q vanishes
uniformly.

Taking in account Remark 1 we obtain from Theorem 5 the following

Theorem 6. Let X be arbitrary metric space. If the conditions (a), (b) for
Qc Cy(X) are satisfied, then Q is d,-totally bounded.

The procedure used in the proof of Theorem 5 combined with result C. gives
also the following useful result

Theorem 7. Let X be arbitrary metric space. Let Q< Cy(X) be d,-totally
bounded set. Then for any compact set K< X the set {f/K:feQ} is.d,-totally
bounded.
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Proof. It follows from the proof of Theorem 5 (see also Remark 2) that
{(x, f(x):xeK, feQ} is totally bounded subset of K x R. So by the result C. the
set {f/K:feQ} is d,-totally bounded.

Note that the total boundedness of the restrictions {f/M :fe Q}, where Q is
totally bounded is not always true if M is not compact. In this direction we refer
the reader to Example 1 of [4] which may serve to illustrate such situation.

Using the criteria for d,-total boundedness, the criteria for d,-compactness of
QcC,y(X), where Q is d,-closed may be obtained. The only thing which is
necessary to guarantee is the d,-completeness.

The conditions for d,-completeness of Q<= C(X, Y) were studied in [1] and
also in [2] under certain conditions on X and Y. Applying one of them we obtain
a result which is an analogy to such a criterion for C(X, Y) when X is compact
(See [1] Theorem 1).

Theorem 8. Let X be arbitrary metric space. Let Q< C(X) be d,-closed. Then
Q is d,-compact if and only if

(1) Each d,-Cauchy sequence is d,-Cauchy;

(2) for any compact set KX the set {x, f(x)):xeK, feQ} is totally
bounded in X X R;

(3) Q vanishes uniformly.

We use the following Lemma in the proof of Theorem 8.

Lemma 2. Let X be arbitrary metric space. Let Q< Cy(X) be d,-compact. Then
Q vanishes uniformly.

Proof. The d,-compactness in Cy(X) is equivalent with d,-compactness (4]
Theorem 1). So by Theorem 1Q vanishes uniformly.

Proof of Theorem 8. Let Q be d,-compact. If {f,} =Q is a d,-Cauchy
sequence then d,-converges to a function feQ. But then {f} is d,-convergent
according to the result B. and so it is d,-Cauchy. Thus (1) is true. To prove (2)
observe that Q is d,-totally bounded so (2) follows from Theorem 5 (see also
Remark 2). The condition (3) follows from Lemma 2.

Now let (1), (2), (3) be satisfied. Then by Theorem 6 Q is d,-totally bounded.
The only thing which remains to be proved is the d,-completeness of Q. So let
{/,} =Q be d,-Cauchy sequence. Then by (2) it is d,-Cauchy sequence and hence
d,-convergent in Cy(X) because Co(X) is complete. Since by the result A.
d,-convergence implies d,-convergence and Q is d,-closed the d,-limit of {f,}
exists and belongs to Q.

Remark 3. The criterion given in Theorem 8 is obviously alsc a criterion
for d,-compactness (see Lemma 2). So Theorem 8 is a variant of Arzela-Ascoli
Theorem for the space Cy(X).

In the rest of the paper we will discuss a bit deeper the connection between
uniform vanishing of Q< Cy(X) and d,-total boundedness. We present a class of
metric spaces X in which the condition that Q= Cy(X) is uniformly vanishing for
each d,-totally bounded set Q is equivalent to the condition that the space is
uniformly locally compact.
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Lemma 3. Let X be a locally compact metric space. Let each d,-totally
bounded subset Q< Cy(X) be uniformly vanishing. Then X is complete.

Proof. Let X be not complete. Then there exists a Cauchy sequence {x,} in
X without a limit point in X. Consider two cases. First suppose that there exists
a sequence {y,}<{x,} of distinct isolated points. Define for n=1, 2,...,
f,:X>R as

f,,(x)=<l if x=y,

Then f,e Cy(X) for n=1, 2,... and the set Q={f,:ne N} is totally bounded.
The set Q does not vanish uniformly because if it is uniformly vanishing then
a compact set K < X exists such that {x,} = K. But this is impossible since {x,} has
not a limit point.

