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h2
One considers the spectral function e, (4, x, y) of the Schrodinger operator 4, = — -;A+ V with

a C® positive potential V, under some conditions on the periodic bicharacteristics of the hamiltonian
p(x, &)=E2 /2 + V(x). An asymptotics of the function e, (4, x, x) as h — +0 is obtained, which is locally
uniform with respect to the parameters (4, x). Near the caustic points ¥(x)=4 this asymptotics is
expressed in terms of the Airy functions.

1. Introduction and statement of the results

,_ 2
Let A, =— %A+ V, h>0 be the Schrodinger operator with a C* positive

potential V. This operator is essentially self-adjoint in L>(R") and A4, =IME 2- The
kernel e, (4, x, y) of the orthogonal projéction E, is called the spectral function of
the operator A4,.

The purpose of this paper is to find the asymptotics of the function e, (4, x, x)
as h — 0, which is locally uniform with respect to the parameters (4, x). One
obtains the main term and an estimate of the rest. This estimate is improved when
the periodic bicharacteristics of the hamiltonian p(x, &) =¢&2 /2 + V(x) are not too
much. More precisely, we consider two hypotheses — (H,) and (H,). Let n=2
and let @ (y, n)=(x(t, y, n), &(t, y, n)) be the hamiltonian flow of p, lying on the
energy level p(y, n)=A. , _

(H,) We say that the noint (4, y) satisfies the hypothesis H)ifA-V()=6>0and
if the measure of the set

S(A, y)={neR":p(y, n)=4, x(t, y, n)=y for some t # 0}
is zero.
(H,) We say that the point (4, y) satisfies the hypothesis (H,) if V(y)=A and the
bicharacteristic ®*(y, 0) is not periodic.
It is not hard to see that the set of the points {(4, y)}, satisfying (H, ) is open,
provided that A is not critical value of V. '
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Example 1. Let V(x)= I ofx}. If ¢;/a; is not rational number for some

=1

i #j, then the hypothesis (l-{l) is satisfied for every point (4, x) such that
A—=V(x)=6>0.

Example 2. For the potential x} +2x} the points (4, x), where
x} +2x} =4, x; #0, x, # 0, satisfy the hypothesis (H,).

We prove the following asymptotics and estimates of the spectral function
e, (4, x, x), which are locally uniform with respect to the parameters (4, x). If the
hypotheses (H, ) or (H, ) are not satisfied, then the quantity o(1) in all estimates as
h — 0 must be replaced by O(1).

Theorem 1. (The case V(x)<A—3J, §>0.) Let the points (A, x) satisfy the
hypothesis (H,). Then

D) e x, )=2n) "V, 24—V h~"+0(h™"**), h -0,
where V, is the volume of the unit ball in R".

Theorem 2. (The case A—3<V(x)<A.) Let V'(x) # O and let the point (4, x)
satisfies the hypothesis (H,). Then there exist a positive number & and
a neighborhood U of x,, such that for every (4, x) with A—d < V(x)< A, x€ U we have

() e,(4, x, x)=a,(h, A, x)h~2"3+b,(h, A, Xx)O(h=2"3*+1/3) h 0,

where

@ a4 x)=(2n)"V.(%Vi—’)‘»>"zf.<—Ba, x)h~713),

@ bu(h, 3, X)=fo-1(— B, V=),

) fu(s)= zAi(a+s)o’"z do, Ai(c)= % i;: elos+s313) gg
being the Airy function and

© 5=, %)=(3000 2. & 0. 4 )",

™ Ve, & & x)=it+olt, & x)—Ex,

® 8,0+ 50,00+ V)=0, (0, £, X)=¢x.

Finally, (t(A, x), &4, x)) is the critical point of § for which
O A=V gV =0), E= 2 VH+0E), 10,

Remark 1. The coefficient B(A, x) has the asymptotics
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(10) B(4, x)=B,(4, x)+0(A—V(x))*) as A—W(x) -0,
where
(08)) By =B, (4, x)=2|V'(x)|"**(A—W(x)).

