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Theorems and Counterexamples on Contractive Mappings
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Presented by Bl. Sendov

Theorems and counterexamples are proved about fixed dpoints of contractive mappings in
complete metric spaces. These cover all known results of this kind known to us and solve many open
problems.

1. Introduction

In the last 20 years a relatively wide study of contractive type mappings was
carried out by different authors (a good summary and detailed reference can be
found in [1]). Thus, it seems to be worthwhile examining the subject
systematically, which we do in the present paper.

One of the most comprehensible articles about contractive mappings is [1]
which contains several results as well as open problems for further study
(although we have to remark that [1] contains some mistakes: Theorems 9 and 15
are not true — see Exaple 2 below). We shall keep the definitions of [1] and prove
7 theorems and present 7 counterexamples which cover most of the possible cases
(see the “truth table” below). Some spacial cases of our theorems coincide
with earlier results, but we do not give exact references, only refer to the
summary in [1].

The paper is organized as follows.

Section 2 contains the definitions, section 3 the “truth table” and some
comments on it, finally in sections 4 and 5 we prove our theorems and give our
counterexamples.

2. Definitions

In what follows (X, d) will always be a complete metric space and T: X —»X
a mapping of X into itself. Recall that xe X is said to be a fixed point of
T if Tx=x.

Following B. E. Rhoades [1] we define the following contractive type
mappings.

(1) (Banach) There exists a number a, 0<a< 1 such that, for each x, ye X
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d(Tx, Ty)<ad(x, y).

(2) (R ak o tch) There exists a monotone decreasing function a: (0, c0)—[0, 1)
such that, for each x, ye X, x#y,

d(Tx, Ty)<a(d(x, y)d(x, y).
(3) (Edelstein) For each x, yeX, x#y,
d(Tx, Ty)<d(x, y).

1
(4) (Kannan) There exists a number a, 0<a< 3 such that, for each
x, ye X,
d(Tx, Ty)<ald(x,Tx)+d(y, Ty)].

(5) (Bianchini) There exists a number h, 0=<h<1, such that, for each
x, yeX,

d(Tx, Ty)<hmax {d(x, Tx), d(y, Ty)}.
(6) (Rhoades) For each x, yeX, x#y,

d(Tx, Ty)<max {d(x, Tx), d(y, Ty)}.

(7) (Reich) There exist nonnegative numbers a, b, c satisfying a+b+c<1
such that, for each x, ye X,

d(Tx, Ty)<ad(x, Tx)+bd(y, Ty)+cd(x, y).
(8) (Reich) There exist monotonically decreasing functions a, b, ¢ from
(0, o) into [0, 1) satisfying a(t)+ b(t)+c(t)<1 such that, for each x, ye X, x#y,
d(Tx, Ty)Sa(d(x, y)d(x, Tx)+bd(x, y)dy, Ty)+cld(x, y)d(x, y).
(9) (R hoades) There exist nonnegative functions a, b, ¢ on X x X satisfying
sup {a(x, y)+b(x, y)+c(x, y)}=i<l

x,ye X
such that, for each x, ye X,

d(Tx, Ty)<a(x, y)d(x, Tx)+b(x, y)d(y, Ty)+c(x, y)d(x, y).
(10) (Sehgal) For each x, yeX, x#y,
d(Tx, Ty)<max{d(x, Tx), d(y, Ty), d(x, y)}.

. 1
(11) (Chatterjea) There exists a number a, 0<a< 3 such that, for each

x, yeX,
d(Tx, Ty)<ald(x, Ty)+d(y, Tx)].
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(12) (Rhoades) There exists a number h, .0§h< 1, such that, for each
x, yeX,

d(Tx, Ty)<hmax {d(x, Ty), d(y, Tx)}.
(13) (Rhoades) For each x, yeX, x#y,
d(Tx, Ty)<max{d(x, Ty), d(y, Tx)}.

(14) (Rhoades) There exist nonnegative numbers a, b, c satisfying
a+b+c<1 such that, for each x, yeX,

d(Tx, Ty)<ad(x, Ty)+bd(y, Tx)+cd(x, y).

(15) (Rhoades) There exist monotone decreasing functions a, b, ¢ from
(0, o0) into [0, 1) satisfying a(t)+ b(t) + c(t) <1 such that, for each x, ye X, x#y,

d(Tx, Ty)<a(d(x, y)d(x, Ty)+bld(x, y)d(y, Tx)+c(d(x, y)d(x, y).
(16) (R h o ad e s) There exist nonnegative functions a, b, ¢ on X x X satisfying
sup {a(x, y)+b(x, y)+eclx, y)}=i<l

x,ye X
such that, for each x, yeX,

d(Tx, Ty)<a(x, y)d(x, Ty)+b(x, yM(y, Tx)+c(x, y)d(x, y).
(17) (Rhoades) For each x, yeX, x#y,
d(Tx, Ty)<max {d(x, Ty)s d(y’ TX), d(xa y)}'

