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To apply FEM for an inhomogeneous liquid we need to know the explicit form and the basis of
the subspace, generated by the continuity equation. In the present work the asis is obtained in term of
fluxes and mesh stream function. Two and three dimensional cases are considered. The numerical
implementation of the basis is discussed as well as the choice of finite elements.

1. Introduction

The inhomogeneous liquid model is useful in the study of many real objects,
e.g. the atmosphere, the sea and technological processes. It is applicable, if the
density is a known function of one quantity (e.g. the temperature T or the
concentration C)

(1.1) p=p(T) or p=p(C).

For the sake of concreteness we shall consider only the case (1.1.a) when the
density is a function of the temperature. The continuity equation takes the form

(1.2) div (pV)= —0,(p)= — 07 p0,(T).

If we consider T a known function of time ¢, then (1.2) is a particular case of
the general inhomogeneity condition

(1.3) div pU=div V=H(X, t), XeR? or R3,

where H(X, t) is an inhomogeneity function, V=pU is a new variable for the
velocity multiplied by the density — mass velocity.
Arelation of the type (1.1.a) follows, e.g. from the equation of the state

(1.4) p=pRT; R is the gas constant

if the changes of the pressure p in the fluid are negligible or known in advance.
Such relation results from the Boussinesq approximation too [l1].

In particular we need the present investigations for numerical modelling of
atmospheric motions. The general meteorology models are given and discussed
in [14]. They are of the type

(1.5) DV/Dt=LV—grad p+o(V), 8,p+divV=0,
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where D/Dt is the operator of the full derivative, LV is a general energy
dissipation operator (often L = 0) and ¢ is a linear operator of the body forces.

The mathematical model (1.5) is excessively general. It describes not only
large scale motions of meteorological significance but also the high-frequency
acoustic and gravity waves. A way to filter them is to use the Boussinesq type
approximation for the continuity equation. For micro and meso-scale motions
this approach is developed in [15], [5] and for large scale one in [1]. The equation
(1.5.b) is substituted by an equation of the type (1.3). The inhomogeneity function
H is known if the temperature is considered as a known function of ¢. This point

of view is natural for numerical methods as splitting by physical processes.
‘ The approach considered could be used for environment and ecological
problems too.

To implement the finite element method for problems (1.5.a), (1.2) we need to
study the following questions: i.choice of finite elements, ii.differences  and
resemblance with homogeneous liquid case, iii.the possibility to use ideas and
codes of hydrodynamical numerical methods.

To answer these questions and to develop effective numerical methods for the
considered class of problems, we need to know the structure and the explicit form
of the basis of the space, generated by (1.2) and FEM for any triangulation.

As far as we know, the question for the explicit form of the basis for FEM in
the inhomogeneous liquid case has not been considered in the literature. Similar
questions have been extensively studied in incompressible case. A construction of
a basis for nonconforming tetrahedral FE in 3D 1s given in [2]. It is based on the
idea for mesh stream function. Another basis is constructed in [8] which used
fluxes through FE sides or faces. A numerical method based on it is proposed in
[9] and the connections between different approaches and methods are proved.
A review of the literature for FEM in hydrodynamics can be found in [13].

In the next section we formulate the problem. In the third and forth one
a basis in terms of fluxes and mesh stream functions is obtained correspondingly.
In the penultimate section comparisons with incompressible case are carried out.
The last section contains conclusions from the study.

2. Formulation of the problem

In order to study FEM (2D and 3D cases) we need to know the structure of
the space

V(H, t)y=" 5 ={V,; [divV,ép,dQ= ( Hdp,dQ, V,eV,, op,eP,},
Q Q

where X,, P, are FEM spaces for the mass velocity and for the pressure. In
particular, we have to be sure that it is not an empty set for any triangulation 7, .
The structure of these finite dimensional spaces have to correspond to the physical
structure of the space of functions, which satisfies the restriction (1.3).