Remark 2. The functions f, are positive and satisfy the recurrence relations

1) L= o2 O +1—2 () 22 fo(s)= | Ailo)dos;

(13)  fi()=m2' (—47 1P (A4 P I +(ATA P ).
Moreover, they decrease if n=1 and

(14) £ (®)=(—5)"* +R,(s), s> —o0, n20,
where

Ry (s)=0(s|™**), Ry(s)=0(s|""),
(15)
Ry (s)= 0(|~‘>'|"_9/4 ), Rax+1()=0(ls| A= ), k=1.

Theorem 3. (The case AZV(x)<A+const h*3) Under the conditions of
Theorem 2

(16) e,(A, x, x)=a,(h, A, x)h~2"3 +o(h~2"3*+13) h -0,

where xe U,
(17) a,(h, 2, x)=Q2n)""V, V()" f,(=Boh~*?)

and B, is given by (11). '
Corollary. (The case |A—V(x)|<const h.) If V'(x) # O then
(18) e,(4, x, X)=QRn) "V, |V'X)|"*f,(0)h ">+ O(h~2"3*+13), h 0.
Theorem 4. (The case A+h*37*<V(x).) If V(x) #0 and £>0 then
(19) : e, (4, x, x)=0(h*), h—0.

Theorem S. (The case V(x)=A+h'/27%) In this case the uniform estimate (19)
is valid, assuming only the condition &> 0.

2. Method of the proofs

Using appropriate tauberian arguments, we reduce the asymptotics of the
function e, (4, x, x) to its averages

eh.p(l’ x)=an(}-“F)eu(#’ X, X)d[l, e'h,p(l’ x)=5p(1;”)deh(“’ X, X),
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where p, ()= % p(%), p is smooth, even and rapidly decreasing function on R,

which Fourier transform p(t)=fe **p(1)di has a compact support and p(0)=1.

Tauberian theorem. Let the function A — E,(4, x), depending on the parameter
x, satisfy the conditions:
() |E, (A, x)| Sconsth~*(1+]A])’, «>0, B>0,0<h<h,, A€R, locally uniformly

X5
(ii) |E,A+0Th, x)—E,(4, x)|Sconstb(h, 4, x)h~ (T + C(T)0(1)), y>0, T>0,
|#|<1, h =0, locally uniformly with respect to (4, x) where

over

(i) b(h, A, x)=C,>0.
If there exists a function d(A, x) with the property

(iv) b(h, A+, x)Sconstb(h, 4, x) for |o|<d(4, x),
then

() |E,(A, x)—E4, 5, (A, x)|Sconstb(h, 1, x)h~(T+C(T)e(1)), h -0,
locally uniformly in the region d(4, x)=Ch*, 0<e<l1, ¢>0.

Further we use the relation

e, 0, x)= zin [ MpOUE, x, X)dt,

where U,(t,x,y) is the kernel “of the operator U,(t)=e ™ 4 and a

h-approximation of this operator in the form
(20)  Q,(Oulx)=(2nh)~"fe ' & Dg(e, &, x, MUE)E, ueCy,

where t varies on a compact interval.

Such a parametrix can be constructed by the methods from [2], [6], [11], [13],
locally relative to the variables x € R" and t € R. In particular, for a fixed compact
K < R" the phase function ¢ is a solution of the problem (8) for xeK and if t is
near zero. The amplitude function q has a form q(t, &, x, h)=Z Yolaqft, &, x),
N-large enough, and

1
(1) 3,qo+3,¢a,qo+563¢qo =0, g,(0, ¢ x)=1.

If |t|=5>0 then locally over (t, x) the parametrix Q,(t) is of the same form (20)
with another phase function ¢, satisfying the Hamilton-Jacobi equation

@) 0,0+5 0.9+ Vx) =0,

Let xe C® (R) be an even function, »(t)=1 near t=0. As in [10] we have
(23) & pp (B X)=h""fe*" or dtdE+ 1,2, %),
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where ¢ is given by (7) and

ri(t, & x, B)=2n)""" 'pr (xt)lt, &, x, h),
(24) Jy(A, x)~h~"[e™” e, dide,

ryt, & x, H=Q2r) """ 1p () (1 —t)a(t, & x, h).

The equivalence “4,(A, x) ~ B,(4, x)” means that A4,(4, x)— B,(4, x) = 0(h® ) locally
uniformly in (4, x). Moreover, the support of the functions r, and r, can be
supposed to be compact over (t, &).