(18) (Hardy and Rogers) There exist nonnegative constants g, satisfying
X7.1a;<1 such that, for each x, yeX,

d(Tx, Ty)<a,d(x, y)+a,d(x, Tx)+a3d(y, Ty)+a,d(x, Ty)+asd(y, Tx).
(19) (Zamfirescu) There exist real numbers a, 8, y, 0Sa<1, 08, 7<%

such that, for each x, ye X, at least one of the following is true:
() d(Tx, Ty)<od(x, y), '
(i) d(Tx, Ty)<pld(x, Tx)+d(y, Ty)),
(ii)) d(Tx, Ty)<yld(x, Ty)+d(y, Tx)]
(20) (Rhoades) For each x, ye X, x#y,
d(Tx, Ty)<max{d(x, y), [d(x, Tx)+d(y, Ty)l/2, [d(x, Ty)+d(y, Tx))/2}.
(21) (Ciric) There exist nonnegative functions g, r, s, t on X x X satisfying

sup {q(x, y)+r(x, y)+s(x, y)+2t(x, y)}=<i<l

x,ye X
such that, for each x, yeX,
d(Tx, Ty)=q(x, y)d(x, y)+r(x, yd(x, Tx)+s(x, y)d(y, Ty)
+ux, y)ld(x, Ty)+d(y, Tx)].
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(22) (Rhoades) For each x, ye X, x#y,
d(Tx, Ty) <max {d(x, y)s d(x, Tx)a d(ya Ty)a [d(x9 Ty)+ d(}’, Tx)]/z}'

(23) (Rhoades) There exist monotonically decreasing functions o;:
(0, o0)—[0, 1) satisfying ;_, at)<1 such that, for each x, ye X, x#y,

d(Tx, Ty)Sa,(d(x, y)d(x, Tx)+oy(d(x, y)d(y, Ty)+os(d(x, y)d(x, Ty)
+ay(d(x, y)dy, Tx)+asd(x, y)dx, y).
(24) (Ciric) There exists a constant h, 0<h <1, such that, for each x, ye X,
d(Tx, Ty)<hmax {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.
(25) (Rhoades) For each x, yeX, x#y,
d(Tx, Ty)<max {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.

It may happen that some iterate of T satisfies one of the preceding
definitions, thereby giving rise to an additional twenty-five definitions, which we
shall number (26)—(50).

For example,

air 1
(29) (Singh) There exists a positive integer p and a number a, 0<a< > such

that, for each x, ye X,
d(T?x, T?y)<ald(x, T*x)+d(y, T"y)].

Let p, q be fixed positive integers. We shall use (51)—(75) to identify those
mappings T which have the property that T?x and T ?y satisfy the corresponding
contractive condition from (1) to (25).

For example,
(64) There exist positive integers p, ¢ and nonnegative numbers a, b,

¢ satisfying a+b+c<1 such that, for each x, yeX,
d(T?x, Ti)<ad(x, T)+bd(y, T"x)+cd(x, ).

This was considered by Gupta and Srivistava with ¢=0 (see [1]).
It may happen that the particular iterate of T in (26)—(50) depends on the
point in the space. These are Definitions (76)—(100) which refer to mappings that

are locally contractive. For example,
(76) (G useman) There exists a number a, 0<a<1, such that for each xe X

there exists an integer p(x), such that for each ye X,
d(T?¥x, T*¥y)<ad(x, y).

Finally, the iterate of T may depend on both x and y, giving us definitions
(101)—(125). For example,

(103) (Bailey) For each x, ye X, x#y implies that there exists an integer
p=p(x, y) such that

d(T"x, T*y)<d(x, y).
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Beyond these conditions we introduce some further ones. The first is the
“empty assumption”:

A,y: There is no further condition.
The next two might be

B,: T is continuous,

B,: T is uniformly continuous.
It turns out, however, that B, and B, do not help anything (except possibly at the
unsolved (90)): If any of the conditions (i) (i#90; 1 <i<125) plus B, or B, ensure
a fixed point then condition (i) alone ensures a fixed point, as well. In fact,
we have to remark only that in all of our counterexamples used at a condition
(i)+ A, the mapping T is uniformly continuous and thus it works also for the
condition (i)+ B,.

A significantly stronger assumption is

A,: T is continuous and {T"xy}= has a cluster point for an x,eX.
Finally, let

A,: X is compact and T is continuous.
Clearly, this is the strongest one of our additional assumptions.

3. The “truth table”

This is the table shown by Fig. 1. It contains 25 rows, one for each of the
basic conditions; 3 columns corresponding to assumptions A,, 4,, 4, and in each
column 5-5 subcolumns. Thus, an element or box of our table is determined by
a triplet (i, A;, k), where 1<i<25, 0<j<2, 0=k=4 and refers to the condition
(k-25+i)+A;; e.g. (1, A,, 3) refers to the condition: X is compact, T is
continuous and for each xe X there is a p=p(x) such that for all ye X we have
d(T?x, TPy)<ad(x, y) where 0<a<1 is a fixed number.

Every box of the table contains a letter and a number. The letter is always
f or t according to the falsity or truth of the following statement: the
corresponding condition ensures the existence of a fixed point. The number
indicates which of our theorems or examples cover the case in question. E. g. the
element (1, A,, 3) is t* and this means that condition (3-25+12)+ 4,, i.e.
(87)+ A, ensures a fixed point and this follows from Theorem 4. Similarly, since
the element (23, A,, 2) is f we get that conditions (73)+ 4, does not guarantee
any fixed point, and a counterexample is exactly Example 2.

Naturally, many cases are covered by more than one theorem or example.
We also remark that our theorems and examples, as well as their methods can be
used to settle many other problems concerning contractive type mappings.

There are 9 question marks in our table denoting those cases which we could
not solve. The -most interesting one is the following problem:

If {T"xo}2- has a cluster point for some x,€ X and if for all, x, ye X, x#y
we have

d(Tx, Ty)<max{d(x, Ty), d(y, Tx)}.

then does T have necessarily a fixed point?
(We conjecture that the answer is negative.)
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Finally, we mention that the answers to the questions of B. E. Rhoades [1]
concerning conditions (25, 4,, 0), (95)—(100), (104)—(125) (as well as to other so
far not considered problems) can be readily read out of the above table.