This quastion has been extensively studied for incompressible liquid (H = 0)
[2], [13], [12]. It has beéen proved that the strong mass conservation is important
for the accuracy of FEM and its equivalent to piecewise continuous
approximation for the pressure. FE with continuous approximation for the
pressure has worse conservative properties [4], [11]. This causes difficulties with
the accuracy for the pressure in computations [6]. FE with discontinuous
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approximation for the pressure seems to be the best for incompressible liquid from
theoretical and practical point of view [3], [4], [13], [11]. The problems with
continuous pressure FE concern also inhomogeneous liquid because incom-
pressible liquid is a particular case of it. So we shall study only FE with
discontinuous approximation of pressure as the most promising for practical
usage. This class contains many 2D and 3D conforming and nonconforming FE
with different degree of accuracy [13], [10].
So the important case is

2.1 ¥ g ={V,, [divV,qdQ= [HqdQ, ¢€7,, qe2,},

where ¢ is any FE from the triangulation ,, g is a polynomial in X, £, is the set
of polynomials of the degree n.
If we know the structure of the space for n=1

2.2) ¥V'u={V,, [divV,dQ=H,, ce7,}, H,=[HdQ

the generalization for n>1 is standard [7].

The cases n=1 and 2 are the most interesting for the practical
implementation. We shall consider only the case of a simply connected domain
Q as being the most interesting for meteorology, although most of the results are
also true for multiply connected one.

3. Basis in term of fluxes

Consider finite element solutions from (V,, p,) with piecewise continuous
pressure [13], [10]. The discrete continuity equations are

(3.1) fdivV,dQ=2Q,=H,, Q;= [V, .ds,
e F;
where F; are faces (sides) of ¢, n is a normal to F; (arbitrary one from the two
possible but fixed for F;), Q; is mass flux through F;.
- Change the dependant variables in FE, introducing (Q;, C;) in 2D case, (C; is
the circulation- of V over F;) and (Q;, C,,;, C,;) in 3D case, C,; are C,; two
generalized circulations

Csi= [(Vy, 1,)ds, s=1, 2,
F;
where t, and t, are two linearly independent tangents to F,.
This can be done for all important for the practice FE [9].

Definition 3.1. A set # of faces of FE from I » is called Q-basis if

a) it does not contain a closed surface from 7.

b) it contains all faces F < 0Q but exactly one, i.e. if 2€ dQ and 2 ¢ & then
a=aqa, — a fixed one.

¢) it is a maximal set with properties a) and b) i.e. if # =« #' and a) and
b) hold for #' then &' =2%.

We shall call the fluxes through sides Fe % basis fluxes.
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The choice of # is equivalent to the choice of the way to solve (3.1) with
respect to some Q;. So the fluxes through sides F ¢ # can be expressed in terms of
the basis one under the conditions (3.1) and that is the reason to use the word
“basis”.

Remark 3.1. It is easy to see, that the set & is not unique and the band
width of the FE system depends on its choice.

We shall often use the notion simple closed surface (SCS) fora closed surface
without lines of self-crossing or bifurcation.

Lemma 3.1. If F ¢ % then there exists a unique SCS in 7 ,, denoted by T'g,
such that FeTp and T\ F = #B. There exists a unique Qp — simply connected
subdomain in 7, such that 0Qp =Tg.

The proof is a direct consequence of the definition.

Let ', and T, be two closed surfaces in J, with one common face at least.
Define the addmon for them as follows 'y + T, =T, UT,\(I'y nT,). This is also
a closed simple surface in 7.

We shall call I', =0¢ an elementary closed s1mple surface. For a simply
connected domain each closed simple surface in 7, is a sum of elementary closed
surfaces.

Lemma 3.2. For every elementary simple surface I',=0e I',= Z T,

FeC
C={F; Fede, F¢#} holds.
Proof If n I'y=Q then u (l"F\F)u{F Feae,FeQ} will be a closed

surface in 4, whlch is in contradlctlon with its definition. Therefore the sum
I'= X I is defined. Since F eI’y then u I'r =« I'AT,. Therefore I" and I', has

Fe C
a common side and I'+I', is defined. Consnder FeI'+T,and F¢%. If FeT', and

F¢AB, then FeCcT', because I';\Fe# by the construction of Cp. Hence
I'+T, lies in # and is a simple closed surface. But according to the deﬁnition of
A this is impossible, therefore '+ I, =@. Hence I'=T",.[J

Lemma 3.3. The set ¢ ={Ty; F¢®, I'g is defined in Lemma 3.1} is a basis in
sense of addition for the set of all closed simple surfaces in .