If a subsequence of distinct isolated points does not exist, then let {y,} = {x,}
be a subsequence of distinct points of {x,} each of which is an accumulation point
in X. For each n let 0<g,<1/n be such that {cl S, al:ne N} is a collection of

mutually disjoint compact sets. For each neN let f,: X—R be a continuous
function such that f(X)<[0, 1], S, [£(S. [v.)]1=[0, 1] and f(z)=0 for each z for
which d (z, y,)=¢,. Such a sequence exists according to D. Then f,e Cy(X) for
n=1, 2,... . The set {f,:neN} is d,-totally bounded but it does not vanish
uniformly for the same reason as in the first case.

A metric d on a set X is said to be convex if there exists for each x, ye X such
an element ze X that d(x, z)=d(z, y)=d(x, y)/2.

0 otherwise.

Lemma 4. Let X be a locally compact complete metric space with a convex
metric d. Then X is uniformly locally compact.

Proof. Suppose the locally compact complete space X not to be uniformly
locally compact. Then to number 1 there exists x, € X such that B,[x,] is not
a compact set. Let 0< 8 <1 be the greatest lower bound of the set of all those # for
which B,[x,] is not a compact set. Then Bj;4[X,] is a compact set. Now we prove
that there exists ye Bj;4[x,] such that B;;[y] is not compact. Suppose that for
each ye Bis4[x,] the set Bjj[y] is compact. Then, using the same method as in
Lemma 1, the set By g[B3s4[x,]] may be proved to be compact. Since the metric
is convex, it can be easily seen that Bgssg[x,]=Bjss[B3salx,]]. This is a
contradiction because Bgsg[x,] is not a compact set. So there exists x, e X such
that d(x,, x,)<& and By,[x,] is not a compact set. Continuing this way we get
through the construction by induction a sequence {x,} of elements of X and
a sequence {,} of positive numbers such that d(x,, x,)—0 if m, n— o0 and §,—0 if
n—o0. So {x,} is a Cauchy sequence. We prove that it has not a limit point. Thus
we get a contradiction which finishes the proof. So suppose x to be a limit point of
{x,}. There exists §>0 such that B,[x] is a compact set. Choose ny,€ N such that
for n=n, we have x,eB;;[x]. Let n,=n, be such that 6,,1 <6/2. Then

B,nl[xnl]cB,[x]. The set B,,"l[x,,l] as a closed subset of a compact set is compact
and it is a contradiction.



68 L. Hola, T. Neubrunn

Theorem 9. Let X be a locally compact metric space with a convex metric d.
Then X is uniformly locally compact if and only if each d,-totally bounded set
Qc Cy(X) uniformly vanishes.

Proof. If X is uniformly locally compact then the assertion follows from
Theorem 4. Now let X be locally compact with a convex metric and let each
d,-totally bounded set Q< Cy(X) be uniformly vanishing. By Lemma 3 X is
a complete metric space. According to Lemma 4 X is uniformly locally
compact space.

3. Concluding remarks

Some of our considerations for the space C,(X) with X in general not
compact enable to prove among others some results of G. Beer contained in [1].
However in the last mentioned paper C (X, Y) with X compact and Y usually
arbitrary complete metric space was considered. Putting X compact and Y=R we
have C(X, R)= Cy(X). But in general if Y=R the mentioned results do not include
those of G. Beer. There is no difficulty to avoid this unpleasant situation. The
only thing which is necessary is to substitute the space Cy(X) =(Co(X, R)) by
a space Cy(X, Y) where X, Y are metric spaces. To define such a space Cy(X, Y)
we exhibit fixed element y,eY and define the vanishing function f: X—Y as
a continuous f: X —» Y with the property that to any ¢>0 there exists a compact
set K< X such that p(f(x), yo)<¢ for each x¢ K, where p is a metric in Y. Then
Co(X, Y) is defined as the set of all vanishing functions f: X Y.
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