Ao 4, 4,

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
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4_. Theorems

Before giving our theorems and their proofs we remark that if below there is
a fixed point at all, then this fixed point is always unique. The proof of this
requires very simple computation in each cases, we omit the details (see also [1,

p. 267)).

Theorem 1. Let a: [0, c0)—[0; 1] be monotonically decreasing with a(t)<1
(t>0). If for some positive integers p, q we have

(1) d(T?x, T)=<a(diam {x, T*x, y, T%})diam{x, T?x, y, T},
then T has a fixed point z and T"x,—z for every xo,€X.
In particular, if 0<a<1 and
d(T?x, T%)<adiam{x, TP?x, y, T},
then T has a fixed point (see [1, Theorem 11]).

Proof. Let xoeX and let x,,.;=Tx, (n=0, 1, 2,...). If Tx,=x, we are
over, so let Tx,#Xx,. First we prove that

D
2 D,=diam {xq, X;,..., X} < —2 1

1—a(D,)
for every n. (2) is certainly satisfied for n<p+gq, thus it is enough to prove (2) for
n+1=p+q assuming its validity for n. If D,,,<D,, then we can use the
induction hypothesis. If, however, D,.,>D,, then D,,,=d(x,+;, x;) for some
i<n. We state that here i<p. In fact, from i=p we get

d(xn+ 1 xi)éa(Dl) max {d(xu+ 1 xn+ 1 —q)9 d(xn+ 1 xl'-p)a d(xn+ 1—-¢ x,'),
d(xu+ 1—¢q xi—p)a d(xi—pa xi)},
and so, by D,;>D,,
d(er- 1s xi) <max {d(le- 1> Xn+1 —q)x d(xn+ 1> xi—p)},
which contradicts the choice of i.
Thus, i<p and we get
Dn+ 1 _—<_d(xia xi+q)+d(xn+ 1s xi+q)§Dp+q+a(D1)diam {xn+ 1 xn+ 1—-p> x,-, x;.,.,,}
éDp+q+a(pl)Dn+ 1

D
<_‘pta
n+1= l_a(Dl)’
and this completes the proof of (2).
Our next aim is to prove that {x,} is a Cauchy-sequence. Let ¢>0 be

arbitrary, k, [, n natural numbers, n, =n(p+q)+k, m, =n(p+q)+land for 1 Si<n
we define n; and m; inductively by

by which
D

Niv1, Miyq€{n, n,—p, m, m;—q},

d(x )=diam {x, , Xu,-p» Xpm,> Xpm;—q} = d;

niv1 Xmiyy
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Using (1) we get
d(xn(p+q) +ksXn(p+q)+ VSaldy)d, < o(d,)o(d,)d,

<o(d)d,)d)ds < ... < Qﬁ a(d,)) d,.
=1-

If, here, we have d;<e¢ for some 1<i<n, then we have also

d(xn(p+q)+b xn(p+q)+l)<8'
If, however, for every 1<i<n we have d;=¢, then

Ad(Xpp+q)+10 Xnp++1) = ((e))"d, < K(o(e))"

(see (2)) which is less than ¢ if n= N =N(e). Since k and ! were arbitrary, {x,} is
indeed a Cauchy-sequence.
By completeness, there is a ze X with x,—z. As

d(T*z, z)=lim d(T ?z, x,+,<a(d(z, T"z)) lim supdiam {z, T?z, x,, X,+4}

=o(d(z, TPz))d(z, TPz),
we have necessarily T?z=z. If it were Tz#z then for some i<j we would have
O<diam {z, Tz, T?z,..., T? 'z}=d(T'z, T/2)=d(T*(T'z), TYT*~™MTz))
<o(d(T'z, T’z))-diam{z, Tz,..., T? 'z},
which is clearly impossible unless z=Tz; thus Tz=z and the i)roof is complete.

Theorem 2. Let o (0, ©0)—[0, 1) (i=1,...,5), Tiaft)<1 be monotonically
decreasing functions and p a natural number. If for each x, ye X, x #y we have with
d=d(x, y)

d(T?x, T?y)<a,(d)d(x, T?x)+ay(d)d(y, T y)+as(d)d(x, T?y)
+ o (d)d(y, TPx)+oas(d)d(x, y),

then T has a fixed point z, and T"xy,—z for every x,eX.
This is Theorem 7 in [1].

Theorem 3. Let X be compact, T continuous. If for each x € X there is a natural
number p(x) such that for every ye X, y#x we have

() d(T*™®x, T*Py)<max{d(x, T"™y), d(y, T**x), d(x, y)},
then T has a fixed point z, and T"x,—z for every x,€X.

Proof. We prove Theorem 3 in some steps.

I. First we claim that Theorem 3 holds for finite X. In fact, in this case there
is a point xe X and an n with T"x=x, so—as we can restrict ourselves to the
powers of x — we may assume that X ={x, Tx,..., T" !'x}. If x was not a fixed
point of T then we would have n=2. There is a point x, € X such that one of the
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members, say x,,, of the sequence x, ,,:=T?*’x, (r=0, 1, 2,.. ) coincides with x,.
Let d=max {d(y, x;)lye X, 0<i<m}. For some ye X and 0<i<m, d=d(y, x;) and
in the case n>2 clearly d(y, x;)>0. By the choice of the sequence
{x,}r=o x;= T ?*/x; for some x; and there is also a ze X with T®#*)z=y. Since
y#Xx;, z#x; is satisfied as wefl, so (3) can be applied and we obtain

d=d(T %?x;, TP*Pz)<max{d(x, y), d(z, x;), d(z, x;)}

which is a contradiction, since the right hand side is at most d. This contradiction
arose from n>2, thus n=1, i.e. x is a fixed point of T.

