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We construct a global solution to the nonlinear wave equation u,, —A, u=F(u, Vu) with small
initial data and we prove the existence of the scattering operator.

1. Introduction

In this work we study the existence of the scattering operator for the
nonlinear wave equation

(1.1) Ou(x, t) =u,, —A, u=F(u, Vu) in R} x R,.
Here u is a scalar function, n=3 is odd and Vu=(d, u, V. u). The function F(y) with

Yy=0o» V1s---» Yn+1) satisfies in a neighborhood of y=0 one of the following
three assumptions:

(For n>3, F(y) is a polinomial with respect
(H1) <to y=(g> Y1s---> Yn+1) such that o5 F(0,...,0)=0 for
Ja|§p and p=n.

r

For n>3, F=F(y) depends only on one variable and
the estimates

>F 5
’5}70’) =0(Iyl~*),

O°F O°F

'3,;(}’1)“ 'a?(yz) SClyy —yal (ly P75 4 1yalP 1)

(H2) <
- hold for s=0,1,...,n—1 and p>\(n—1+./n*—2n+5)/2.

In the case p<n, if s=n—1, then we have the inequality

"~ 'F " 'F
ay,,_l(.Y1)_ ay,.—l (J’z)

<Cly, —y 7"
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For n=3, F is of the type

4
(H3) F(yO9y1s~--9y4)= z ci.ij—lYJa
i,j=0

where p>4+ﬁ and {c; ;} are constants.

The problem (1.1) with nonlinear term F(u, Vu) including the derivatives of
the solution is closely related to the interactions in quantum field theory. Also,
this is a typical equation in the nonlinear theory of elasticity.

To our knowledge the analysis concerning the existence of the scattering
operator for the nonlinear wave equation was mainly connected with nonlinear
terms involving F(u). For n=3, W. Strauss [25] obtained ‘the existence of the
scattering operator under the assumption F(u)=21|u|? with p>2,686. In [19] this
result has been improved for p>2,535. H. Pecher [20] got suitable L*—L~
“weighted” estimates, suitably adapted to the different behaviour of the solution
in a neighborhood of the characteristic cone and away from it.

Another approach, based on conformal conservation law for wave equation,
was proposed by J. Ginibre and G. Velo (see [10], [11]). They investigated the
problem for existence of the scattering operator in arbitrary space dimension. The
main result in [10], [11] is the energy decay of the solution in the form

()], S Ct~ @~ DAz=1b

for 2<1=<2n/(n—2). Here ¢ is the solution to the nonlinear wave equation
@ =A]e|? with initial data in the space X, =H'@® L2

In contrast to the results cited above, in this work we study nonlinear terms
F(u, Vu) including first derivatives u,, u, ,..., U, of the solution u and we cover
the case of space dimensions n=3.

The novelty in our paper are some suitable L*—L? and L?— L? “weighted”
estimates. Combining these estimates with L®—L® “weighted” estimates, we
obtain a possibility for new proof of the existence of a global solution to the
nonlinear wave equation. For some other results concerning global existence of
solution to (1.1) see [3], [8], [17]. In these*works various approaches are presented
such as the use of the generators of the conformal group in R"*!, suitable
conformal transformations, etc. Moreover, we obtain the following decay
estimates for the solution and its derivatives:

sup (1+|xI+eD)* (1 +1IxI— el )° |0F 2% ulx, 1)1 <9,

mner"tl

where for n>3, n odd, a=1, b=p—n+1 and for n=3, a=1/2, b=(0+\/§_ 1)/2
with sufficiently small 0< 6. For the proof of L™ —L* estimates we exploit some
ideas due to H. Pecher [20]. We generalize a part of their results in the case n> 3,
n odd.

One of the basic assumptions is that the initial data are small and smooth in
a suitable sense and decrease rapidly at infinity. So we obtain a solution, whose
behaviour in the sense of the energy norm is the same as that of uf at t — + oo.
More precisely, we have
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I —ug ) (Ol A +])75,

where B=p—n+1 for n>3 and B=(p—4—\/_2-)/2 for n=3. Here uy are solutions
of free wave equation (see section 2 for a description of 45 ). Our main result is th
following. :

Theorem 1.1. There exists a sufficiently small neighborhood U of zero in
Wy—n+2.n+2 X Wp_ni3,n+1 (respectively in the case n=3 in Wy s X Wy4q,4)
such that the scattering operator S:(f, g)eU —(ug (x, 0), 0J,uq (x, 0)
EWpni2,m+3y2 X Wpons3, m+1y2 (respectively Wo_y 2.3 X Wy_yj341,2) exists in
U in the sense of the energy norm. Here W, y denotes the “weighted” Sobolev
spaces.

Note that even in the case, when F satisfies (H2), this result is new. The initial
data of the Cauchy problem for nonlinear wave equation studied by J. Ginibre
and G. Velo in [10], [11] belong to the energy space H! @ L?. On the other, the
result of Theorem 1.1 enables one to treat solutions with initial data, which are
not in H! @ L?. Also, our L*— L® “weighted” estimates are different from those,
obtained by H. Pecher in [12], because in our case the order of the derivatives in
the left-hand side is less than the order of the derivatives in the right-hand side of
the L®—L* estimates. This fact causes the basic difficulty in the proof of the
global solution to (1.1). We overcome this difficulty by using a conservation law
for nonlinear wave equation, so that the lost of derivatives can be compensated.

The plan of our work is as follows. In section 2 we give some preliminary
inequalities. By using them, we derive the L* — L®, L*— L? and L?* — L? estimates.
There we study the behaviour of the solution and its derivatives of the wave
equation with small initial data. In section 3 we construct a global classical
solution of the Cauchy problem for the nonlinear wave equation with small initial
data and we obtain suitable weighted decay estimates. Finally, in this section we
establish the existence of the scattering operator.