Proof. Suppose that the set # is not linearly independent, i.e. there exists
A< ¢ such that = I, =Q. Hence there exists 'yt = X I'y, B=A\F' and

Fe A Fe B
there exists F! % F2?, F%eB.
From Lemma 3. 1 follows, that ['z1\F ! lies in 4, hence Z [ \F! lies in 8.

But F2e X I \F' therefore F?e%, and F?eA hence F’¢Q—whlch is

Fe B
a contradiction. Hence f is a hnearly independent set in the sense of addition.
Let I be a simple closed surface in ¢, . There exists a set 4 of finite elements
from the triangulation, I'= E de, 0e — elementary simple closed surface.

Therefore the desired statement follows from Lemma 3.2.



Basis for Finite Element Schemes... 117

Corollary 3.1. The number of nonbasis fluxes are equal to the number of finite
elements in the triangulation.

Proof. Theset {I',; I, =0¢, €€, } is a basis in sense of addition for the set
of all closed simple surfaces in 4, and the number of its members is equal to the
number of FE in the triangulation. According to Lemma 3.2, the set ¢ is also
a basis of the same set, hence they possess equal number of members. The number
of members of # is equal to the number of nonbasis fluxes. (J

Remark 3.2. Lemma 3.2, Lemma 3.3 and Corollary 3.1 are true in
particular for I, =9 ,n 0Q, considered as 2D triangulation.

The nonbasis fluxes can be expressed in terms of basic ones.

3.2) Or=— Z eQs+ Z H, gg=1=1,

Gelg\F ee Qp
where ¢; =1 if the orientation of n; and outward normal to I'; are the same and
e =—1 if not.
To find a basis of ', we have to substitute (2.2) in FEM approximation
for v,.

Theorem 3.1. Let V, be a function from the space of FE approximations X, .
i. there exists unique representation

3.3) V, =V, 1 +V, 2 such that [(Vs, 1, n)dF =0 for every FeT ,;
F

ii. Let & be the set of all faces of FE in ,. For Fe& defines Hp as
Hp= [ HdQ for FE&\# and Hy =0 for Fe®A.
Q

F

The discretisation of the continuity equation (2.1) is satisfied iff
(34) Vn.z = Z QF, V)®:+Vi g Vo= T Hp®p,

FeB FeE
where Q(F, V) is the flux through the face F, @, are basis functions of FE, which
corresponds to Qp, ®r are basis function of the space ¥, (i.e. basis functions in

a homogeneous fluid case) in terms of fluxes [8] [11], Q; is the set mentioned in
Lemma 3.1 such that Q, =T.

Proof. The uniqueness of the representation (2.3) is proved as in the
homogeneous liquid case [11].

Necessity. Let V, satisfy (2.1) for every ¢€ 7 ,. Let E be the set of all faces of
FE in J,. We change the variables in ¥”, as in the homogeneous case [8], [9] and
use (3.2)

Via= Z QF, V)®p= Z Q@+ X Q0

FeE Fe B Fe E\B

(3.5) Vh,2= z QF¢F+ 2 (— 2 SGQG +HF)®F'

FeB FeE\B elp\F
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The set I'z\F lies in 4, hence only basis fluxes take part in the representation.
After grouping basis fluxes, we see that new basis functions are the same as in the
homogeneous case. Hence (3.4) holds.

Sufficiency. Suppose V, satisfies (2.4). Hence it satisfies its equivalent form
(3.5). Since ®; is the basis functxon for Qp then j'(Dp 2ds=¢50p G, O0r.¢ =0 if

F # G and épf =1. Consider Fe E\B and umquely defined Qp in Lemma 3.1.
j.diVV,,'de= IV,,.Z',,ds= A IV,,_;_,,ds=( z + z )IV,,_Z.,,ds

Qp I'p GeTp G - GelF\FcB F=G G
= I 60— I £0¢+Hp= _\'HdQ
GeTF\F GeTp\F Qg

Hence (2.1) is satisfied for every I'g, F ¢ 2. Using Lemma 3.3. we obtain that
for every ¢€ 7, its surface de is a sum of several I'r. Hence _fV,, 2,2dQ= deQ

and (2.1) holds for every ¢ ,.1

Remark 3.3. {®;} are linearly independent and the number of nonbasis
faces in J, is equal to the number of FE in . In 2D and 3D cases the bases in
term of fluxes are similar. They are with a nonlocal support.