The hypotheses (H,) or (H,) allow us to prove that J,(4, x)=o(h™"*?) or
O(h*) respectively. Thus the problem is to find the asymptotics of the integrals of
the form (24) as h—0, which must be locally uniformm with respect to the
parameters (4, x). In the case V(x)<A1—9, >0 the critical points of the phase
function (t, 0) = Y(t, ow, 4, x), |w|=1 are nondegenerate and the method of the
stationary phase is applicable. If V(x) is close to 4, then the critical points of
¥ may degenerate. In this case we apply the theory of the versal deformations [1],
[12] and prove that if V’(x)#0 then the function y(t, &, A, x) admits a normal form
—B(4, x)t+t&2+13 /3. After we use polar coordinates { =ow and the Malgrange
preparation theorem.

3. Proof of the Tauberian theorem
Since
(25)  Ep ,p (A, x)—Ey (A, x)=[[EA—puTh, x)—E4, x)lp(u)dp,
it is sufficient to estimate the difference AE,=E(A—uTh, x)—E,(A, x) locally
uniformly with respect to (4, x).
1% case: |uTh|<d(4, x). Then the conditions (ii), (iv) imply the bound
(26) |AE,|<constb(h, 4, x)h~(T+ C(T)o(1))(1 +|ul), h — 0.
2" case: |uTh|>d(A, x). Now the conditions (i), (iii) show that
27 |AE,| <constb(h, 4, x)h~"o(1)(1+|ul)**?, h—0
in the region d(4, x)=ch®, ¢>0, 0<e<].
Evidently the estimate (v) follows from (25) — (27).

Remark 3. The Tauberian theorem will be used at the proof of Theorem 2
in the region B(4, x)= Ch?*3,C>0.1In all other cases we shall use the more simple
variant of the Tauberian theorem: the conditions (i), (ii) with b=1 imply (v) with
b=1.

4. Proof of Theorem 1

We start from the formula (23). In view of (22) the critical points of the phase
function y satisfy the relations
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(28) 0:p=x, p(x, 0,0)=A4
are taking into account the property ®(d,¢, £)=(x, 0,9) we conclude that
(29) - D(x, §=(x, 0,¢), p(x, 0,9)=4, p(x, )=A.-

Using the expression (10.13) from [2] of the phase function ¢ it is not hard to
see that the range of the Hessian ¢” in the critical points is equal to 2. Therefore
the method of the stationary phase and the hypothesis (H,) 1éad to the estimate

(30) J(&, x)=0(h~"*1), h—0.

Further, integrating by parts in the integral (23) over each coordinate ; and
summing, we get from (23), (30) the formula

@1) €r, pp( X)=1,(4 X)+0(h™"*?), h—0,
where : '
(32) I, x)=h""fe* 'erded¢,

-n—1
e, & x =20 PO,

1800 q +i0,q)t).

It is convenient to use polar coordinates ¢ =ow in the integral (32). From (29) it
follows that the point t=0, ¢%/2=A—V(x) is critical for the phase function
(t,0) = Y(t, ow, A, x). Since ¢ satisfies (8), (28) we see that for the other critical
points the estimate o <Clt| is fulfilled, hence on the support of the integrand
r there are not other critical points. Using the method of the stationary phase we
find the asymptotics of the integral I, (4, x), and taking into account (31), we
obtain

(33)  enpp (4 X)=20) "V, 24— VN "*h™"+o0o(h™"*"), h 0.
Analogously,

(34) €h, op (4, X)=a,(4, x)h™"*1+0(h™"*?), h—0.
On the other hand it is known that [10]
(35) ey(4, x, x)<consth™*(1+|4))’, 0<h<h,, A€R,

locally uniformly over xe€R", for.some >0, f>0.
Finally, (33) — (35) and remark 3 give the asymptotics (1).

S. Proof of Theorem 2

From the hypothesis (H,) it follows that there exists a positive number J such
that if |V(x)— A| < then the critical points of the phase function ¥ are outside of
the support of the function (z, &) — r,(t, &, x, h). Therefore the integral (24) satisfies
the estimate J,(4, x)=0(h* ), h — 0, locally uniformﬁy in (4, x) if |V(x)— 4| <. Thus
we obtain analogously to (31),
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(36) en, pp (4, X)=I)(4, x)+O(h*), h—0.