A part of results of this work has been announced in [12].

Acknowledgements are due to Vesselin Petkov and Vladimir Georgiev for
the helpful discussions during the preparation of the paper.

2. Some preliminary results

In this paragraph we prove some inequalities, which will be used for the
construction of a global solution to the nonlinear wave equation with sufficiently
small and smooth initial data. Besides, we establish estimates for the solution of
the free wave equation and its derivatives with respect to ¢ and x.

Denote by 0%, |yl=y, +y,+ ...y, the composition of the differential
operators 9}i, where 0, =9/0x; and 9, =d/dt. Set c=(n—1+./n*—2n+5)/2.

We start with the following

Lemma 1. Let p>o and let
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-3

2Atr—t4+s) T (r+t—5)—A)

g, )=AA—lr—t+s]) 2
n—3
X (r+t—s+A) 2 (1+A+]|s)"P(1+|A—[s))~ PP "D,
Then the inequality

;' ('f_‘f_’g()., s)dl)dsgCr"‘z(l +r+lt) " A+ r—Je )Pt

—o \|r—t+s|

holds for any r=0 and any teR.
Proof. Taking into account the inequalities

A+|r—t+s|<24 and (r+t—s)—AS(r+t—s)—|r—t+s|S2r,

we obtain the estimate

n—3 n—3
(r+t—9+A) T =[r+t—s—2)+24] T
n—-3 n-3 1'_'2‘_3 n—-3

2 -k —_———
<C, % (r+1-9—AF4 o SC T L
k=0 k=0

Having in mind the above inequalities, we get

f ( 'T'ga, s)d).)ds

— \ [r—t+s] .
n—3 - n—3
3t r+t—sg 73 n-3 -3 53—k
<C, % | ( [ ALT e TR 22
k=0 —o \ |r—t+sj

x (1+A+|s)"P(1+ M—Isll)"’""‘“’dl)ds

] r+t—s
SCr | ( § 1-(1+l+ISI)“’+""(1+I/1—ISII)"""“’dl>ds
- fr—t+si
=C,r" 2I(r, 1).
Using the ideas, developed by H. Pecher [20], we deduce
Ir, DS Cr(1+r+e) ™ (L +Ir—[el)~ 7"+,

This completes the proof.m
Another important estimate is given in the following

Lemma 2. Let n>3, p>0 and A=2(n—3—Vv), v being a fixed integer such that
0<v<(n—3)/2. Then for any r=0 and teR we have
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t—1 r+t—s n—3 n—3
j((z—s)-ArH [ AA2—=lr—t+s2)Z (r+t—s2—42) T
Ir—t+s|

X(1+A+]|s)) 2P~V (1 4 |A—|s|) " 2p~D-n+ ”dl) 12 g4

- o

SCA+r+t)™ (1 +r—|e|)~®~"+D,

Proof. Denote by I(r, t) the integral term in the left-hand side of the above
inequality. We consider five cases:

1) case: |t|—1=r=|t|+1.
If r=1, then using the inequalities

A=2(n—-3)2+1, n—2=2(n—3)/2+2 and 2p—n>2,

we arrange the following estimates:

=1 -3

Itr, n=C, | ((t—s)“r""(t—s)"2

-

+1 r!—;'a(l _tlsl)—Zp'&u) l/st

+ o
SCyr7t f (1+[s)~@P "2 ds=C,r?
-

SCA+r+le) A +r—|e)p=r*—2.

If r<1, then we proceed similarly and taking advantage of the inequality
2p—(n+3)/2>2, we derive

=1 =3  a-3 1/2
Ir, )=C, | ((t—s)““rz"'((t—s)r) 2 erT(l-}-lsl)—z"””'a"z) ds

SC, SCA+r+e) ™ (L +r—Jel)=7*" 1.
2) If t=0 and 0=<r=<|t|—1, then t=1. Again we consider two cases:
2a) In the case 1+t—r=(1+r+t)/2 the inequalities
2p—2—(n—1)/2>2(p—n+2)+1 and A=2(n—3)/2+1

give the estimates

t-1 n-3 n-3 -3
Ir, n=C, | ((t—s)"‘rz"‘rT(t—-s)TrTZr

- <)
1/2
x(l+z—r)-2<v-~+2>(1+|s|)-l-=-) ds

t—1
§C2(l+t—r)-(""+2) (t—s)—l/2(1+|s|)"’2"ds

@

SCA+r+t) A +r—Je|)- e+,
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t—

1
because the integral (t—s)" Y21 +|s))"¥2"* ds is bounded. Here

a=(3n—13)/2>0. o
2b) In the case 14+t—r=<(1+r+|t])/2, obviously 1+¢t=3r and by similar
arguments as before we obtain

I(r, )=C, ‘]'1 ((t—s)"‘rz"'(4r(t—s)).f_? 2(t—s)

-

1/2
x(l+t—r)"2""'“’(-l+ls|)"'+2) ds

+
SCri(l4+t—n)C7 "D [ (14]s)2~™2ds
- a0 -

éC(l+r+|tl)—l(1+|r—lt")"’(l’—n+l).
3) If t=0 and r=Jt|+1, then analogously to the previous cases we get
-1 n—3
Ir, n=C, | ((t—S)"r’""(4r(t—8))’2_2(t—s)(1+t-r)-2<r~+l)

1/2 ,
x(1 +|SD—"+2) dsSC(l+r+1t) LA +r—[el)~r*""1,

4) If t<0 and 0<r<|t|—1, then as in the case 2 we obtain

=1 n—3 n—3 n-3
I(r, <C, | ((t-—s)"‘rz"'r T (t—s) 2 r 2 2r

- o0

\1/2
x(L+[r—t)~2"*2(1 +|s|)""'2") ds

t—

1
§C2(1+|r_t|)—(1-n+2) I (t_s)-1/2(1+|s|)—1,2_¢ds

SCA+r+t) QA+ |r—Jef)~@ "+,
5) If t<0 and r=|t|+1, then as in the case 3 we get
Ir, OSCor t(L+r+e) ™27 SCA+r+{e) ™ A+ Ir—el) =@+,

The proof is complete.m
An analogue of Lemmas 1 and 2 in the three dimensional space is the

following

Lemma 3. Let p>4+ﬁ and n=3. Denote by 0, =(p—4—ﬁ)/2 and
q=1+./2+0, where 0<0<0,, is sufficiently small. Then
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3 r"('+3—si(l+l+lsl)"”(l+|l—|sl|)"""2”’dl>ds

lr—t+s|
SCA+r+t) Y21 +|r—|t|)~ @22
holds for any r=0 and all teR.