4. Basis in terms of mesh stream function

The basis functions of the space ¥V, corresponding to mass fluxes Q; in (2.4),
are with nonloc:il carrier. So their direct use does not produce classical FEM. To
obtain basis of Vj, which generates FEM, we have to change mass fluxes
variables with mesh stream function ones. Roughly speaking, we shall do a change
of variables for {Q, };c #, to which new basis functions correspond (they are linear
combinations of the old basis functions &) with local supports. The principal
difference with a homogeneous case is that the mesh stream function depends on
the choice of the basis #. Some analogues with the theory of homogeneous case
(see e. g. [13]) will be used. We have to define paths in J,, which has to possess an
orientation to introduce the mesh stream function. The definition of the
orientation is the same as in the homogeneous case and will be only sketched.

4.1. Mesh stream function for a closed path
in the triangulation

Consider the set of all edges « of FE from J,. In 3D we shall specify a fixed
orientation of the tangent to every edge ». We will need it to define the mesh
stream function in 3D. In 2D « are the vertexes A (i. e. only the ends of the sides of
FE, not the mesh points on the middle of the sides) in the triangulation and they
need no orientation. This is an important difference between the 2D and 3D cases.

Consider an arbitrary triangulation J, of the domain Q, which consists of
triangular and rectangular finite elements (including probably both types mixed
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and isoparametric). We shall call a curve without self-crossing and bifurcations
a simple curve — SC.

Definition 4.1. Let y be a SC in J,,, which is composed by different edges of
a FE from 7 ,, taken by sign + 1 if its local orientation coincides with the positive
orientation of y and —1 if not. For the definition of positive orientation of paths
in 7, see Remark 4.3. We shall call it a path in 7. If it is closed we shall call it
a closed path (CP) in J,.

Definition 4.2. An elementary path (EP) in L is CP such that y=0F and
F is a face of a FE from 7 ,.

The positive orientation of elementary paths in 7, is defined in the following
way. Take any fixed face F,, dF, =y, —EP and specify an orientation to it,
which will be considered positive. Consider an EP y,, which possesses common
edge 2 with y, and chose its positive orientation so that the orientation of < in y,
will be the opposite to that in y,. Using this procedure recursively, we define the
positive orientation for every elementary path. It is easy to see that this definition
1s correct.

Remark 4.1. We need the orientation of a path y to define uniquely the
mesh stream function for it, see Definition 4.3.

Remark 4.2. We consider 2D plane and axially symmetric case as
a particular case of 3D one. Hence consider 2D plane or axially symmetric
triangulation as 3D one. The sides of FE will be stripes — see Fig.1 and Fig. 2.

In 2D edges of the faces of FE are the vertexes {A} from the triangulation.
The elementary paths are point sets of the type {4, , A, }, where 4, 4, is a side of
a FE. They are closed at the infinity. All curves are sets of form {A,} or
{A,, A,}, A,, A, are vertexes of J, and all are closed. The curves of the form
{A,} have always mesh stream function zero (see Definition 4.3). They are trivial
and they are not considered as closed ones.

Assume y, and y, two CP in J, with at least one common side. We define
their sum as y, +y, =y, U,\(y, N y;). It is easy to see that y, +7, is a CP too.
The positive orientation of y, +7, is correctly defined by the positive orientation
of y, and y, (see the definition of the orientation for elementary paths).

Ay

e g—
B
e

— oo AZ + oo

As

Fig. 1
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Fig. 2

In 2D the sum of two paths {4,, 4,} and {B,, B,} is defined, iff
A, =B, —{A,, B,} or A, =B, —{B,, 4,}.

Lemma 4.1. For every CP y in J , there exists a set o , of elementary paths v,
such that y=ZXy;, ie 4, the equality is understood without orientation.

The statement of Lemma 4.1 is verified directly. Usually the set ./, is not
unique.

