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In this paper we consider the C*-algebra 4, generated by the Wiener-Hopf operators insub-
semigroup P of a locally compact group G. Here G is a subgroup of R" endowed with discrete or other
}Oﬁally c;)mpact topology, and P is a polyhedral cone. We use the groupoid approach of P. Muhly and

enault
We construct a composition sequence for # and investigate the type of the ideals of #.

Introduction

Let G be a locally compact group and P be a subsemigroup of G. The
Wiener-Hopf operator W(f) with symbol feC.(G) is the operator in L*(P),
defined by the formula

(W(NE ()= [ 1t —s)&(s) dAls).
P

b The C*-algebra, generated by W(f) when f runs through C_(G) is denoted
y A.

The algebra # and the similar C*-algebra of the Toeplltz operators on
bounded symmetnc domains are studied by A. Dynin in [1], [2] and by
H. Upmeierin[3], [4]. Their methods are very different and it seems impossible
to investigate 4, if it is discrete. Special cases are considered in [5] and [6].

We follow the approach, suggested by P. Muhly and J. Renault. They prove
in [7], that # is isomorphic to a groupoid C*-algebra C*(6), where 0 is an
explicitly constructed groupoid. They applicate this result to study the structure of
#, when G=R", endowed with the usual topology and P is polyhedral or
homogcneous cone. Here we use this isomorphism. We obtain similar results
when G is a subgroup of R" endowed with a locally compact topology and P is an
intersection of G and a polyhedral cone in R". The most important examples
occured, when G=2Z" or G=R" and the topology is discrete, or G=R" with the
usual topology and a direct product of the above groups.

* This work was partially supported by the contract 54 (25.03.1987) with the Committee of Culture.
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We recall some facts from [7] and [8] about groupoid C*-algebras.
A groupoid 6 is a set endowed with a product map 8 — 6, where 0 is a subset
of 0 x 0 called the set of composable pairs and an inverse map x — x~ ! with some
relations. If xe 0, then we denote: r(x)=xx"! and d(x)=x"'x. 0°=r(0)=d(0) is
the unit space of 0. For u,ve6° the relation u ~ v iff r (W) nd~'(v) £ is an
equivalence relation on the unit space 6°.

An important example for a groupoid is the transformation group Y xG,
where G is a locally compact group and G acts continuously on a locally compact
space Y. The image of the point ye Y by the transformation te G is denoted by
y+t. We may define the following groupoid structure: (y, )" '=(y+t, —t); (y, 1)
and (z, s) are composable iff y+t=z and in this case (y, t)(y+t, s)=(y,t+s). The
unit space of Y x G is the set {(y, 0): ye Y} and we identify this set with Y. If 0 is
a groupoid and E is a subset of 6° then 0|E={xe0:r(x)eE; d(x)eE} is
a subgroupoid of @ with unit space E. | E is called the reduction of 6 by E.

In such groupoids one may define a family of measures {i*: ue 6°} satisfying
the left Haar system axioms. In [9] A. Nica investigates whether those axioms
are valid after a reduction of a groupoid. Using the Haar system one may
construct the groupoid C*-algebras C*(0) and C,4(6). In this case, which we
consider here, C*(0)=C,..(0) (see [7], Proposition 2.15). The following
proposition, concerning the structure of C;4(6) is proved in [8], p.101:

Proposition I. Let 0 be a locally compact groupoid with Haar system.

(i) If E is an invariant open subset of 0°, then there exists an ideal I(E) of
C:.q(0), which is isomorphic to C,4(0] E) and such that the quotient is isomorphic to
Crea (0 (6° \E)).

(ii) The correspondence I — I(E) is a one to one, order preserving map from the
lattice of invariant open subsets of 6° into the lattice of ideals of the Ci(0).

Let G be a locally compact group and P is a normal subsemigroup of G, such
that P is a closure of its interior, OeP, Pn(—P)={0} and P spans G.
P. Muhly and J. Renault construct in [7],/§3 a locally compact space Y and
its subspace X (details can be found in §2). Let 6=(Y x G)| X.