Lemma 4. Let p>4+ﬁ, n=3 and let q be defined as in Lemma 3.
Then the inequality

t r+t—s 12
I("_l § 3(1+).+|s|)“"(l+|).—|s||)“"’""2)d).) ds

Ir—t+s|
SCA+r+t) 2 (1 +|r—[e|)~ @22

holds for any r=0 and all teR.

The proofs of these two lemmas are similar to the proofs of Lemmas 1 and
2 respectively and we omit the details.

The following lemma gives possibility to replace the integration on a sphere
in R" by an integration over some interval in R.

Lemma 5. Let r=|x|, n=3 be odd and let C=pu(S"~2)/2"~3, where u(S"~?) is

the Euclidean measure of the unit sphere in R"~'./If h is a continuous function, then
the equality

—

- @

r+t 3

I hiyDds, =citr | Aa—ir—e))3
—x|=t lr—1t|

x((r+t)— .1)%_3((r+ t)+).)%3 h(A)dA

n—3
A+|r—t) =

holds for any t=0.
Now, let us consider the Cauchy problem for the linear wave equation

( Ou=u, —Au=0 in R} x R,,
(1) u(x, 0)=f,
u,(x, 0)=g.

'_l'he following lemma gives a precise estimate for the behaviour of the
solution of (1) with initigl data, decreasing sufficiently rapidly as |x| — co.

Lemma 6. Let n=>3 be odd and let y be the arbitrary multiindex. Let
SeCM+0+D2 gnd ge CM+®=D72 sqtisfy the estimates:

167 FCN S ol +Ix) ™M, 1087 g () Sl +[x]) * A~

Jor 0= |a| <(n+1)/2 and 0<|B| < (n—1)/2. Then the solution u(x, t) of (1) with initial
data (f, g) satisfies the inequality

|07 0% ul(x, ) < Ce(l+Ix|+[e))™1 (1 +|lx|—[e|)~***
Jor any xeR", teR and a=0 or 1.
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Proof. We shall prove the lemma in the case y=0 and t 2 0. The other cases
can be considered similarly. '
The solution of (1) is given by the equality

(n—3)/2 av
ux, )= X (v+1)a, t"( Ql)(x, t)

v
v=0 a

(n—3)/2 v+l
-+ EO a,t"“[(atvﬂg )(x t)+(an2)(x, t)]

where {a, }"-5”? are constants.

Q,(x, 9=[uS" "1™ | fix+t)dS,,

Kl=1

0, (x, )=[pS" N]"* | glx+td)dS.

=1
Consequently,

(n—-1)2
ulx, )= X t"(Z | [cavE*0*f(x+1E)

v=0 a, B Kl=1
+dg, , & 6”g(x+t§)]dS¢),

where |o|=v, Alﬂl =v—1, and ¢, , and d;,, are constants. The latter equality gives:
u(x, )<lco,0l [ 1f(x+t&)IdS,+ltl Z lea 1| [ 10°f(x+28)IdS,

fei=1 lal=1 lei=1
+ldo,ol-1tl Ig(x+t€)|dsg+ Z |ca, |- 11" § 10°f(x+2&)|dS,
lei=1 lei=1
+ X |dg, |- 1tl j |6’g(x+tC)IdS¢.
B.v lei=1

Here v is an integer in the interval [2, (n—1)/2].

Note that in the case n=3 the first three terms take part in the right-hand
side of the above inequality only.

Now we shall estimate separately the different terms.

1) first case: v=0.

§ 1fGc+td)dS, =e'"" 5 fAyhds, se'™" | e1+|y)~*ds,
lel=1 “xi=t y—xi=t
gc,etl—mz-"'f'uAZ—nr—rlz)T«r+z)2—12)""3‘3(1+A)'*‘dz
Ir—1t|
<C, ety @rip=3 | A1+ 2)*AA=Cyelrt) " § A1+2)*dA,
fr—1l Ir—t|

Here we use the inequalities
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A2—|r—t|><4rt and (r+t)>*—A2<4rt.

The estimate
r+t
Cie(r)™ | A1+ *dASCA+r+t) (1 +|r—t|)~**!
Ir—t|
is due to H. Pecher [20].
2) second case: 1=<v=(n—1)/2.
Note that the terms with a representation |t|¥ j' [0*f(x+1t&)|dS, or
: 1El=1
It]” j |of g(x+1t£)|dS,, where || =v and |f|=v—1, can be estimated in the same

=1
way.

el” § 10°f(x+12&)|dS, =" e~ [ |°f(»)|dS,
E1=1 ly—x|=t
set't'™" [ (1+|y)~*""dS, =Cet*t* "tr2~"
ly—x|=t
r+t 3

x | MA2—|r—1]?) T
r—t|

(r+1°— ;.2)"—3—3 1+~ ""dA=Cet*(tr)* " J(r, 1).