II. Let us turn to the general case. If TPx=x for some xe X and p>0 then
I can be applied, thus in the following we shall assume T ?x#x for all xe X and
p>0 and we shall arrive at a contradiction.

Let us fix an x in (3), and let n< 1/6d(x, T *®x). By the continuity of T there
is a 0<d<n such that for d(x, z)<J we have d(T?®x, T?¥z)<n and so for z,
ueUyx):={ye X |d(y, z)<d} we get

d(TP®z, TP®Y)<d(TP™x, T?¥z)+d(T ™ x, T"u)<2n
1

@  =s4ssWx, TPx)—n 1)< 3 (s, TH)—d(x, )

1
—d(TP™®x, TPYz)< %d(u, TP¥z) < 5 max {d(z, T?™u), du, T"™z), d(z, u)}.

By (3) and by the continuity of T to each y#x there is a neighbourhood U, of
y and a neighbourhood V, of x as well as an 0<a,<1 such that for ze V, and
ueU, we have

(5) d(T?¥z, TP®u)<a,max {d(z, T?®u), du, T*¥z), d(u, z)}.
The open sets U, (y # x) cover the compact set X\U(x), so we can choose a finite
covering in, 1<isn of X\Uyx). If zeUyx)n(NF=, Vyi)= W, then for
ue Uy x) by (4), and for ue X\Uyx) by (5) the inequality

d(T "z, TP®y)<Bmax {d(z, T"®u), du, T*®z), du, z)}

holds with f=max {1/2, &y 5 Hysene ,ayn} <1, i.e. we can choose as p(z) the value
p(x) for all z in the neighbourhood W of x. The compactness of X guarantees that
there is a finite covering U7Z 1Wx,~ of X, and this yields at once: There is a finite set
P={p,, ps,..., px} of integers and an a<1 such that for every xe X there is
a p(x)e P for which

(6) d(T*@x, TPPy)<amax{d(x, T"™y), d(y, T"¥x), d(x, y)}

holds true for every yeX.

ITII. Now we proceed on by showing that (under the assumed hypothesis
TPx#x for xe X, p=1) a finite X* and a T*: X *—> X * can be constructed so
that they satisfy (3) and T * has no fixed point. This is in contradiction with I, and
this contradiction proves Theorem 3.
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Let £>0 and X, be an ¢-net in X, i.e. d(x, y)>¢ for x, ye X,, x#y but for
every ue X there is an x,€ X, with d(x,, u) <e. Since X is compact, X, is finite. Let
T,: X,— X, be any of the mappings which satisfy T,y=xTy, i.e. T,y is one of the

nearest points of X, to Ty. Clearly, d(T,y, Ty)<e for all ye X,. Since x is compact
and T is continuous on X, T is also uniformly continuous and this gives easily the
following: to every n>0 there is an £¢>0 such that with X,, T, as above

) d(T"ix, (T)Pix)<n
for all xe X, and p;eP.
Our next aim is to choose n suitably. Let
d= inf max {d(x,T?®y), d(y, T?¥x), d(x, y)},
(8) x._.yex
d,=inf d(x, Tx).
xe X
There is a sequence {x,, y,} with
d=lim max {d(x,, T"*"y,)), d(y,, T"*"x,), d(x,, y.)}

and, by compactness, we may assume x,—x € X. Since P is finite, we may assume
also that p(x,)=peP for all n. Now d=0 would imply d(x, T?x)=0, but we
assumed x# T Px; thus d>0. A similar argument gives d,>0.

After that let a<f<1 and let >0 be so small that

© (B—a)d—nf—2n>0
be satisfied. To this n let 0<e<(1/2)d, be chosen according to (7) and let us
consider X *=X,, T*=T,. by (6), (7), (8) and (9)
d(( TJ"(")x, (T,)”(")y) < d(T ”(")x, T”"‘)y) o+ 2,,
<amax {d(x, T?@y), d(y, T"™x), d(x,y)}+2n
< Bmax {d(x, (T)®y)—n, d(y, (T)Px)—n, d(x, y)}
S Bmax {d(x, (T)*™y), d(y, (T)"x), dx, y)} (x, yeX,),

i.e. X,, T, satisfy the hypothesis of Theorem 3. We have to remark only that since

d(x, T,x)=d(x, Tx)—d(Tx, T,x)=d,—e>0 (xeX),

T, does not have a fixed point.

Finally, let us prove that T"x,—z for every x,€ X where z is the fixed point
of T. Applying (3) to x=z we get with p=p(z) d(z, T?y)<d(z, y) for every y+#z.
Clearly, it is enough to prove that if x,=T"Px, then x,—z as n— oo (apply then
this to xo, Txg,..., TP~ 'x, separately). By what we said above d(z, X,+1)
<d(z, x,). Let a=inf d(z, x,)=lim, ,d(z, x,). We have to prove a=0. If we had
a>0 then, by compactness, we would get a z'#z and a sequence x,, with x, —2'
(k— o0). The monotonicity of {d(z, x,)}s-o gives then a=d(z, z')=d(z, T z’) which
contradicts the above mentioned inequality. '
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Theorem 4. If x <1 and to every x€ X there is a natural number p(x) such that
(10) d(T*¥x, TP¥y)<amax{d(x, T*™y), d(y, T*¥x), d(x, y)}
holds for every ye X then T has a fixed point z, and T"x,—z for all x,eX.