Proposition 2. (i) (Theorem 3.7 of [7]) There exists an isomorphism W between
Cra(0) and &.

(ii) (Lemma 3.3 of [7]) Each orbit in Y meet X.

We will use (i) and we will investigate C.4(6)=C*(6). If we have a good model
of Y, then we can determine the invariant open subsets of Y and X. If E is an open
invariant subset of X, then there exists a corresponding ideal in C*(f) and in
# and we may apply the groupoid technique in finding the type of the ideals and
the quotients.

In §I we study the space U of pointwise limits of the translations of the cone
P in the terms of the facial structure of P and its properties are given in
Theorem I. In §2 we make a model for Y, i.e. we construct a space, which is
homeomorphic to Y. If G is a subgroup of R" and the topology of G is discrete,
then a model of Y is a subspace Ug of U. If G is a subgroup of R" and G is
endowed with a locally compact topology, then the model of Y consists of classes
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of equivalent a.e. elements of U, . In'§3 we construct a composition sequence for
2. We investigate whether X -the ideal of the compact operators is contained in
% and we study the type of the ideals and the quotients in the above composition
sequence. We discuss some interesting examples.

Acknowledgements. I would like to express my gratitude to R. Levy
for suggesting the subject of the paper and for the helpful comments at various
stages of this paper.

I. Let P be a. polyhedral cone in R". Let S be the space of all characteristic
functions y(M) of nonvoid subsets M of R", endowed with the topology w of the
pointwise convergence. R" acts on the space S by translations. In this part we will
study U-the minimal invariant under action of R", w-closed subset of S, such that
x(—P)eU. We will define U explicitly using the lattice of faces of P and we will
prove in Theorem I that U has the above properties. We will use U in §2 and §3
to study the ideal structure of 4.

By definition, a polyhedral cone P in R" is a closed solid cone, generated by
finite number of points of R". We will assume that P spans R". In our analysis we
will fix a minimal set I’={I, ,.--s Iy}, of linear functionals, such that xeP iff
I(x)=0 for all leP.

We need some notations and definitions. Let F = P. F and (F) are subsets of
R", such that xeF iff I(x)=0 for le F and I(x)=0 for le P\F and xe(F), iff
I(x)=0 for le F. We define F!as R"©(F). We note that if F=@), then F=P,
(F>=R" and if F=P, then F={0} and (F )={0}.

fF={l,,...,,}=Pand g is —1,0 or 1 for i=1,..., k, we define a subset
D(F, pu,,..., u) of F1, called a determining set; xe D(F, ,,..., p,) iffli(x%is <,
= or >0 when p; is equal to —1, 0 or 1 respectively. IfF}={I1,...,I,,}c , 0; 18
Oor 1 fori=1,2,..., kand xeFL, then F, o,,..., 6,, X) is the characteristic
function of the set of all ye R", such that [;(y)</;(x) when o, =1 and [;(y)</;(x)
when ¢, =0, where i=1,..., k

Definition. Let F—P. We will say that F determines a face F of P if:
1) there exists ye R", such that [(y)=0 for leP and I(y)>0 for leP\ F.
() if leP and I is in the linear span of F, then leF.

We will assume, that P determines the face {0} of P; Q) = P determines the
face P of P.

Definition. U is the set, whose elements are the characteristic function
xF, o,,..., 6,, x), such that:

3) ‘ F determines a face of P.

@ UD(F, uy,....;,) #QO, where g, is 0 or 1, when
o;=1 and pu; is —1, when o, =0, for i=1,..., k.

If L is a linear subspace of R", then Pr(L, x) will denote the orthogonal
Projection of x € R" onto L. The convergence of a net of points of R" is always the
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convergence in the Euclidean space R". We note, that if F c P satisfies (2), then the
convergence in Flis equal to the F-weak convergence (i.e. x, = x, for x,e F L ifr
I(x,) = l(x,) for each leF).

Lemma L Let x(F, o,,..., 6,, X,)sica be a net in U. We assume, that
A={l,,..., L} = F={l,,..., 1,} and there exists x,e H- and DAL p,,..., ),
such that:

() U(x,) = U(xo) when IeF.
(ii) Ux,) — co when le P\ F.
(iii) Pr(H', x,)ex, +D(H, u,,..., w) for each acA.