To evaluate the integral I,(4, x) we note first that the critical points of the
phase function ¥ satisfy the equations 9,y =0, 9, =0 and

2 2
oY =A—V(x)— §2_ + V(x)5t— %((V'(X))z +{V'(x)E, &)+0(t3),
(37) 1 t?
oY=t [—¢+ 3 V'(x)t— V”(x)ég] +0(t*), t - 0.

Because of (7), (8) the function (¢, &) — Y(t, &, 4, x) is odd, therefore only the poifits

{0, &:£22=A—V(x)} and {(£#A, x), *&A, x))} are critical, where

(t(4, x), &(A, x)) satisfies (9) and p(x, é(}. x))=A. In particular, (¢, &) — 0 if V(x) — A.
Let V(x)=A. Then

2 2
Ve, & 4 x)=— —[(c— ‘Vz("’)z+ 5 (‘V(j‘» +(VE, c>)] +0(*),

hence there exists an odd change of variables t=1p,(z, , 4, x), £=¢&,(7, 1, 4, X)
such that
(38) Y(t, & A, x)=m>+13/3 if V(x)=4, V'(x) #0.

From the theory of the versal deformations [1], [12] it follows that the family
ct+t£2+13/3 is a versal deformation of the function t&2+¢3/3 in the class D
of all smooth functions g(t, &), defined in a neighborhood of the origin,
with the properties: g(—t, —&)= —g(t, &), ¢(0,&)=0, which class is invariant
under the local diffeomorphisms (z,7)=uv(t,£):R x R®—> R x R", such that
D(—t, —§)=—U(t, é)s v(o’ €)=(09 ")' )

Consequently, since the function Yy eD and satisfies (38), there exists an odd
change of variables (¢, &) — (z, n) such that

(39) t=tp(t, 0, 4, x), £=&(t, 1, 4, x),
(40) Y(t, & A, x)=—B(4, x)t+n’+1%/3

if V'(x) # 0 and |V(x)— A| < J, d being sufficiently small. In addition, the coefficient
B(4, x) satisfies (6) and the asymptotics (10), (11) if V(x)<A.
Therefore by the principle of the stationary phase we obtain

(41) Lk, x)~ [~ 1Bt + 30y x, K)drdn,
where g=h"'3, + o,
(42) gl(t9 n, x)= -

-
(21t)n ﬁr(t)x(t)éagwqo(t {, NX(EJ(, 1),

-n—1
e, =0 0o 3 Woagow | Xt
=1

D(t, &)

det D(z, n)

J(z, n)=
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and X e C? (R") is a cutoff, even function. Note in view of (21), (8) that the function
(z, m) = g,(z, n, x) is even.
In polar coordinates n=ow the integral (41) becomes

(43) I,.~I,,'1+I,,'o,

where
44) I ;A x)=h—I"" [ [ 1Bt dRga-1g (¢ g h)drde
j 4 J
alid
(45) g9;(t, 6, = [ §;(z, 0w, x, h)do,
loj=1

in particular g,(r, 6)=G,(t, 6?), go(t, 0, K)=G(z, 62, h), G;e C*. Finally, the
function t — G,(z, o, h) is even.
Using the Ma.ljgrange preparation theorem, we can write

G,(r, 0)=ay+a,0+(t*+0—B)F, +10F,, F;eC®,
whence .
@6)  g,(t, O)=ay+a,0*+(c* +a*—B)f, +10%,, f;eC®
and _]:}(‘t,ja’)=F1(‘t, ¢?). In addition, the coefficients ‘a,, a, satisfy the formulas:
ao=g,(/B, 0), a,= —;i(g,(o, /B)—ay). Since the critical point (¢(4, x), &(4, X)) is
image of the point (ﬁ, 0), it follows from (42) that

@ a0 =0, a;= 26,0, /B).