Proof. Let x,eX and x,=T"x, (n=1, 2,...). First we prove that x, is
a bounded sequence. Let p=p(x,) and

1 4
K= maxd(x,, x;)+ M.
1sisp 1—a

We prove that d(x,, x,)< K. This is true for n=1, ..., p and we can proceed on by
induction: assuming n+1>p, we have

d(xg, Xp+1)Sd(xg, TP*0xo)+d(TPx0x,, TPx0x,, _,)
<d(xy, TP?xo)+amax{d(xy, T?Xp+1-p)s dXn+1-p> TPXq), d(Xgs Xn+1-p)}
<2d(xy, TPxo)+oamax{d(xg, T Xp+1-p) d(Xgs Xn+1-p)}-
If here d(xg, TPXp+1-p)Zd(Xg, Xn+1-p) WE get
2d(xy, TPx,)

<K.
1—a =K

d(x01 Xn+ l) é

If, however, d(xg, Xp+1-p)>d(xg, T?Xn+1-p) then we can use the induction
hypothesis and obtain

d(x09 Xn+ l) é 2d(x0’ Tpxo) + ad(xo’ Xn+1 -p) é 2'd(xo’ Tpxo) + aK é K’

i.e. in any case d(x,, x,)=<K.
Next, we prove that {x,} is a Cauchy-sequence. Let y,=x, and
Ym+1=TPmy  (m=0, 1,...). Clearly, {y,}<{x,}, and by (10)

lim supd(Ym+1, X,)=lim supd(T*Omy,, TPOmx,_,, )

n— o n—*o

<amax {lim supd(Ym+1, X,), lim supd(y,, x,.)}

by which
lim supd(ym+1, X,)<Sa"limsupd(y,, x,)S<K- a™<eg
if m is large enough; and this easily implies the Cauchy-character of {x,}.
By completeness, x,—z (n—>o0) for a ze X. Using (10) we get
d(TP?z, TPIx)<amax {d(z, Xp+pz)s dX,, T??z), d(x,, z)}

and letting here n—co we get that T?®z=z. Applying Theorem 3 to the subspace
{z, Tz, T?z,..., T?®~ 1z} and to the restriction of T to this T-invariant set we get
that z is a fixed point.
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Finally, the last statement of Theorem 4 follows very easily from (10) (see also
the end of the previous proof).

Theorem 5. Let X be compact and T continuous. If for each x, ye X, x#y
we have

d(T?x, TPy)<d(x, y)

for a certain p=p(x, y) then T has a fixed point.
Curiously enough, here {T"x,} need not converge to the fixed point.

Proof. From the compactness of X, and from the continuity of T it follows
that there exists a ze X with

a:=d(z, Tz)=inf (x, Tx).

xe X
If a#0, then
a<d(T?*T9z, TTP=T92)=d(TP=T9z, TP=TITz)<d(z, Tz)=a
and this is a contradiction. So a=0, and z is a fixed point of T.

Theorem 6. Suppose that there is a monotone ~decreasing function a:
(0, c0)—[0, 1) and for each x€ X an integer p(x) such that for all ye X, x#y
we have

d(T?9x, TPFy)<a(d(x, y)-d(x, y).

Then T has a fixed point z and T"x,—z for every x,eX.

Proof. Let x,eX and consider the sequence {x,, Tx,..., T"Xy,...}. If
there exist integers i, j, such that i#j and T'x,=T/x,, then this sequence is
periodic. Let the period be Z={x§, x¥,..., x¥}, where

x¥=Tix% if i#n+1 and T"*'x§=x3.

In this case the statement follows from Theorem 3.

a.) We claim that the sequence {T "x,} is bounded. Let s be any fixed integer
satisfying 0<s<p,=p(x,), and let dy=d(x,, TPox,). Then

d(T*P0**x,, TPoxy)<o(d(T* VPo*sx,, x.))-d(T*~VPotsx = x.).

If d(T* YPo*sx,, x,)<d,, then

(11)  d(T*Po*3x,, xo)Sd(T*P0**x,, TPoxg)+d(TPox,, xo)<dy+d,=2d,.
If, however, d(T*~YPo*sx x,)=d,, then

d(T* 0" %x, xo)Sd(T*P0**x,, TPoxo)+d(TP0x,, X,)
(12)
Sa(do)d(T* ™~ VPo*sxy, xo)+d,.

On the ground of (11) and (12) an easy induction gives
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2d, dy
1—oldy)’ 1—a(do)

d(T*Po*3x,, xo)gmax{ + d(T *x,, xo)},

which in turn implies

" 2d0 _do_ s e
d(T"x,, xo)émax{l_a(do), .=omato—1{l““(do)+d(T X 05 xo)}}.—K

.....

and this is the stated boundedness.

b.) Define the sequence xq, X, = TP*0x,, ..., X, =T?*?x_,... . We prove
that {x,} is a Cauchy-sequence. To show this let £>0, and n, be an integer, so
that for each n=nyK - («(e))* < be true. Let n>n, and m arbitrary integers. Then

At my X,)=d(TPEOF - ¥ Pp— DF PR o+ Py ) T Pm—1x, )
<a(d(Tp(xo)+ state +p(xn_2)+7(xu)+ oee +P(xu+ll— l)xo, Xy — 1))-
. d(Tp(xo)+ e P(xy Q) HP(xYF ... +P("u+ll—l)xo, xl—l)

<a(d(Tp(xo)+ et p(xy ) FP(x)F .. +p(x.+~_!)xo’ xu-—l))-

(13 '
) -a(d(Tp(on""+p(x""3)+p(x')+"'+'(x"+"'l)xo, x._z».