Then y(F, 6y,..., 6p, Xz) = X(H, 6,..., 8, Xo)€U, where 8, i=1,2,...,k
are given in the following table:

;=1 when o;,=1 and pe{0,1}
6,=1 when 0;,=0 and p,=1

(5) 6,=0 when o,=1 and p,=-—1
8,=0 when o,=0 and pe{-—1,0}

i

kProof: We will verify, that H satisfies (2). Let us assume, thatkl e P\A and
k
I= X A4l;. Then I(x,)=X4,l;(x,). But by (i)l(x,) = co and by (ii) T 4;/;(x,) —>

X i=1 i=1 i=1

T x;li(xo), this is a contradiction and (2) is fulfilled. The note before this lemma

i=1
and (i) imply that Pr(H., x ) — x,.
We need yeR", satisfying (I). Let us put y, =x, —X,.

 Ya=Pr(KHD, y,). +Pr(HY, y,).

We have l(Prﬂ(H), ¥,))=0 by the definition of {(H), where [ e H. Thus if
le A, then I(Pr(H', y,)=I(y,)=1(x, —X,)— 0, hence Pr(H., y,)—0.

Let Ie P\A. Since Pr(H', y,) - 0, then I(Pr(H, y,)) — 0 and I(Pr (<H), y,))
=1(y,)—1(Pr(H", y,)) - co.

We choose y=Pr({H), y,), where I(Pr({H), y,))>0 for all le P\H. Thus
A determines a face H of P.

Now we will verify (4). Let yeD(H-L, HUys---5 i) We may assume, that
I,(y)>1, when p,=1; [;(y)=0, when u, =0 and (y)<—1, when py;=-—1.
x(F, 64,..., 04, x,)€ U and by (4) there exists ze Flsuch that I(z)=0 when o, =1
and [;(z) <0 when o, =0. We may assume, that |/;(z)| <1. We put t=y+ Pr(H 1 2).
It is easy to verify that y belongs to the union of sets, described in (4); thus (4) is
satisfied and x(H, d,,..., 0, Xo)eU.

The proof of the assertion, concerning the convergence is very long,
but elementary and we only sketch it. We choose yeR”", such that
x(#, 8,,...,8,,%,Xy)=1. We will prove that for sufficiently large ae H we have
x(F,0,,...,0,, X, X¥)=1, i.e. we have to verify some inequalities. There are some
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cases: when [,e H(i.e. i=1,..., k) and o;is 1 or 0 and g, =1, 0 or —1 and when
L,eF\H (i.e. i=k+1,..., m). In all cases we observe, that [(y—x,)<1 when
o;=1 and that [,(y—x,)<0 when o, =0 and o is sufficiently large, thus
xF, o,,..., a,, X, )J¥)=1. ;
By the same way one may prove that if x(H, 8y 5vs O, Xo)Ny)=0 then
xF, a,,..., a,, x,Xy)=0 for sufficiently large a.
Thus x(F, o,,..., 0., x,);vvx(ﬂ, A5 yores Opy Xg)e

Theorem I. (i) U is the minimal w-closed, invariant under action of R" subset of
S, such that y(—P)eU. _
(ii) U is Hausdorff, first countable, loccally compact space.
({i)) {x(F, 0y, ..., Oms X, )} o= 1 is w-convergent in S iff there exists x(H,8,,...6,,%0)eU
such that:

(@ HCcF,
(®) Ux,)—Ux,) if leH,
(¢ Ix,)— oo if leF\H,

(d) for any sufficiently large n, Pr(H', x,)ex, + DH, py,..., 1), where p;,
i=1,2,..., k in the above union satisfy the following conditions:

°

wef0,1) if §=1 and o;=1
© w=—1 if 6;,=0 and o;=1

we{—10} if 6,=0 and o;=0.

(iv) The family {y(x—P):x€R"} is dense in U.
(v) The closure in U of {y(x—P):x€ex, + P} is compact for any x,€R".