Remark 4.3. The positive orientation of any path can be defined from
Lemma 4.1. It is easy to see, that the definition does not depend on the choice of
the set o/,. Hence the statement of Lemma 4.1 holds including the orientation
also.

From Lemma 4.1 it follows that there exists a set ¥ of sides F such that
y=0I', =y F. This set ¢ is not unique. The next theorem states that ¥ is defined

G
uniquely, if we want 4 to be a subset of &.

Theorem 4.1. Let y be a CP in F,,. There exists a unique simple (i. e. without
self-crossing and bifurcations) surface (SS) I" in F,,, such that y=0I" and I'=UF,
Fe4.

Proof. Uniqueness. Assume I'; and I', two simple surfaces in J,, T',,
I'yc® and y=0I',=0I',. Consider I'=I", uT',\(I'y nI';,). Evidently it is
a closed surface in #, which is a contradiction with the definition of .

Existence. First assume that y is an EP, i.e. y=0F. If Fe® then put '=F. If
F¢ % then according to Lemma 3.1 there exists I'; such that I';\F < #. Put
=T, \F, y=0I', T < # and T is a simple surface.

In the general case according to Lemma 4.1 y=Xy,, y;, are EP. Hence, there
exist simple surfaces I'; = # such that y;, =0I';. Put I'=(UI)\[u(;NT;)].
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Evidently I' =« # and dI'=y. From the definition of # follows, that there are no
self-crossing surfaces in it. If there are bifurcation lines in it, then oI" will be not
a path. Hence I' is a simple surface. ]

Remark 4.4. If Qis a multiply connected domain then the surface I' in & is
not unique.

We call a set o of paths linearly dependent, if one of them is a sum of others
or of a part of them.

Theorem 4.2. Let of be a maximal set of linearly independent paths in .
Then the set & is isomorphic to the set of basis faces B, i.e. there exists
a one-to-one correspondence between </ and .

The proof follows directly from the investigations in the homogeneous case
[2] and Theorem 3.1.

Now we shall define a mesh stream function for closed paths in .

Definition 4.3. Let y be a closed path in . According to Theorem 4.1 there
exists a unique simple surface I' e # such that y=0T". Fix one of the possible unit
normals ni. to I" using the orientation of y in the standard way [16]. We defined
a mesh stream function for closed paths y as

(4‘1) \P()’,V)= z sFQFy 8,.-=‘_"_1,
Fer
where &, = +1 if the prescribed unit normal n; is equal to n. and &z = —1 if not.

Remark 4.5. We need the orientation of y only to define uniquely the unit
normal n in 3D.

Remark 4.6. In the homogeneous liquid case this definition coincides with
the usual definition of the flux through the closed curve

¥(y, V)= [ V,dy, which is independent of the choice of the surface I, I =7y.

r

In the incompressible case there exists a simple connection between vector
potential and stream mesh function for closed paths.

Remark 3.7. If A is a vector potential in 3D (it is not unique), such that
V=rotA, then

4.2) ¥(y, V)= [(rotA, n)da= [(A, 1)dy, oT =9,
r b 4

where 1 is the positive tangent to y with respect to n.

Hence, the mesh stream function for closed paths in the incompressible case
can be defined only on the basis of any stream vector field A and is independent of
its choice. If V=rotA, = rot A, then for each closed curve y holds

4.3) - (A, Ddy=[(A,, 1)dy.

Theorem 4.3. The mesh stream function for closed paths in I, does not depend
on the choice of the set # iff H, =0 for every ceJ,.
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Proof. Necessity. Consider c¢€.7,. Let y be a closed path on d¢ in 7, and
0e= U F;, m23, F; are sides of FE ¢. The path y divides d¢ into two

i=1
parts — 6e, ={F,}ie,41 and aez ={F, }‘5 Ay and wmeaq (ael g aez)=0. Using
Definition 3.1 we get that there exist two bases #, and %, such that
{Fi}lica, = By, k=1,2.80y=0I', =0I',, I, =UF;,i€ A, ,k=1,2and T, and T,
are the unique surfaces mentioned in Theorem 4.1 with respect to the two bases
#, and #,. The two mesh stream functions for y are

