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The object of the present paper is to give some sufﬁc:ent conditions for certain p-valent functions
in the unit disk.

I. Introduction

Let «/(p) denote the class of functions of the form

(1.1) Q)=+ B ao, (pet ={1, 2,....})

n=p+1

which are analytic in the unit disk % = {z:|z| <1}. A function f(z) belonging to the
class /(p) is said to be p-valently starlike in % if it satisfies

(12) Re {z;((;)} >0, (ze%).

A function f(z) in &/(p) is said to be p—valently close-to-convex in # if there exists
a function g(z) which is p-valently starlike in % such that

{Zf(Z)
9(2)

Noting that g(z)=z” is p-valently starlike in %, we see that a function
f(z)e o(p) satisfying

(14) Re {f (z)} >0, (ze¥)

is p-valently close-to-convex in % (cf [4)).
Further, a function f(z) in &/(p) is said to be p-valently a-spiral in # if it
satisfies

(1.5) Re {e" sz(g)} >0, (ze¥),

(1.3) >0, (ze¥).
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for some real a (|| < 1:/2) S pac ek [3] has shown that f(z) e o#(1) when p=1 which
is a-spiral function in % is univalent in % (cf.[1]).
Therefore, we observe that all p-valently a-spiral functions are p-valent in .

2. p-valently starlike functions

We begin with the statement and the proof of the following result.
Theorem L. If f(z)e /(p) satisfies
2=

7@\ . (7
| l+Re(f,(z)) Re(f( )) df<kx

@1) f

Jor z=re®, 0<|z|<]1, then

< n (zed),

22) | Zf'(2)

)
where k is real.

Proof. Define the function g(z) by
zf"(2)
fi@)°

(2.3) 9(2)=
Then we have g(0)=p and

2=

as za’(Z))
(24) gl — argg(z)| d0= I (g()

= Zf"(Z))_ (zf'(z))
..g 1+Re(f,(z) Re( oy )jdo<km.

It follows from (2.4) that

dé

argf’ )<—

2.5) larg g(z)| = 1

Corollary L If f(z)e A(p) satisfies

ax L0\ o (7O
t+Re (f’( )) Re (f( ))‘w("

(2.6) |

f_0r z=re”, 0<|z|<1, then f(z) is p-valently starlike in %
Theorem 2. If f(z)e (p) satisfies

" Zf'(2)> E |
| Re(f(z) pld0<kxm

2.7

Jor z=re*, 0<|z|<]1, then
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1)

< n (ze¥),

(2.8) |ar

where k is real.
Proof. Letting g(z)=f(z)/z?, we see that

242\ _pe (@) _
@9 R"( @ )—Re(_f(z) )

Therefore, spending the same manner of Theorem 1, we complete the proof of the
theorem.

3. p-valently close-to-convex functions

Next, we derive
Theorem 3. If f(z)e.szl(p) satisfies

7D\ o (24
G.n 5 ri (f’()) R°(a())

for z=re®, 0<|z|< 1, and, for g(z) which is p-valently starlike in %, then

dO <k=n

3.2) 5(( )) n (zeX),
where k is real.
Proof We define the function h(z) by
_#@)
3.3) | h(z)= %
Then h(0)=p and
2x h 2=
(3.4) g (z (’)) do= j 5 g hHd0
x zf "(2)) (zy’(Z))
g 1+Re (f'() —Re e df <kn.
This implies that :
(3.5) larg h(z)| =|arg z_;(’(zz)) < gn.

Corollary 2. If f(z)e o/ (p) satisfies

2x

7@\ ()
: l"R"(f'(z)) R°(a(z))

(3.6) | do<n
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for z=re®®, 0<|z| <1, and, for g(z) which is p-valently starlike in %, then f(z) is
p-valently close-to-convex in %.
Further, taking g(z)=2z? in Theorem 3, we have

Corollary 3. If f(z)e #(p) satisfies

2x zfn(z)) |
i 1+Re|{——)—
(3.7 { + e(f,(z) pld0<kn
Jor z=re", 0<|z|<]1, then
3.8) arg{;(_z)l < gn (ze®),

where k is real.
4. p-valently o-spiral functions
Finally, we consider for p-valently a-spiral functions in the unit disk. Our
final result is given as follows.
Theorem 4. If f(z)e o/(p) satisfies
> o ”(2)> <z ’(2))
4.1 1+Re{=—)—Re
@ fjere(Feg @
for z=re®, 0<|z|<1, then there exists a real number o (|o|<n/2) such that
zf '(2)}
4.2 Re{ée™ >0, (ze¥).

Therefore, f(z) is p-valently a-spiral function in %.
Proof. Noting that

@3) (zjf.(g)),_o =p

for f(z) satisfying (4.1), we see that there exists a real number a (ja| <7/2) which
satisfies (4.2). It follows from [2, Corollary 3] that f(z) is p-valent in #. Thus we
complete the assertion of Theorem 3.

df<2n
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