Proof: We begin with (iii). In Lemma I we proved the sufficient condition.

Let x(F, o,,..., 6., X,) be w-convergent in S. We may choose a subnet x,,
such that I(x,) is convergent or [(x;)—co for leF. (If we assume that
l(xy) » —oco, then the limit is x(Q)) —a contradiction.) Let le A iff I(x,) is
convergent. Obviously, A satisfies (2) and by the note before Lemma I there exists
Xo€H!, such that l(xp) = Ux,) for leA.

The union of all characteristic sets D(H, ., ..., u), corresponding to H is
H!, Thus we may choose a characteristic set D(H, u,,..., 4, ) and a subnet of x,,
denoting by x,, such that Pr(H1, x,)ex, +D(H, py,..., ).

The assumptions of Lemma I are valid, hence x(F, o,,..., 0,, X,) i

x(H, 8y 5---50,, Xo), Where J are as in (5). A different choice of H and X, leads us
to a contradiction with the w-convergence of the net; a different choice of the
determining set P(H, u,,..., p,) is possible and the comparison with (5)
gives us (6). . :

(iv) Let (F, a,,..., 6,,, Xo)€U. Let z, -0 and z, is in the union of sets,
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described in (4). Let y, =ny, where y is the point described in (I) and let us put
X, =2, +y, +Xo. By Lemma I x(P, 1,..., 1, x,,)—;x(F, Oisevey Ops Xg)-

(v) and the locally compactness of U is easy to prove using subsequences, the
proof of the left over statements is trivial and we omit it.

2. In [7] P. Muhly and J. Renault define a topological space Y and its
subspace X. Using these spaces, they construct a groupoid 6. It was indicated in
the introduction, that these spaces describe the ideal structure of C*(6) and # (see
Proposition I). In this part we will elusidate the connections between Y and

— the space considered in §I and we will construct a model of Y.

Up to the end we will assume that G is a subgroup of R" endowed with
a locally compact topology and G span R". Let P be a polyhedral cone in R",
P (—P)={0}. Let the subsemigroup P; =P NG of G satisfies the following
conditions:

0 P, —P;=G
P, =Int(Pg).

We extend the Haar measure A of G up to a measure A on R", such that
AMP"\G)=0. P is closed and hence P; and P are A-measurable. By Theorem I the
elements of U are A-measurable.

We denote (following [7]) by A the C*-algebra of bounded functions
¢:G — C generated by y(—P)=f, when f runs trough L!'(G) and

H=P)ef)= [ f(5)d4s)

Definition. Y is the spectrum of the C*-algebra A.

There exists a continuous imbedding 7: G — Y, such that t(t)¢ = ¢(t), where
te G and ¢ € A. The formula j(t)= x(t — P) defines a map j: G — U (this map is not
always continuous). Let U be the closure of j(G). Let fe L'(G). ¥, is a function,
defined on U, by the formula:

@) ¥, (x(M)= !{ J(s)dAs)

We note, that
¥, (x(t—P)= :f Pf (5) dA(s) = x(— P)» f(t) = t(t)x(— P)= ).

Let us define a map i:x(t—P)— t(t)e Y. Since the domain of this map is
dence in U, then by Lebesgue theorem we may extend this map (and we save the
same name) to a map i:U; — Y and i is continuous.

If M,), xM,)eU; and yx(M,) is A-a.e. equal to x(M,), then
i(x(M,)=i(x(M,)). Let Ug/= be the set of the equivalence classes of a.e.
coinciding elements of U and i/ = is the corresponding factormap. By Lebesgue
theorem i/ = is contmuous

Thus, we obtain the following commutative diagram:
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Ug
J p
G i Ug/ =.
) \ / o/
T i/=
£
Y

We will show, that i/ = is a homeomorphism, i.e. Ug/ = is a model of Y. We
note, that if G=R" with the discrete topology, then U; =U.

The following lemma concerns the functions ¥, (see (8)).

Lemma 2. Let fe L'(G). Then ¥, e C,(Ug).