Y. (v, V)= Z €0F, k=1, 2.

Fe l‘k

As ¥ (r, V)=¥,(y, V) then 0= X & Qp— Z &Qr=1 X Qp==H,

Fely Fer, Fe 0

Sufficiency. From (3.1) there follows that H, = X Q, for every ¢€ 7 ,. Using

Fe 0.
assumptions we get X Q=0 for every I' — CSS in J,. Therefore
Fer
(@, V)= Z &Qp= Z &Qp, where I'y and I', are arbitrary CSS in
Fery Fer, -
such that dI'; =dI', =y. Hence the definition of ¥(y, V) is independent of the
choice of surface I' and hence from the choice of %.[]

Corollary 4.1. If the fluid is inhomogeneous, i.e. H is not identically zero,
then mesh stream function depends on the choice of 4.

42. Mesh stream function for edges of FE

Now we want to establish one to one correspondence between basis fluxes
and a set of edges in . After that we shall define mesh stream function for this
set of edges. It can not be defined for all edges of FE in J,.

Definition 4.4. If X" is a maximal set of edges in 7, such that it does not
contain a closed path and possesses the maximal possible number of elements on
0Q, then it is called a set of non-basis edges.

Denote by E the set of all edges in J,. We shall call the elements of E\J¢"
basis edges. :

Using Remark 4.2, we obtain that in 2D E\ ¢ is the set of all vertexes of 7,
except one, which has to be on Q.

Lemma 4.2. For every a € E\X (basis edges) there exists a unique closed path
y, in I, such that y,2\a < X .
The proof is direct consequence of Definition 4.4.

Lemma 3.3. The set {y, }..e\x is a basis in the sense of addition in the set of
paths in T .

The proof is a direct consequence of the investigations in the homogeneous
case [2].
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Lemma 4.4. The set {T',}, .z x is a basis in the sense of addition for {Tr }res-

Proof According to Lemma 4.3 {y, }..p~ is a basis in the sense of
addition for the set of elementary paths {yp }r.s. Hence I'y can be represented as
a sum of elements of {I", },.\» . This surface is simple because of the construction
of 8.0

43. Application of boundary conditions

The statement of Lemma 4.2 is true for every maximal set of edges in J,,
which does not contain a closed path. We want )" to contain the maximal
possible number of edges on dQ to ensure the possibility of computing all mesh
stream functions unknown for edges on dQ knowing only mass fluxes Q; for faces
on dQ. To prove that and to give algorithm for practical computations we need
some examinations.

Lemma 4.5. Let E'={a, a€ E, a€dQ}. Then the set X" =X N E' is maximal
set in E', which does not contain a closed path in E'.
The proof is direct consequence of the definition of X"

Definition 4.5. We shall call sets %~ with the property, mentioned in
Issmma 4.4, set of nonbasis edges on the boundary.

In 2D the set of non-basis edges in the whole domain and non-basis edges on
the boundary coincides, i.e. {9 }={X"}. Every X" set is X" set and conversely.

Corollary 3.2. For every basis edge a€ E'\ X" on 0Q the unique closed path
Y., introduced in Lemma 4.2, lies on 0Q and y,\a.c X"

Theorem 4.4. Let « be a basis edge on the boundary Q. Consider closed path
7, mentioned in Lemma 4.2 and a simple surface T, , mentioned in Theorem 4.1. Then

i) If FeT, then FeT, i.e. T, lies on the boundary.

ii) The set of basis edges on the boundary is isomorphic to the set of FE's faces
on 0Q, except one. There exists one to one function f which maps {a; a€ E\X "}
into {F;, Fe®, Fc 0Q, F # F,} for every fixed F,€e0oQ.

iti) If we know V,|x then ¥(y,, V) is defined.

Proof. i) Let # ={F; F c B, F c 0Q}. It’s easy to see that for y, — CC on
0Q there exist unique simple surface I' = 4’ such that y, =0dI'. But #' < # and
from Theorem 4.1 follows that I'=T",.

ii) Consider I, =7, N 0Q as 2D triangulation. 3D edges in it will play now
the role of 2D sides. Consider the set of nonbasis 3D edges on the boundary.
According to Definition 4.5, Definition 3.1 and Lemma 4.5, it is a set of basis 2D
faces in . For if we apply Corollary 3.1 with Remark 3.2 and obtain that the
number of 2D FE in 7, is equal to the number of nonbasis 2D sides in 7, which
coincides with the set of 3D basis edges on dQ. Going back to 3D notations this
means that the number of FE’s faces on the boundary is equal to the number of
basis edges on the boundary.