Cd(TPEQ* -+ Plin— )+ P+ oo 4 Pl m— x| X, 5)

k
< Il a(d(T"‘O’*""‘""--i— 1)+p(x,,)+...+p(x.+,'_l)xo’ xu-i))-
i=1

(T PEO* - Py g D¥ PR Y o P x, )
for each k=1, 2,..., n. If there exists an integer 1<j<n for which
d(TPEQ* - ¥ P j— )Y PED Y o TPt m—1)xy, x,_ )<
then (13) gives with k=j:d(x,+m, X,)<é&. If, however, we have
d(Tp(xo)+...+p(x,,..j_1)+P(xn)+"'+’(xu+m—l)xo, x._j)ga

for each 1<j<n then (13) gives with k=n that

n
d(xn+m9 x”)< I d(d(Tp(xo)+"' +p(xy_j—1)tPx)F ... +p(x"+m_l)xo, xn—i))-

i=1

“d(TPER* - Pt m=1x,, xo) S[a(e)]" K <e.
Thus, if n>n, then in any case d(X,+m» X,)<¢ and this means that {x,} is
a Cauchy-sequence. Since X is complete, {x,} has a limit z. All we have to prove is
that z is a fixed point of T, and that T"x,—z. Exactly as before we get that

lim, . ., d(T ™x,, x,)=0 for each fixed m, and so, for each fixed m: T "x,—z (n— o).
Let now m=p(z). Since

d(T??z, z)<d(T??z, TPIx,)+d(T""x,, z)
<d(z, x,)+d(T"?x,, z)=0(1),
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we get that TP9z=z and so Tz#:z would imply d(Tz, z)=d(T??Tz, T?"?z)
<d(Tz, z), which is impossible.

Finally very easy consideration gives that T"x,—z for every x,e X (see the
idea of this proof).

Theorem 7. If there is an integer p such that for all x, ye X, x#y
1
d(T*x, TPy)<max{d(x, y), d(x, TPx), d(y, TP?y), E[d(x, T?y)+d(y, T*x)l},

and if T is continuous and {T "x,}x- has'a cluster point for some x,€ X, then T has
a fixed point z and T"x,—z as n— 0. ’

Proof. First we prove that T? has a fixed point. For each xe X, if T?x#x,
then

d(T ?*x, TPx)<max {d(T"x, x), d(T*x, T?"x), d(x, TPx),
1
E[d(T’x, TPx)+d(x, T?**x)]}.

The right side of the inequality must be either d(T ?x, x) or 1/2[d(T?x, T *x)
+d(x, T?Px)]=1/2d(x, T?"x). In the second case

| 1
d(T *Px, TPx)< Ed(x, T?Px)< E[d(x, T?x)+d(T*x, T ?Px)]

and from this
(14) d(T *?x, TPx)<d(TPx, x)

follows.

Thus, for each xe X, x# T”x, (14) holds. Since the sequence {T"x,} has
a cluster point, there exists an integer 0<s<p, such that the sequence
{yo=T"*xg,...,y,=T""x,,...} also has a cluster point. If there exists an integer
k such that y,,,=y,, then y, is a fixed point of T”. If, however, for each n,
Ya#Vn+1, then (14) gives ‘

d(y,,+1, )’..)=d(T2",Vn—u prn—l)<d(prn—b yn—1)=d(yn’ yn—l)’

i.e. the sequence {d(y,+ 1, ¥,)} is monotone decreasing. Call its limit d. Let z be the:
cluster point of {y,} and let { y,,k} be a subsequence which converges to z. Clearly

d(ynk+1! ynk)—’d(sza Z)=d
d(yn,;+2’ Ynk+1)—’d(T2'Z, sz)=d’

so taking into account (14), we get d=0, by which z is a fixed point of TP,
Since

d(Z, y,.)=d(T"Z, prn—l)<max {d(z9 yn—1)9 d(Z, sz)) d(yn—l: prn—l)’

(k— o0)

1
E[d(z’ prn— 1)+d(yn— 1 TPZ)]}
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it follows that
d(Z, y,,)<max {d(z’ yn—l)a d(yn—l’ yn)}

By induction (take also into account the monotonicity of {d(y,-, y,)}) we get

d(Z, y,,)<max {d(Z, yn—k)a d(yn—ka Yn—k+ l)}
for each k=1, 2,...,n, and so d(z, y,,k)-vo (k—o0) and d(y, -, y,)—0 (n—00) give
lim,. ,y,=z.
Now let d; =sup; ;j-o
such that

d,=d(T'z, Ti2)=d(T'*?z, T*?Pz)<max {d(T'z, T’z), d(T'z, T**z),

p—14(T 'z, T’z). If d, #0 then there exist integers i, j

d(T'z, Ti*rz), %[d(T"z, Ti*P2)+d(T'z, T P2)}=d(T'z, Tz)=d,

which is a contradiction, so d,=0 and Tz=z. Now lim,.,y,=z and the
continuity of T yield easily that lim,.,T"x,=z.

Theorem 8. Let X be compact and T continuous. If there is an integer p such
that for all x, yeX, x#y
d(T?x, TPy)<diam{x, T?x, y, TPy}
then T has a fixed point z, and for every xeX lim,., T"x=z.

Proof. Clearly, it is sufficient to show that there exists a fixed point z of T’,
and for every x,eX lim,. ,T"x,=z (see Theorem 1).
Now, define the sequence of sets as follows

Xo=X, X,:1=T"X, (n=1, 2,...).