We divide R} x R, into five domains.
a) In the case t<r and 1<r we obtain
n-3 n—1 n—-3
e "I, OSC, @) "z r , OO
r+t + o
X [ AA+AD)TFTVAASC e T | (144)7HdA
Ir—t| Ir—1]

SCr (M +r—t) P <CA+r+0) "t +r—t)~**1.
b) In the case t<r=<1, we derive the inequalities:

r+it

£ (e "I, HSC e e | AL+ dA

=l
SC .t 1 2t2r (1 +r—t) YV SC, (1 +r—t])EH?
SCA+r+0)~ (1 +|r—t))~**1.

c) In the case r<t=<1, as in the case b), we get
r+t

@) "I, OSC . ()23 [ A1+ vdA
Ir—t|

SC, e ' r 2r(1Hr—t) T SCA Hr 4T A+ r—t)) TR
d) In the case t=1 and r=<t/2 similarly we have
) "I, OSC @) ) T2 21+ r— )T (14 1/2) v
SC,.2+0).(1+r—t) ' SCA+r+t) (A +r—t|)~*+L
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Here we use the inequality 1+A=1+|r—t|214¢/2.
e) In the case t/2<r=<t and t2>1, as in the case a), we obtain

-3 n—-1 n—3
ee)? "I, OSC W) rz ez Ty
r+t r+t
x [ AA+HTFVAASCrt | (1+A)7HdA
r=l Ir—tl
SCyr t(I+lr—t) ¥ SCA+r+0) " (L+|r—t) 75+,

Thus
u(x, DI<Ce(l+|x|+t) ™" (1 +]Ix|—ld) >

For the second inequality (when a=1), it suffices to differentiate the solution
u(x, t) and by similar arguments we can establish the desired inequality. The
lemma is proved.m

The following proposition makes it possible to replace the integration on the
unit sphere by an integration on the unit ball.

Proposition 7. Assume, that for any teR, h(x, t)eL?*(R}) and V_ h(x,t)
€L?(R%). Then for t, te R we have the inequality:

| h(x+(@—1), 1dS,=C | R(x+@—1), 1)d¢

1El=1 1is1
+C(t-—-t)|: [ Rxc+E—1E DdE+ T [ @hPx+E—D8, r)dc],
Kls1 i=1[|s1

where C is a constant.

Proof Note, that the vector normal to the unit sphere in the point
E=(&,,&;,..., &) is just equal to E=(&,, &,,..., &,). Using Gaussian divergence
theorem, we obtain

[ R(x+@—1)¢, 9dS; = [ (&} +¢&3 + ... + &R (x+(t—7)¢, 1)dS,

ii=1 tei=1
= | T &LER)x+E—DE 1dS,
i=1i=1
= i'é‘(f:hz)(Jt'i-(t—f)é, dé=n [ h(x+(—1), 1)d¢
st i=19& leist
+2 i E2(t—1)h(x+(t—1)¢, 1)0;h(x+(—17)¢, 1)d¢
st i=1

<n | h(x+(@—7), 1)d¢
Kis1

+n(t—1) [ h*(x+(@—1), 1)di+ i(t—‘t) [ @ (x+(@—1)¢, 7)de.
kISt i=1 kis1

The proof is complete.m
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3. Existence of the scattering operator

In this section we construct a global solution of the nonlinear wave equation
2) Ou=u, —A,u=F(u, Vu) (x, t)eR}: x R,.

Here u is a scalar function, n23 is odd, Vu=(0,u, V, u) and F satisfies one of the
hypotheses (H1), (H2) and (H3). Moreover, we obtain suitable “weighted decay
estimate” for the solution of (2). Our main aim is to establish existence of the
scattering operator for (2). One of the basic assumptions is that the initial data are
sufficiently smooth and small.
Introduce the norm
llwlla, » = SUPH[(I+Ix|+lt|)‘(1+IIXI—ItII)"Iu(x, ).

(x, )eR™

Denote by V the Banach space of all functions ue C°(R% x R,), such that

leall, =llwlls, p-n+1 <oO.

Define by LF the operator

t (n—3)/2
LFw(x, )= | Z a,@t—7"*"!
—o v=0
ax'I: | Flu(x+@—1)¢, 1), Vulx+(—1), T))dsg]df,
=1

where {a,} are constants, such that LF(u)(x, t) is the solution of linear wave
equation [Jv=F(u, Vu) with vanishing initial data at t= —co.
ou ou
Let u, =u, u;,=— for i=1, 2,..., n and let u =—.
° toox; "L ot
Performing the differentiation, we derive

LFu)(x,t)= X a, j' {(t—t)"“x ) I:%;(u(x+(t—t)§, 1), Vu(x +(t—1) &, 1)

vs @ {67} Ig1=1

0
n+l a Yi, ¢,j O
x IT ﬁ [a ”ou‘(x+(t—t)§, ‘t)] f’i.l]dsc}dt.

i=0j=0 axﬁ"j

In the above equality v varies over {0, 1,... (n—3)/2} and s belongs to
{0,1,...,v}, |a|=s. The numbers {y? ;} are such that T y ; =v and just s of them

i
is different from 0. For the multiindexes {87 ;} we have |8 ;|=7{ ;, and for {c; ;}
we have Ci,j =0 if ‘)‘2] =0 and Ci,j =1 if ‘)’2] >0.

Introduce the Banach space X of all functions u, such that 67 82 ue C°(R% x R,)
and ||070%ul|, <o for a=0 or 1 and 0sSa+|y|S(n+3)/2 and X;={ueX/
16 0% ull, <6 for a=0 or 1 and 0Sa+|y|S(n+3)/2}.
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Our first result concernswith the. existence of a solution to the integral
equation

3 u(x, t)=ug (x, t)+LFu)(x, t)
in the space X,. Here up is a solution to (1).