The statement of iii) is a consequence of i) and Definition 4.4 ]
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Definition 4.6. A stream function for basic edges € E\ X is defined using
Lemma 4.2 and Definition 4.3 for mesh stream function for closed paths as
follows

(4.4) ¥ =W(a, V)=, V), a€E\X.

Remark 3.8. If H# 0 then ¥, depends on the choice of %.
Next, we have to be sure, that {¥_, « < 0Q} can be computed only on the
base of V,|0Q to apply the boundary conditions.

Theorem 4.5. The set o ={¥,: a€ E'\ X"} is a change of variables for the
set 2={Qr:F # F,, Fe 8 n 0Q} and can be evaluated only on the base of V,| 0Q.

Proof. In 2D the statement of the theorem is evident.
Using Definition 4.1, Definition 4.4 and Theorem 4.4 i), we obtain

¥ =¥y, V)=WT,, V)=Z¢,Q;, FeT, F c Q.

Hence, the mesh stream function can be computed on the basis of the fluxes
on I'.
Now we have to prove that basis fluxes on I' can be computed on the basis of
{¥, }.cw- Fix any F e 2. Consider the elementary path y,. Using Lemma 4.3 for
T ,nT we obtain that {y,},.p\» is a basis in sense of addition for the set
of all paths in J,nT. Hence there exist y,=ZXy,, & < E'\X’ and
o

W(yp)=Y(F, V)=Z¥(,).0
o

44 Basis in terms of mesh stream functions for FE faces

We shall use the notations of Theorem 3.1. The use of mesh stream function
changes only the second statement.

Theorem 3.6. Let ¥ are the basic functions of FEM for mesh stream function
variables in incompressible case [2] and V,, y is the inhomogeneous “tail” defined in
Theorem 3.1.

A function V, belongs to ¥y iff

(4.5) V’,'z S Z g, ‘P(a, V)(p¢ +VII.H’

a€E\X

where W(a, V) is the mesh stream function in ‘inhomogeneous case (see
Definition 4.3), €, is +1 if the orientation of the side a is the same as in ' and
—1 if not.

Proof. Necessity. Let V, satisfies (2.1) for every ¢€J,, i.e. [divV,dQ
=j HdQ. We want to prove that the representation of the type (4.5) exists and is

unique.
(4.6) Viz= T U ® + I Hp®.

a€E\X Fe&\@
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Fix 4e E\ X and consider y,.
Wy, Vi 2)=(, Vu)=¥0, V)= Z U Y0, ®,)+ Z Hp¥(y,, ®F)

a€E\X Fe&\@

¥(y,, ®f)= | ®f ,ds=0 since [, = # hence F¢T, for each Fe&\ . ¥(y,, ®,)

r
=0d,4¢, which is a consequence of the definition of ®, and is obtained as in the
homogeneous case. Hence W(y,, Vi2)= I U_,0.48, =U,&- Therefore

a€e E\X

&¥(y,, Vi 2)=U, for each e E\X .

From Theorem 3.1 there follows that to prove the existence of the
representation (4.6) it is equivalent to prove this for each Fe %

CY) Q= I Y., )0,

a€e E\X

which is a consequence of the definitions of ®, and ¥ and is verified as in the
homogeneous case [13].

Sufficiency. Let (4.5) holds.
fdivV,ds= T &, ¥(a, V)_[div<bbds+fdivV,,.Hds=_[V,,_H_,,ds
e e a‘

a€e E\X .
because of the construction of ®, . Hence it remains to prove that |V, z,ds=H,.

Oe
If we prove that |V, g ,ds=H for any Ge &\# than it follows from Lemma 3.3.
T'e
IOF.,,dS= j d)y',.dS‘*' I(bp'ndS:(sp_G since FGJ\Q, FF\G @B
e IG\G G
and the first integral is zero. Therefore

]'V,..H_,,ds= z HF‘SF.G:HG'D

g Fe&\@

The representation (4.5) consists only of functions with local support and
hence it generates classical FEM. Its singular feature is that it contains known
parameters H, weighted by mass flux basis functions.