From the continuity of T and from the compactness of X it follows that X, is
compact (n=1, 2,...), X+, X, thus p#Z:=n;>, X,, TPZ<Z furthermore,
Z is compact. Let z,e€Z be arbitrary. There exists a sequence {x,}, such that

P |

x,€X,, and z,=T"x,n=1,2,.... Let {x, } be a convergent subsequence of {x,}
and let lim,‘_.wx,,k=xo. Then, clearly, xo€Z and T?x,=z,. This proves
(15) TPZ=Z.

If diam Z#0, then there are points z,, z,, z5, z,€Z, such that

diam Z=d(z,, z,), z,=T?%z;, z,=TP"z,,
but then

diam Z =d(z,, z,)=d(T"z;, T?z,)<diam {z;, T?z,, z,, T?z,} <diamZ

would hold, which is a contradiction, so diam Z =0.
What we proved is that

Z={Z} =ﬁ:,n-_-1X",

thus lim,_ T ?"x, =z for every x,€ X and (15) gives that z is a fixed point of T?.
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5. Examples

Example 1. There is a compact metric space X, a continuous mapping
T:X-X and an a<1/2 such that
(i) for every xeX there exists a p(x) satisfying

d(T™x, TPy <afd(x, T"x)+d(y, T"™y)]

for all yeX,
(ii) T does not have any fixed point.

Proof. Let X={x,,..., x,} be a set, and define the symmetric function (not
metric!) dy(x, y) from X x X into the integers as follows. Let d(x, x)=0 for all
xeX; if x or y is contained in the set {x,, x,, X5}, then let d,(x, y) be the integer
shown by Fig.2; finally, if x and y are not contained in {x,, x,, x,}, then let
dy(x, y)=10. Define the map T from X into itself by

Tx;=x;4+y if i#7, and Tx,=x,.
Let p(xl)= 1, P(xz)= 1, p(x3)=5a dx4)=49 P(x5)=5, P(x6)=3, p(x7)=2. We claim
that for each x;, x;
(1) do(TP50x,, TPx)<max {dy(x;, T**x), do(x;, T"*x)}.
Remark that for each i=1,..., 7 T?x,e{x,, x X X3}, so it is sufficient to show
the inequality (1) for such x;’s, , for which x; or TP*)x is contained in {x,, x,, X5},
since the left side of (1) is always less than 10 We sha.lll prove (1) only for i=4, the

other cases can be similarly proved. By definition TP*4)x,=x,, thus we have
the table:

X; the left side of (1) the right side of (1)

Xy dy(x, x5)=3 dy(xy, x4)= 4
X, dy(xy, X6)=3 do(x;, xg)= 6
X3 do(xy, xq)=35 do(x3, x,)= 6
Xq dy(xy, x,)=0 dy(x,, x)= 4
Xs do(xys x5)=3 do(xs, X5)= 5
X6 do(xy, x3)=4 do(x3, xg)= 7
Xq do(xy, xz)=4 dy(x4, x4)=10

which proves our assertion. Now let

240y §f
di(x, y)= { ey

if x=y x, yeX.
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Fig. 2

For each i, j
zdo(rl’(xi)x,..r Pxix ).

0 }§2"‘““‘o (TPEDx).dg. (T Pz} =1

d,(T p(x,-)x'_, T p(x,-)xj) = {

(2
1
< 3 [dy(x;, TPx)+ d,(x;, Tp(x")xj)],

where we used (1) and the fact that dy(x, y) is an integer for all x, y. Let K be an
integer with K>max, . xd,(x, y) and let d(x, y)=d,(x, y)+K if x#y, and
d(x, x)=0 (x, ye X). Then d(x, y) is already a metric on X, and (2) gives for
each i, j
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1
AT Pex, TPHIx)< 3 [d(x;, TP*Px)+d(x;, T"*x)]

(take into account that 1=<p(x)<7 and thus d,(x; T?*’x)#0 for all i and j).
Since X is finite, there exists a real number 0 <a<1/2 such that for each i, j

d(TP*0x,, TPx)<afd(x;, TP x)+d(x; TP*x)].
Thus, T satisfies (i), and obviously T has no fixed point.

Example 2. This is a very simple one: X ={x,, x,}, Txo=x,, Tx,=x,,
d(xy, x,)=1. Then T has no fixed point and if p=1, g=2, x#y then we have
d(T*x, T)=0.

Example 3. There is a compact metric space X, a continuous mapping

T:X—X and an 0<a<1/2 such that
(i) for all x, ye X there exists a p=p(x, y) such that

d(T?x, TPy)<ald(x, T?y)+d(y, T"x)],
(ii) T does not have any fixed point.

Proof. Let X={x,,...,Xs} be a set, and dy(x, y) be a function from X x X
into the integers as is given in Fig. 3., with dy(x, x) =0 (this d, is not a metric yet!).
In the following we use the index in x; modulo 6. Let T be a mapping from X into
X given by Tx;=x;+, for each i, and let p(x, y)=p(y, x), p(x, x)=1,

p(xo, X1)=3 p(xy, x,)=2

p(xo, x3)=3 plxy, x3)=1

P(xgs X3)=2 D(xy, x4)=2
p(x;, Xi+j)=P(xy, X1+ if i is odd and j=1, 2, 3
p(x;, Xi+j)=P(xg, xj) if i is even and j=1, 2, 3.

One can easily see that this is a correct definition and for each i, j
1
(3) do(T Pixi¥x;, T PXi%idx)) < §[d°(x” TPe*x) +do(x;, TP=%Px)].