The key result is the following

Theorem 8. Let n> 3 be odd and let (H1) be fulfilled. Let ug be the solution to

(1) with initial data feC"*2, geC"*?, satisfying the estimates
10T f() | Se(l +x]) 7P+~ 2 7k, (9847 g(x)| Se(l+x )P+ T3

for any xeR", 0=|o|<(n—1)/2, 0Z|BI=(n—3)/2 and 0<|y|<(n+3)/2. Assume
that 8*f(x)e L*(R") for |a|=n+2 and & g(x)e L*(R") for |fl=n+1."
Then there exists a real number &, , so that for any e€(0, &, ] the integral equation (3)
has a unique solution in X, for suitable chosen 6>0.

Proof Define the space Y; z of all functions u, such that of diu
€C°(R*x R,) and ||0¢ 6% u||, <6 for a=0 or 1 and 0=<a+|y|=(n+3)/2 and for any
teR, 0% dLu(t)e L* (R%), max ||0f % u(t)ll g2 <R fora=0,1 and (n+5)2=a+l

teR
<n+2.
First we prove the implication “ue Y; g = LF(u)€ Y, r "
Taking into account the expression for LF, we derive

P LFuKx, D= | [ O, t, 7, §dS,dr,

= [l=1
where
D(x, t, T, &)= z , aC-7)*?
v,s,a,8,m,{ ,i, j)
1
JetmE nt1 B [ o 4.
X ——g W, Vu)(x+(@—7)¢, 7)) T1 1T [——J:-‘!(x+(t—t)€, 1:)]
oy* i=0 j=0L 9xPi.j

0 2

n+1l a; avi_]*'h_]u €,j O

x IT I [——T—z—‘(x+(t—t)€, ‘c)] Ebij.
i=0j=0L 5B j*hi,j

Here v, s, a, {c; ;}» {B?;} and {y?;} vary as in the formula for LF(u). For another
indices we have corresponding domains. Namely m is integer in [0, |w|], |B|=m,
T p,=wand B ;20. For {3} ;} we have |8} ;|=7};, {d; ;} are constants such
i,j. k
that d"j =0 if ‘)’il'j =0 and dg’]=l if 'y‘l'j >0.
Similar formulae we derive for 870 LF (u). By using the form of F, we
conclude, that it is enough to estimate the integrals, in the representation

n+1 m;

_‘( (t—t)'“{ f I @liEx+e—1¢ 7 I (6’{u,)(x+(t-—1:)€, t)dsg}dr,

Kl=1i=0 =1
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n+1 n+1
where p= X (k; +m;), k; 20, m; 20 and X m; <n. Note, that if m; =0, then
i=0 i=0

L J
I (9% u,) =1. Set r=|x|,

=1 - n+1 m;
I,(r, t)= Il(t—t)v+l{ ) [ I () I (a’{u,)](x+(t-t)€, r)dsg}dz,
- ] Jj=1

gi=1L i=o
I,(r, )= .Jl t—7)y*! {mj_l I::I;Io (u‘)“ijfil (67:u‘)](x+(t—1:)€, t)dsg} dr.

Define the numbers {h;}/2 so that h,=0 if i=0 and h,=1 if
i=1,2,...,n+1. Let the pair (k, m) be such that |yJ|+h, =|y{| +h; for any (i, j).
Note, that X |p{|=v+|w|, v=(n—3)/2 and |w|<(n+3)/2. Hence, for any

@, j) # (k, m) ‘t'l;e inequality |p{|<(n+1)/2 is fulfilled. We consider two cases.
I) If |yg|+h <(n+3)/2, then

A+r+EDA+r—[el)y> " I, (r, 0

n+1 m; j
S(U+r+e) (L +r—el)p~* ! 1T (Ilu.-ll'v“- I Ila"udlu)
j=

i=0 =1
t
x §f [(A+x+E=—0&+) P (1 +lIx+(E—D)E|—[z)~e " D] dS, dr.
=1 =1
In the case '|x|§2 and |t|<2, by using the inequalities 1+r+|t|<5 and
1+|r—Jt]| =3, we get "
n Mi j
C)) MHz(@r, DI, =C II (Iluillﬁ‘ . I Jjo% u;ll.,)-
i=0 ji=1
In another case (|x|=2 or |t|=2), the inequality
(A+lx+E—=)E+ ) P<A+r+e)™ A +r—[e)) =71

gives (4).
Now let us estimate the term I, (x, ¢).

=1
I,(r, )=C, _I (=2 [ (L+yl+lD7?

ly—x|=t—1

n+1 m; j
x (1 +|lyl =z ~?*~"*VdS,dz 1 (lluillf,i. IT ||o% u:ll.,)
i=0

i=1

SC,r*" j‘ (’ j'—’ /1(,12—|r—t+s|2)¥((r+t—.§)2—lz)¥(l+l+ls|)"

— \|r—t+s|

n+1 m Jj
(l+ll—ISII)""""“’dl)ds I (lluill.‘?- i llo” u.ll.,)

i=0 j=1

' n+1 m; j
SCA+r+le)™ A +r—Jel)~®~"* D 1 (llu;llﬁ‘- I |I5"_“:Ilu)-

i=0 i=1
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Here we have used Lemma 1. Hence,

n+1 m; j
I ll, =C 1 (Iluallti- IT |97 uillo)-

i=0 Jj=1

I yel+h2(@n+5)/2.
Denote by (k, m)I1a, ; the product of {a; ;};; without a; m. Then
"]

A+r+E)A+Ir—Itl)P " L, DSC (L +r+1) (A +Ir—(el)? ="

X | 107 uy(et =0 DI +x+E—D+e)

t—1 [Kl=1
n+1 m; j
x (1 +|Ix +(¢—7)¢]— )PP~ VdS,dr.(k, m) II (Iluilli‘,i IT || uill.,>-
i=0 j=1