5. Discussions and comments

The results of §3 and §4 show, that FE with discontinuous pressure [3], [10],
[13] constructed and practically tested for an incompressible liquid, are good for
the inhomogeneous case too.

The basis in the inhomogeneous case differs from the incompressible one by
an additional inhomogeneity term. The physical meaning of some notions and
variables changes in the. inhomogeneous case. <

The direct use of the flux form (3.4) of the basis of ¥7, is not more
complicated than in the homogeneous liquid case. It differs from it ohly by the
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term V, p, which acts only for nonbasis flux variables. The inhomogeneous
corrections H,®, contain only classical local shape functions of the initial FE.
The integrals H over Q can be computed by addition of H,, which are evaluated
in a standard way.

For a general triangulation the basis set # and the subdomains {Q; } 4 have
to be automatically computed previously as in the homogeneous case. For
triangulations, topologically isomorphic to regular grid, the explicit form of
2 and Q, are known [8], [11]. So the condensation method technique [9] is directly
applicable for the solution of inhomogeneous liquid problems.

So the idea for constructing numerical methods in velocity — pressure
approach of “divergence-free” type is applicable in the inhomogeneous case too.
The solution is obtained in terms of basis velocity variables.

The computation of the nonbasis flux variables can be performed on the base
of the knowledge of Qp and H. This is practically the same as in the
homogeneous case. The computation of V variables will be discussed later.

The computation of the pressure after the use of basis (3.5) can be done only
using the pressure restoration path [9], [11]. Note that now other path does not
yield the same result as in the homogeneous case. This remark concerns also the
basis in therms of mesh stream function.

The basis in term of mesh stream function (4.6) can be very useful if we
possess a mesh stream function package for solving 3D incompressible liquid
problems and want to generalize it for the inhomogeneous case. Although mesh
stream function’s variables are with different meanings, only the “tail” V, gz has
to be added to the existing code. This operation is easy and standard in FEM, if
the coefficients H, are computed ones. For this purpose FE’s sets Q; have to be
previously computed and stored in an appropriate way as in the methods based
on Theorem 3.1.

If the inhomogeneity H depends on the time (for example as in the
meteorology), then H, has to be computed on each time step.

Suppose we have computed the solution in terms of ¥, variables. The next
important task is to find it in primitive velocity variables. It is the form, in which
we can interprete the results physically. This is also needed to solve coupled heat
transport equations as in meteorology or to apply Eulerian-Lagrangian type
methods. For this purpose we have to compute Q variables using ¥, ones. If it is
done on the base of the (Qp, Gy) variables on one face, we can easily compute
V variables on this face.

The second principal difference with' the incompressible liquid is in the
computation of mass flux variables Qp.

To solve this task in the incompressible case we need to know only the set
{7.. }ocenx - The fluxes through every simple surface I, 0T =7, equal to W, . Next
we have to find the representation of Lemma 4.3 for elementary paths y. and
using it to compute fluxes Q. Hence for unsteady problems we have to compute
and store the set {y, }n» and the representations of y; by it. The ¥, variables
have the physical sense of fluxes through the closed curve y,.

In the inhomogeneous case the flux through y, can not be defined correctly.
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The variables ¥, are fluxes through the surface I', = # which corresponds to 7y, .
So to compute Q, fluxes we have to use not Lemma 4.3 but Lemma 4.4.
Therefore we have to evaluate in the set {I', },» and the representations of the
type I'; =ZI', in explicit form and to store them.

6. Conclusions

The basis for FEM for an inhomogeneous liquid is constructed in the form of
fluxes. It differs from the incompressible case by an additional term,
corresponding to the inhomogeneity.

The mesh stream function form of the basis is also constructed. The mesh
stream function possesses different physical meanings than in the homogeneous
case, but the form of its part in the basis remain the same. The inhomogeneous
“tail” is presented as in the flux form of the basis.

These two forms of the basis can be used directly to produce numerical
methods. But they are more complicated than in the homogeneous case. A price
for treating the inhomogeneity has to be paid.

The investigations show that (V, p) FE good for the incompressible liquids,
are also good for the inhomogeneous ones.
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