Proof: The Lebesgue theorem implies continuity of ¥ .. Let ¢>0. We will
prove, that there exists a compact subset K of U, such t{xat ¥, (M) | <e if
x(M)e U;\K. We may choose a compact set L < G, such that | |fldi<e.

csa’s . : . G\L
Since P; has a non-void interior, then {t+Int(Pg):t€ G} is an open cover of
L. Thus there exists a finite cover of L:

Lc | (g; +Int(Pg)) = U (@i +Ps) =go +P, goeG
i=1 i=1

and therefore:
JL) = j(to +Pg) < j(to + P)=K.

If we choose x(M) e"UG \K, then y(M)=w—lim x(s,— P) where s,€ G\(t, + P).
If s,e G\(t, + P), then (s, — P) N (to, + P)=Q , hence (s, — P) n L= and therefore
I'¥,(s, —P)|<e. By Lebesgue theorem |¥ (x(M))|<e.

Theorem 2. i/ =:Ug;/ = ~Yisa homeomorphism.

Proof: We observe that there exists an isometric isomorphism between
C*-subalgebra of C,(Ug), generated by the family {¥,:feLYG)} and the
Cf-algebra A. The correspondence is ¥, — ¢, = x(P)*fe A (the simple proof of
this fact is omitted). We note that if ge G, then

(10 ¥(j(g) ="¥(x(g — P)) = ¢(t(9))-

_ Let us choose yeY and V, cc V, be compact neighbourhoods of y. By
Urison theorem ([9], part 4) there exists a continuous function ¢, such that Qp =1
and P, =0. Let ¥ e C,(U;) is the function, which is corresponding to ¢. We

1 .
denote K=¥ ([ 5 1]). Since Y e C,(Ug), then K is a compact subset of Ug.

If y'=1(g)eV,, then y'=i(j(g)). Since ¢(y')=1 and using (10) we obtain
‘P(J(G)).= 1, i.e. j(g) e K. Thus i(K) contains 7(G) NV, ,which is dense in V, . i(K) is
- @ continuous image of a compact set and hence i(K) is closed. Thus (K)o V.
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We verify, that i is onto and hence i/ = is onto. If i(x(M, ))=i(x(M ; )), where
x(M,), x(M,)eUg, then [fdi= [fdA for any feL'(R", 4), and M, is

M M
a.e.-equal to M,. Thus i/ ='is a bijéction.

By the definition of p (see (9)), p is a factor map G.e. if f1UG—-Z,
g:Ug/ = — Z, f=gp and fis a continuous map in the topological space Z, then
g is a continuous map); we conclude, that i/ = is a continuous map. Therefore the
topology in U,/ = is stronger then the inverse image of the topology in Y. Thus
U,/ = is Hausdorff topological space.

Let K'=p(K).K’ is a compact in Ug/=. The restriction of i/ = on K’ is
a continuous bijection between K’ and i(K) and hence is homeomorphism. Thus
i/=:Ug/= —Y is a homeomorphism.

3. In this part we obtain some applications, concerning the Wiener-Hopf
algebra #. Let X =1(Pg), where 1:G — Y (see (9)). By the Theorem 2 we may
identify X with the closure in Ug/ = of p(j(Pg)).- The Proposition I, (i) explains
the importance of X: if we construct an increasing sequence of an open invariant
subsets of X, then we obtain an increasing sequence of ideals of # and Proposition
I, (ii) gives us “a presentation” of the ideals and the quotients as grupoid
C*-algebras.

An orbit in X is an intersection of X with an orbit in Y. It is not difficult to
show, that if F=H, then xF, o,,..., 0,, x) is not a.e-equal to
x(H, 6,,..., &, x,). Hence it is correct to define subsets X, of X as follows: the
equivalence class of y(F, o,,..., 6,,, x)€e U; belongs to X, iff dim (F)=k. Here
we will use for the equivalence class of x(F, o,,..., 0,, Xo) the same sign.