As in the first case, we obtain
n+1

my Jj
G, O, =C,(k, m) I1 (““i"kui' IT |jo% uill.,)
i=0 j=1 -

i ) |5’:“g(x+(t—t)5, 7)|dS,dt
t—1 gl=1
n+1

mo
=C,(k, m) II (II“:II".,‘- IT |07 u.-llp)
) i=0 j=1

j ( § 10 u (x+(E—)E, r)|2ds¢)"zdf

t—1 \ §l=1

<c, | [( [ 10wy (x+ (=), r)l’dé)m

-1 Kist

+( f Ian’: U (x+(—1), 1) dé)m]dt

Kist

ntd mJ
(k, m) TI (Iluallﬁ‘ IT |97 ui"v)

i=0 j=1

§C4<max lig”* “g(t.)"u(n:) + max ||V, 0" “u(t)lh,z(n:))
teR

teR
N my - d
(k, m) I1 (lluillf,'- IT ||o ,uill.,)-
i=0 i=1

It remains to estimate I, (r, t).
As in the preceding estimate, we derive
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1 nt+1
I, < j(t—r)'“{ § [(k, m) TL (i (x+(e =), 1)

Kl=1

x I1

i
ji=1

. 1 m 1
(ah{u,.)(x+(t~—1)f, r)]zds‘.}i( [ 10" u,(x+(—1)¢, r)lzdse)Idt

Ig1=1

t—1 v+ n+
=C, | (t—7) l{ ] (t—t)‘“"[(k, m) Hl(“a)"‘(y, 7)
- ly i=0

® —x|=t—t

n+1 m; j
<C(k, m) 1T (Iluillﬁf. IT ||o” u;llv)
J

i=0 =1

X (max "a"k u, (t)"U(n:) + max "Vx 0% Uy (t)“LI(R'))
R x

teR te

t—1
X f{(t—T)Z(V+l)+l—2(n—l) [ (+|yl+f2a-»

ly=x|=t—1

1/2
x(l+||y!—|t||)2“""""'*”dS,} dtSC(L+r+t) ™ (L +[r—[e)) 2+~

n+1 m; j
x(k, m) I <Iluillﬁ‘- IT ||o% u;llu)

i=0 j=1

x (max l07% u, (Dl 2 p:) + max ||V, 0% “g(‘)lle(n-))-
teR -

teR

Hence the estimate

nt+1 m; j
5) llof 0% LF(w)|l, = CZ II (!Iuillﬁi- IT ||o u;ll.,)
j

i=0 =1

n+1 m; J
+CZ(k, m) I1 (lluilltf. IT |0 u;ll.,)
i=0

j=1

(max 107 up (Bl 12 qr) + Max[IV,07 u, (t)llem;))
teR teR

holds. ik

In the first sum we have included the terms, such that |y{| +h; <(n+ 3)/2, for any
@i, j), while in the second sum we include all terms, such that max max |{|+ h,

i
>(n+5)/2. Here a+|y|<(n+3)/2 and a=0,1 and a+|y|<(n+3)/2.

Let us estimate the term max ||07 0% LF(u)(¢)|l g, for a+[y|2(n+5)/2 and
teR *

a=0 or 1. Without loss of generality we can suppose a=1. The case a=0 can be
considered in a similar way.
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Note, that d”’LF(u) is the solution of Cauchy problem for linear wave
equation [Jv=0"F(u, Vu) with vanishing initial data at t= —oo.
An application of basic energy inequality gives

1102 3% LF (@) ()l 3ty S IV, 8% LF@) Oll e

é I “a:’:F(u9 Vu)(t)“u(n')dt

— @

<C X _;' ( ) ["ﬁl (1, )i (x, ) II (an u;)(x, 1:)] dx)mdt.

kj, m;, 7':—00 xeR"

Here {k;, m;, yl} vary over a set, determmed by Zy{ <y, Zm,swl and
iJj

X (k;+m;)=p. Denote by I{k », ¥} the integral term

i i » i

¢ nt1 172
] ( ) [ IT (u;)i(x, ‘t) H (3"u )(x, 1:)] ) dr.
—o \xeR"

Again we consider two cases
1) max max |y{|+h; S(n+3)/2.
Then ‘ !
Lty m, oy SCa T (Il T 1075l )
i=0 =i
1/2 nt+1
= f ( § (1+IX|+|tI)'2’dX) dt=C, I (Ilugll"‘ i Ila"uall.,)
xeR" | i=0 i=1
2) max max [y{|+ h;=(n+ 5)/2.

o .
Let (k, m) be such that |y |+ h, =max max |{| +h;. In this case, as before, we have
i

n+1 m; Jj
Iy, m. vy SCy(k, m) 11 (uu,u'.:f. i na"u,u.,)

i=0 ji=1

t 1/2
x | ( f (l+|x|+|t|)_2“’ 1>|au u, (x, t)lzdx) dt

w0 \ xeR"

n+1 m
=Ck, m) 11 (Iluill"' Ila" ull, )max 107 u, (Dl g?) -
i=0 =1 teR
Therefore,
n+1 m; Jj
(6) max ||0f 0% LF(u) ()|l 2m:) SCZ H (Iluill'.‘,‘ IT ||o% u;llo)

teR ji=1

n+1
+CZ(k, m) II (Ilu (B i llo u;ll.,)max IIa"‘ U (Oll2 g2y -
i=0 R

Jj=1



Scattering for Nonlinear Wave Equation... 155

In the first sum we include all terms, for which max max |y{| +h; <(n+ 3)/2, and in

i
the second sum we include the remaining terms. Takinjg into account the estimates
(5) and (6), we deduce that if ue Y, g, then LF(u)eY; k.
Assume now, that ue Y; x and we Y, z. Then we can estimate the difference
LF(u)— LF(w) and its derivatives.
Similarly to the preceding estimate (5) and (6), we obtain