Integrating by parts in the integral I, (4, x) with the help of (46), (47j, we get
@8)I, 1(A, x)=a,h™ 1" Z feir ™M Bet o +3Deatiq 1d 6 4 J, 4(4, %),

where

49) Ju 1 (A, x) ~ ih™" [ ferT I Brra? 3Dt y(z, g)drdo+R,,
. 0

(50) ur, =01, +3f+30.f;

and R, =R,(h, 4, x) is an integral of the same form, but of lower order with
respect to h.
Since the function t — u(t, o) is odd we can write

(51) u(t, 6)=a,t+(?+0* — B, +10%u;,



Uniform Semi-Classical Asymptotics... 181

therefore (48) — (51), (5) give
(52) I, (4, x)=nh~?"3[a,f(—Bh~?3)+a,f,_,(—Bh~?*)h?3]1+R,.
Iterating the previous considerations, we obtain
(53) R, =(5,(h, 2, x)+O(1))O(h~2"3+473),
where
(54) B,(h, A, x)=f,—2(—Bh~23)+h'B|f,_,(—Bh~23)|+h*3f(—Bh~23),
Later on we shall prove that
(55) 0<c=b (h, 4, x)<constb,(h, 4, x)
and
(56) |fa-2(—Bh~2%3)|<constb,(h, 4, x).
Thus (52) — (56) yield
(57) I, 1 (A x)=ma,f,(—Bh~23)h=2"3 4 b (h, A, x)O(h~2"3+213),
Analogously,
(58) I, o(A, x)=b(h, A, x)O(K~2"3+213),

To compute the coefficient a, , we note that the points (0, \/Ew) are images
of the critical points (0, &), £2/2=A4—V(x), therefore (47), (44), (42) give

(m)~" "' 2(A— V(x))
" B j JO, \/Bw)do.

On the other hand, from (39), (40) it follows that

(60) (det Zc) =(- 2)"( )

and J?dety”= 2"“(‘: —n?y*~! in the critical points. Hence J(0, /Bow)
/ -
(w) and (59) implies

B(4, x)
61) ay= (21:).__" -1 2Vu (2(;( ‘;',Vfg)))n/z.
Now (36), (41), (43), (57), (58), (59) lead to
62)  enp (4, X)= ah, A, x)h=2"3 4 b (h, A, x)O(h™2"3+2/3),
where the coefficients a, and b, are given by (3), (4).
Analogously,
(63) lek, o (4, )| < const by(h, A, x)h~2"3+13(1 4 O(h)).

(59 a=
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To use the Tauberian theorem, we have to verify the properties (iii), (iv) for
the function b,(h, 4, x). First we prove the asymptotics (14), (15). From the
asymptotics of the Airy function it follows that:

fol®)=1— j—#—s)*"cos(%(—s)”z-}- §)+0(|s|"9/‘), §— —00
and
1 2 n =
So(s)= 7(—3)”4008(3(—8)3/2+z)+0(|8| 5/4) as s —» —oo.
T

Therefore (12) shows that f,(s)= —s+O(ls|~%/*), s - —oo. Analogously,
(64) S (®)=(=5F+0(s**), s > —o0 if k=2, 3.

Now the formula (64) follows inductively for every k=1 in view of (12). In the
same way (13) and (12) imply

f0=(=92+ EX cos} 92+ 00s152), 5 —co

and
F16)=— 3e0s 3 (~P2+ 006l ), 5~ —o0,

whence _

(65) S+ 1) =(=9)* 12+ 0(s*7%?), s » —o0, k1.

Further, we need the bound

(66) fo()>0.
Indeed, it sufficies to see that .

67) I,= fi2, , Ai(6)de>0, k20; s, = oo,

where 0>s,>s,> ... are the zeros of the Airy function Ai(s), SO Sa+1 —Sn+2
<S, —S,+1 and Ai(c)>0 on the intervals (szx+3, Sz), k=0. Since

52k "k
Ik = I. Ai(ﬂ')da"l" I Ai(28u+1 —a')da',
S2k+1 52k
where Ty =282t+1 —S2k+2> then
"k
(68) L,z | (Aie)—f(0))do,

S2k+1
where f(6)= — Ai(2534+1 —0) if 6 € (52 +1 , 71 )- To compare the functions Ai(c) and
f(0) on the interval (s;;+,, ), We observe that there '
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Sf"(0)+(0—252+1)f(0)=0, Ai"(0)+(—0)Ai()=0,
—0<0—253+1, 0—25x+1 >0, f(0)>0, Ai(c)>0,
S(S2k+1)=Ai(526+1)=0, f(S26+1)=Ai'(S26+1)-

Hence f(0)< Ai(c) on the same interval and (67) follows from (68).