Let {x(F, Gyy---s Oms %,)}n=1 be a convergent sequence in ul X*, where

=

. k—
0<I<n and its limes be x(H, J,,..., ;, Xo). Then H < F by the Theorem I,

hence dim (H)=dim (F) and x(#, §,,..., J,, xo)eku X, . Therefore U X, is
2! k21
closed, for any [=0, 1,..., n. Thus X; = u X, is open in X, for any /=0, 1,...,n.
kst

It is obvious, that X; is invariant. Let I, is the corresponding ideal in 4. That
is the proof of the following theorem.

Theorem 3. I, c I, = ... cl, =4 is an increasing sequence of ideals of ®,
such that I, /I, is isomorphic to C*(Y x G|X,).
Before specifying this result, we need a result of Muhly and Renault.

Proposition 3. (i) (3.7.2 of [7]). If 0=0, x K, where 0, is a reduction of
a transformation group and K is a locally compact group such that the Haar
measures in 0 are the product of the Haar measures in 6, and the Haar measure of
K, then Ciog(6)=Cina(8;)® Ciua(K).

(i) (3.7.3 of [7))..If X is a regular compactification of P, then X~ — the ideal of
the compact operators is contained in .

Corollary 1. I,_, is the commutator ideal of #; I, /1, , is isomorphic to C,(G),
where G is the dual group of G.
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Proof The set X,\X,-, has only one element —x, =x(R") and the
elements of I,_, vanish in x_,. As in [7], 3.5 one may prove, that the commutators
generate I,_,. The ideal I,/I,—, is isomorphic to C,4(0|{x,}). But G acts
triviallé on x, and by Proposition 3 I,/I,-, is isomorphic to C*(G), which
is Co(G).

Corollary 2. Let G be a discrete group. X is a regular compactification of P iff
there exists e-neighbourhood @ (0, &) of 0 R", such that P~ 0 (0, ey n G={0}. In
this case A < B. A

We omit the easy proof. If G is not discrete, the problems when X is a regular
compactification of P; and whether ) < & are still open.

Example . Let G=Z" and P be a polyhedral cone in G, then X is
a regular compactification of P and thus X" =1I,. We note, that if the cone is not
rational,.then # is not of the type I

Example 2. Let G=R?, endowed with a discrete topology. Let [, and [, be

linear functionals, which determine P. The elements of X are the characteristic
functions of the sets of the following type:

{x:1;(x—x0)<0; l,(x—xo)<0}, where x,eInt(P)
{x:1,(x—x¢)S0; [,(x—xo)<0}, where I;(x4)20; I,(x)>0
{x:1,(x—x0)<0; l,(x—xo)=0}, where [ (xo)>0; 1,(x,)20
{x:1,(x—x0)=0; I,(x—xo)<0}, where x,€P.

Here we have 4 orbits, and each orbit is dense in X,,. By [8], 4.6 is a simple
C*-algebra.
Let the elements of Z, be the half-spaces of the type:

{xeR™":1,(x—x0)<0}, if [;(xo)>0
{xeR":l,(x—x,)=0}, if I, (x0)20.

The functional I, determines a similar set Z,.X,u Z, and X,L Z, are open
invariant subsets of X. X, U Z, UZ, and the isotropy group of any element of
X\ X, is R. Thus there are the following open invariant subsets of
X:Xy, XoUZ,, XoUZ,, X1, =Xo,0Z,UZ, and X,UZ,UZ,U {0} and
the corresponding ideals are Iy, Iy, Ii, I,, I, =% We have I}.I] =I,,
It +I7=I,. I, is a simple- C*-algebra, which does not contain . The
quotients are:

1, /1, =C*01Z,) ®C*01Z,)=Z(CR)RC, )B(CR)RC,), I, /I, ZC(G),

where C, and C, are simple C*-algebras, which do not contain J; and G is the
dual group of G.

We are not able to answer whether Proposition I describes all ideals of #. By
Proposition 4.6 of [7), if G is discrete and acts transitively on X, then the above
statement is valid, but not always I, is a simple C*-algebra.
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Example 3. Let G=Z xR and P be generated by the points (1, —1) and
(1, 1). There exists an open invariant proper subset of X ; by Corollary 3 X" < @,
the quotient I, /X is a simple C*-algebra, which does not contain .
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