=1
) 16 6% (LF(w) — LF(w))ll, = CZ( z ( I (Ilu:llﬁf

I \i=0

m; Jj E "y
x IT [|9% uall.,)-(llu. —will, (It~ +liw, Il =) I 7w, |,
ji=1

i=1

m s-1 s m Jj
+ X flwgllzt T [0 wll, 16 (u, —wp)ll, TI |10 W:II..)
s=1 i=1 j=s+1

n+1 m; b
x II (llwtlll‘,i IT ||o W;II.,)))-
i=l+1 j=1

Here a=0 or 1, 0=sa+y|=2, {k;, m;, yf} are such that Xy <y, Tm, <|y| and
iJ i

Z(k; +m;)=p.

i

In the case a=0 or 1, and 3= a+|y|=<(n+ 3)/2, as in the proof of the estimate
(5), we derive

=1
@) 167 0% (LF (1) — LF(W))ll, = CE(E( II (Iluallﬁ‘

1 \i=0

m; Jj I | Jj
x II ||o" ui"o)‘("ul —will, (gl + 1wl =) T 107 wil,
ji=1 ji=1

m s—1 j s my J
+ Z lw il TX 1107 wyll, 107 (wy—w)ll, T |07 wll,

s=1 Jj=1 j=s+1

nt+1 m; - -1 .
x II (Ilw,llﬁf IT ||6% W.-II.,)))+C2((I¢, M)E( I (Ilu:llu*
i=l+1 ji=1 1 \i=o0

=t i k—1 PP PN
x T 107 wll, ). { lluy —will, (lleggllse ™ + Nwyll5 1) I 107 will,

j=1 Jj=1

m s Jj s bt | i
+ T |lullsr TX 107 wyll, 1107 (e, —w)ll, IT 1107 W;II.,)
J=1

s=1 j=s

n+1 m; j
x II (“wi":’i I ||o W:Il.,)))
i=i+1 i=1

X (max 107 wy ()l g7y + max IV, 0% w, (t)llzf(‘n:))

teR teR
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nt+1 my j
+CZ(k, m) I (lluillﬁi- IT |0 ui"v)
ji=1

i=0
X (max 107 (u, —wy ) Ol + max ||V o (uk_wk)(t)"L’(R:)) .
teR teR
If n+2=a+y|=(m+5)/2 and a=0 or 1, then

. =i
©) max |0F 0% (LF(u) — LF(W)) (O)ll 2y = CE( ? ( I (II“; I3

teR i=0

o ST K —1 b
x T [10% wll, )- (g —willy (gl + lwylle ) TE 107 will,
j=1 - j=1 )
m : s s my J

+ = lluls X107 wyll, 1107 oy —wll, TT 1107 will,

s=1 j=1 j=s

n+1 m; j -1
x II (Ilwillif Il ||o% will.,)))i-CE((k, M)Z( II (Iluillﬁi
1

i=l+1 j=1 i=0

s S K~ 1 b1y o war
x T [18% wyll, ) -{ ey —willy (e ll5 ™+ liwllct ) I 10" will,

i=1 i=1

my s s moj
+ Z [lullt T (107 wyll, 110" G, —w)ll, TT 107 W;II.,)
j=1 j=s

s=1

n+1 m; Jj m
x II ("W.-"f:‘ IT ||o W.-".;)))-ma: 167 W (Ol 2m2)
te

i=l+1 j=1
n+1 m; j m
+CZ(k, m) I1 (Iluslﬂ‘,‘ - 0T Jjo™ uil|.,> max |07 (u, —wy) (Ollxrs) -
i=0 j=1 teR

Now, we consider the sequence {u,,} defined by the equalities u, =u, and
Upyy =ug +LF(u,). We shall use the well-known energy equality:

Vs, e 00t Mizgs) =V, e 2 M2y »

where v is a solution of the free wave equation Ou=0. ,
Taking in mind the assumption of f and g and above conservation law, we
conclude, that 8 9% ug ()€ L*(R}) forany te R, a=0,1 and(n+5)/2Z5a+y|Sn+2.
Let M eR be such that ||6% 8% ug ()|l 2g:) <M. Denote by Y, the space Y;, . Then
exploiting Lemma 6, we deduce u, € Y, for sufficiently small ¢>0. Hence u,€Y;.
Denote by N the maximal number of terms in the right-hand side of the
inequalities (7), (8) and (9). Let 6 be chosen so that Co» " 'M<pN~! and
C3?<pN~! hold for some p<1. Applying the inequalities ||0f 0% u,, (D)|l, =4 if
0<a+|y|<(n+3)/2 and a=0,1 and max ||07 0% Uy () SM for n+22a+y|
teR
>(n+3)/2 and 2=0,1, we obtain
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max( max ||0F 0% (tm+1 —Up)ll,» mMAX |07 0% (Um+1 _“m)(t)"u(n:))

a, B a,y,t

Sp maX(maX 107 9% (g — thm—1 )l » MAX [|OF O% (U — thm—1 )(t)llma;)) ,
a, B L

where a=0,1, 0<a+|B|=(n+3)/2, n+2=a+|y|=(n+3)/2. By induction with
respect to m we derive ||0% 98 (u,, —Um-1)ll, <Cp™ Hence {u, } tend to u in X,
and u is a solution of the integral equation (3). The proof of the Theorem is
complete.m

Remark that the solution, which we have constructed in Theorem 8, is
obviously twice continuously differentiable to t. Indeed, the fact ue X shows that
u is continuously differentiable. We differentiate formally twice and use the facts
020%ueV for a=0,1 and 0<a+|B|<(n+3)/2. So we obtain that the function in
the right-hand side in differentiated equality is continuous. Then u is twice
continuously differentiable. This implies the following

Theorem 9. Let f and g satisfy the assumptions of Theorem 8 and let u be
a solution to the integral equation (3). Then u is the unique global classical solution
of the wave equation [Ju=F(u, Vu).