Notice that in each case neither term on the right side of (3) vanishes. Now
let d(x, y)=dyx, y)+101 if x#y, and d(x, x)=0 (x, yeX), where
101 > max, ;. xdo(x, y). Then d(x, y) is a metric on X, and for each i, j (3) holds as
well for d. So there exists a real number 0 <a<1/2, such that for every i, j

d(TP=e*Px,, TP ix)<ald(x;, TP Px)+d(x;, TPr*Px)),
i.e. T satisfies (i), and since T does not have a fixed point, our proof is over.

Example 4. There is a complete metric space X and a continuous mapping
T:X—X such that

(i) {T"x,} has a cluster point for some x,€ X,

(ii) to every x, yeX there is a p=p(x, y) with
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dolxg.x,) =100

dolxg,x3)=8

dolxq,xg)=8

dolxg,x,) =8

dolxy,x,) =10

dolx,.xg) =100 dolxy,xz) =1

dolx,.xg) =10

dolxg.xy) =10

dolxz,x,)=8

dolxy.xg)=8
dolxy.x,)=1

dglx;,x4) =100

Fig. 3
1
d(T*x, T?y)= 5d(x, ),

(iii) T does not have any fixed point.

Proof. Let X=uU®2,Y; be a subspace of R? where

Y0={y(10)’ yg))""}’ Yi={y(li)’ yg)w"aygl)i (l=1, 2a-~-)a

1 1 N 1 1 1
E IR 4.+, YW=, 1+ ..+ i, k=

% (o, I+ + +k) yi (2'+* +5+ +k) G, k=1, 2,...),

and let m, =1, m,,,=22",r=1,2,...and d is the usual Euclidean distancé on R?
(see Fig.4.). Let T be defined by :
Ty =32, (k=1, 2,..);

b_ yi if k<m,
Tk {y‘,‘“’ if k=m,
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Obviously
. X is complete;
. T is continuous;
. T does not have any fixed point;
y9 is a cluster point of {T"y{"}.

SO -

e
Y:S) y(Z) y:n

Fig. 4

Let now x, ye u~, Y.. Then for some r x, ye Ui, Y, and if r is the smallest
such number then obviously

) d(x, y)2 2%

and we set p(x, y)=m,,,=22"". Then with p=p(x,y) we have with
my=X5_,m;<2m,

T?x, T?ye{yf* V}hir!, -m-1
and so

, 1
PRV - | < Lz 5)

d(T*x, T?y)<
( X y) mr+l_m;¢_l<2m’+l—2

2Mr+1
(see (4)).
If one or two of x, y belongs to Y, then the argument is similar.

Example 5. This is the following simple one: X = {x;}{2 , d(x;, x;)=1+1/i"j
(i#j) and Tx;=x;4+, (i=1, 2,...).
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Example 6. There is a complete metric space X and a continuous mapping
T:X—X such that
() {T"xo}21 has a cluster point for some x,€X,
(ii) for each x, yeX, x#y

d(Tx, Ty)<diam{x, y, Tx, Ty},
(iii) T does not have a fixed point.
Proof. Let

X=Wu@u, Y)u(u,Z)vY uZ,,
W={..., Wepserrs Wz, Wy, Wiy, Wy},

Y, ={/"}5% 1, Zw={25°°’}§°=n Yi={Y$‘)}§=b Z,={z{}j=1.

- {{Wﬁ v {Mizj} v () if j>1
w2z —jtu{zz) i js-1,

where w, for j= + 1 is understood to be the empty set. Clearly, U;.oS;=X. §; can
be taug{lt as the “j-th lelvel” of X (see Fig.5.). ’
Before giving the metric d we define T. Let

TyP=yP, (j<i); TyP=wi4, (i=1,2,...)
Tw,=2{"" (i=2,3,...); Tz =20, (j<i)

Tz =w_;—, (i=1,2,...); Tw_;=yP (i=2,3,...)

Ty = Y2 TZ™ =22 (i=1,2,...).

The action of T is shown in Fig.5.
After these we define d(x, y) for each x, ye X. Let x, =y{", and x,.,=Tx, for
’l=1, 2,... B
Clearly, {x,};=X\(Y,UZ,). Let now x, yeX.
a)If xeW, yeY_,UZ_, let d(x, y)=3.
b) If xeW, y¢Y, UZ,, say x=X,, y=X,, m#n, let d(z, y)=3+1/m-n.
c) If xeS;\W, yeS,\W and i#j, let

1
max {|i|, |jl}+1°

d) If x, yeS,\W, say x=yf2, y=y? or xez{), y=z{ (i, j=1, 2,..., 00 i#j), let
d(x, y)=|1/i+1—1/j+1].

By d.) each (S,, d) is a complete metric space (on S,d can be thought of as the
Euclidean metric on S, imbedded into R? as is suggested by Fig. 5) and since the
distance between points of different S,’s is at least 2 and is at most 4 (see a.), b.),
c.)), we get that (X, d) is complete.

Our definitions give easily that T is continuous, T has no fixed point and
y§® is a cluster point of T"y{" (since y{’e{T"y{"}%, for each ix1).

Finally, (ii) can be checked by straightforward verification.

d(x, y)=2+
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Example 7. There is a complete metric space X and a uniformly continuous
mapping T:X—X such that
(i) to every x, yeX, x#y there is a p=p(x, y) with

d(T?x, T"y)<—;—d(x, ¥)s

(i) T does not have any fixed point.

Proof. Let X={x;};2; <R be defined by x;=%%-, 1/j, and let T be the
mapping Tx,=X;+; (i=1, 2,...). This X and T clearly satisfy all of our
requirements. ; ,
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