We assert that

(69) £, (s) is positive and decreasing function if n=>1.

Indeed, for s<O0 it is evident. Since f}(s)=—n2" 13 4i*(4~'35)<0 and
S2(s)=—f5(s)<0, we have (69) for n=1,2. Now we obtain (69) by induction, using

the property f,(s)= 2f -2(s), n=2.
Now the bounds (55), (56) follow from the asymptotics (64), (65) and the
properties (66), (69). In particular, the function b, satisfies (iii).

To verify (iv) with d(4, x)= %(ﬂ.— V(x)), we derive from (10) the equivalence

(70) C,B(A, x)<B(A+0, x)<C3B(4, x), C;>0 if |o|=d(4, x).

Now the property (iv) for the function b, (h, 4, X)=f,—,(—Bh~2?3) is
a consequence of (70) and the asymptotics (64), (65) or the estimates (66), (69).

Finally, Theorem 2 follows from (62), (63), (35) by the Taubenan theorem and
Remark 3.

6. Proof of Theorem 3

In the considered case, V(x)=4, there are not critical points of the phase
function y if V(x)> A. Therefore we can not compute the coefficient B(4, x) in the
formula (40) as before. We shall prove only the asymptotics (10). Namely, (39), (40)
and (37) show that

(71) A- V(x)) (0 0, 4, x)= —-B(). x).
From here and the asymptotics (10) we get
(72) f?—':-(0, 0, 4, x)=—=2|V(x)|"%3 if A=WV(x).

Now (71), (72) and the Taylor formula give the asymptotics (10) as ¥(x)—4 — 0.
Further, following the scheme of the proof of Theorem 2, we have to know
the coefficients a,, a, from (46). The Taylor formula, (61) and (10) give

(73) a,(A, x)=2m)~ "2V, [VX)|"*+0(V(x)—41) as V(x)—4—0.
From (46), (45), (42), (37) it follows that
(74) a, =Bf,(0, 0), 97 g,(0, 0)=2,(0, 0)+O(B).
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According to (42), (44) we have: g,(z, 0)=a(t)b(t), where a(z) = %66&1, s0 (37) gives
a(0)=0, a'(0)=0 and

(75) a"(0)= 2a¢[—%§+ V'() ] 1=0.

Further, from (37) we derive
ot o, ac o ot
%V(")(a:) o —O(B) if t=0, n=0,
hence (60) and (75) show that a"(0)=O(B) and (74) implies
(76) a, =0(B?).

Note that the function f (s) is bounded for s=0 and B(4, x)<0 if V(x)zl.
Therefore, instead of (57), (58) now we obtain respectively

(1) I, 1, x)=mh"2"3[ayf,_,(—Bh™%3)h~27 +a,f,(—Bh™*3)+O0(h*?)],
(78) I, o(A, x)=0(h~2"3+23), h 0.
Since |B|<C.h?*3 it follows from (77), (76), (73) and (10), (11)
(9) I, 1 (A X)=2nr)""V, |[V(x)"3f,(—Boh™23)h~23 4 O(h=2/3+213),
Thus (44), 43), (79), (78) imply .
(80) en pp (A X)=a,(h, A, X)h™2"3 4 O(h™23+23),

where the coefficient a, is given by (13).
Analogously,

(81) les, o (A, X)|Sconsth™2¥3*13(140(h), h—0.
Finally, Theorem 3 follows from (80), (81), (35) and Remark 3.

7. Proof of Theorems 4 and 5§

If V(x)2A+h*3~¢, £>0 then f(—Bh~%?)=0(h®), therefore analogously to
the proof of Theorem3 we obtain,

(82 er, (4, X)=0(h%), €, ,(4, x)=0(h*),

whence the estimate (15) follows.

If V(x)=A+h'27¢, £>0, then we can integrate by parts in the integral (23),
using the estimate (6,¢)’+(a¢¢)22C(V(x) —A+&2)% Here we do not need the
condition V'(x) # 0. Thus we have the estimates (82).
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