Note that this method gives a possibility to obtain similar result in the case,
when F satisfies the hypothesis (H2). For initial data fe C(R"), ge C"~!(R"), we
have 9*fe L*(R") for |«| =n, 8°g e L*(R") for || =n—1 and the following inequalities
[0 f(x) S e(1+|x])~?*"~ 27K, |02+ 7 g(x)| < e(1 +|x]) P "3~ hold for any x € R",
0Z|o|=(n—1)/2, 0Z|BI=(n—3)/2, O<|y|<(n+1)/2 and n>3 is odd.

In the case n=3, when F satisfies the hypothesis (H3), we derive the
following

Theorem 10. Let ug be the solution (1) with intial data fe C° and ge C*.
Assume the estimates

0" 7 f()| Se(1+Ix) Y27, 107 gl S el +|x) 27!

for any xeR", |a]=0,1 and |y|=0, 1, 2, 3 fulfilled. Moreover, &*f(x)e L*(R") for
|¢|=5 and 8° g(x)e L*(R") for |B|=4. Then there exists a real number &, so that
Jor any £€(0, ¢,] the integral unique equation (2) has a solution in X for suitable
chosen 6>0, which is also a global classical solution to the equation (2).
For the proof of this theorem, we need to deal with the space W instead of
the space V, where
W={ueC*R" llull, =llully/z.q-1 <0}

The details of the proof are similar to Theorem 8.
Similar arguments give possibility to prove the following

Proposition 11. The Cauchy problem
Ou=F(u, Vu),

u(x, 0)=f,
u, (xr 0) =9
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has a unique global solution, if the initial data satisfy the assumptions in Theorem 8
(in the case n=3 the assumptions Theorem 10).
Introduce the energy norm ||.||, , defined for a function (x, t) by the equality:

1/2
llotx, )lle =1V, < A2 llxms) =(I|va(t)lli-(n:)+l|u.(t)||2mn:)) .
Lemma 12. Suppose the assumptions of Theorem8 fulfilled. Let u be the
solution to (2) and let u; be the solution to (1). Then
(10) lu—ug YOl S +e) ™7+t if £<O0.
Proof According to the basic energy inequality, we have

ll(w—uo ) D)l = _I F@, Vu)@llzede

It is necessary to estimate the last integral. The domain of integration will be
divided into five parts:

1) I,(x, )= ;' ( { IF(u, Vu)(x, ‘r)lzdx)mdt

—o \|xsid2

t o 1/2
gc,j(l—z)'m-'”’( | dx) dr
- xS lel/2

§C2(l+Itl)-—p(p-n+2)+(l+l)/2 éC(l+ltI)—p+u—l.

t 1/2
2) ) ( {  IFu, Vu)(x, ) dx) dt

—o \l2sksid-1

t -1 1/2
<C, | (1+Itl)"’( f r"“(l+Ir—ltll)""""“’dr> dr
—® 2

t k=1 1/2
<C, | Irl""”’(l+lrl)"( ] (1+|r—|z||)"”"+"dr) dt
2 A

SC;(1+[e)™Pm*D2 <C(1+[e) =P+

3) i' ( ] |F(u, Vu)(x, 1) dx)md‘t

- \[-13xIskl+1

t 1/2
§c,§(1+|r|)-'( f dx) de

ltl=1s5ix|Skl+1
SCo(1+IE) ™7+ 2 SO +1e) ™

4) The case |t]+1=|x|<2|t| can be treated as in 2).
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5) ; ( § |F(u, Vu)(x, 7)? dx)mdr

= \ |x|22t

t 1/2
£C, j( § (1+|x|)-2m-~+2>dx) dt
Ix|2 2l

— oo

t + oo 1/2
=C, | ( ) o""‘~(l+a)'2’(""'+2’da) dr

- 2t

SC2 ;' (1+I‘tl)_P(P—l+2)+(l—l)/zdtéca(l+It|)-p(p—l+2)+(n+l)/2

SCA+eh~rrh

We used the fact ue X; and t<0. This completes the proof.=
Analogously we obtain the following

Lemma 13. Let assumptions of Theorem 10 hold. Then
(11) i —ug YOl (1 +[t)~®~ 42 for <O,

where u and ug are defined as in previous lemma.
Finally, taking advantage of the fact ue X we define the function

ud (x, t)=u(x, t)— LF(u)x, t),

where +eo (w=3)32

LFu)x, 9= [ £ (+Da,—o"*!

v=0

6,‘[ | Flu(x+@—1¢, 1), Vulx+(z—1)¢, t))dsg]dt.

1K=1
Then, obviously ug is a classical solution to the free wave equation and

(12) [l —ug )@l SC(1+]t))~® for 20,
p—n+1 if n>3,
here B=
where {(p—4)/2 if n=3.

Denote by W, y, where k and N are nonnegative integer, the space of all
functions he CN(R"), such that

lhl,y = Z sup[(1+x])***|0*h(x)]] < co.

leiSN xeR"

As an immediate consequence of (10), (11) and (12) we obtain our main result:

Theorem 14. There exists a sufficiently small neighborhood U of zero in
Wynt2.n+2 X Wp_ni3,n+1 (respectively in the case n=3 W3 s X Wy241.4) such
that the scattering operator

S:(f, g9)e U - (ug (x, 0), a,u.; (x, 0)eWp_pni2, m+3y2 X Wp—nt3. m+1)2
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(respectively W,_ 2.3 X We_1/24+1,2) exists in U in the sense of the energy norm.

Note, that the approach of this work allows to obtain similar results in the
case, when the coefficients of the function F and their derivatives up to order n are
uniformly bounded.
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