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I. Introduction

In the last decade a growing interest in so-called completion problems
appeared in connection with dilations and classical extrapolation theory.
Motivated by dilation theory is the following contractive completion problem.

“Given operators A, B, C it is required to find conditions for the existence of

an operator D such that B] is a contraction and when these

A

C D
conditions are fulfilled, a parametrization of all the solutions is of interest.”
For the solution of this problem see [2], [25], [6], [15], [18].
Motivated by classical extrapolation theory (Carathéodory-Féjer problem,

trigonometric moment problem) appears to be the following.

- “Given a banded block-matrix M =(S;)! ;-, (banded with bandwidth
k means that S;;=0 for |i—j|>k) it is required to find conditions for the
existence of positive completions of M and to find all of these when the
existence conditions are fulfilled.”

This problem is solved in [14] and a more general question concerning the
characterisation of all patterns admitting positive completions is solved in [16].
This kind of problems generated a large amount of work — for recent reports on
some of this work, see for instance [13], [17].

It turns out that conditions for the solvability of the above mentioned
problems can be obtained by general results in dilation theory and so, the
parametrization of the solutions appears to be the most important thing.

Our purpose in this paper is to point out a general framework exactly for this
aspect of parametrizing solutions of completion problems. Actually, we consider
the following problem. Fix NeZu{w}, MeZu{—}, M SN, where Z denotes
the set of integers; | is the set of integers between M-1 and N+ 1.

“Given €={€ }nc1s F ={F }ne1> H ={H  }ne1, families of Hilbert spaces
such that &, and &, are subspaces of ¢, for every nel and a family of
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unitary operators w,e% (8,+1, #,), it is required to find all the classes of
minimal unitary extensions W,e% (X ,.,, X',) of the operators w,.”

This problem may be viewed as a nonstationary variant of a one which runs
throughout most of the classical work of M. G. Krein in extrapolation
theory —see [21], [20].

In this paper we give a solution of this problem (in Section III), we give a cor-
responding variant of the Krein formula for generalised resolvents (in Section IV)
which produces another solution of the problem, and based on the ideas emerging
from the classical work of I. Schur [28], we connect both of them in Section
V. Our main tool is a certain structure of the positive block-matrices and we recall
this in Section II. The last section contains the applications which cover positive
and contractive completions. We discuss the band extension problem, a Sz.-Nagy-
Foias model for representations of the algebra of lower triangular matrices and
some variants of the lifting theorem of Sarason-Sz.-Nagy-Foias.

II. Preliminaries

In this section we briefly recall a certain structure of positive-definite kernels
on Z and two consequences regarding the structure of the Kolmogorov
decomposition and a stationary embedding. Most of the notation for Hilbert
space operators is taken from [29]. Thus, for two Hilbert spaces # and J,
2L (#, H) is the set of the linear bounded operators from J# into . O, () is
the zero (identity) operator in the underlying space. For a contraction
TeZ (#,#) (i.e. |T|£1), Dp=(I—T*T)"?> and D;=D,()#) are the defect
operator and the defect space of T. The unitary operator

J(T): X DD DD,

o3, 2]
T

is the elementary rotation of T. Finally, for a closed subspace £ of o, P; denotes
the orthogonal projection of # onto 2.
1. We are concerned here with the following object: for a family {.;f,.}nez of

Hilbert spaces is given an application ¢ on Z xZ such that ¢ (i, j)=S,,€ 2 (¢,
) and the operators

j j
MU(‘P)=MU: 32 xg"'@”g
k=i k=i
2.1)

M‘j=(sm)l5m,n$j

are positive for i, jeZ, i<j.
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The aim is to give a description of ¢ by means of a family of contractions

(= {G”}uez where C,,=0;"—x‘ for ieZ and for i, jeZ, i<j, G.,:@G‘“J—»@Gr,,_,
isj

(and of course, when S;; are not supposed to be I, for ieZ, the family {S,,}

appears also as a parameter). This problem has its roots in the work of I. Sch u r
[28] concerning the structure of analytic contractive functions on the unit disc
D and in the Szego’s theory of orthogonal polynomials on the unit circle. The
contractions G;; are called in these contexts Schur parameters, Szegd parameters,
reflection coefficients, in the intertwining dilation theory they are referred to as
choice parameters, so that, from now on, we simply call them parameters. Some
developments of the classical results appear in [8], [1], [11], [5], [23], [24], [12].

Here, we follow [9] in order to state the one-to-one correspondence

(22) Si.i+l=sililz Gi.i+lSil-{-zl.i+l
for ieZ and for i, jeZ, j>i+1,

23) Sij=silt/2(Ri.j—1 Uir1,j-1Cisy,
6tis1--Dal j-1GuDgy g jo--Dey_y. S}

between ¢ and {. Let us explain the notation. For a fixed i€eZ, the family {G,}i<x
defines a row contraction

+D

(2.9) R: ® D, K

k2i+1
Ri=(Gii+1> Dg} i1 Giisz,-.)

and when j>i, R;; is the restriction of R; to e 96“1 By an obvious duality
k=i+1

there are defined the column contractions C; and C;;.
The unitary operators U;; are given by:

2.5) U,=1I ,

for ieZ and for j>i,
-i J

2.6) Uy: @ Do, DD,
k=—j

Uiy=Jj(Gii+1)J;(Gii+2)-- - Jj(Gi) Uiy y, ;B 1961‘1)

where the subscript j at J (G;, ;+,) means that the elementary rotation of G;, ;+, was
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extended with identity on corresponding spaces. The formulas (2.2) and (2.3) show
that without loss of generality we can suppose S;;=1 », Moreover, they give the
structure of any positive block-matrix M;;.

2. A first by-product of the above structure of ¢ is an exp11c1t description of
its Kolmogorov decomposition. The construction goes through the following
steps and comes from the remark that it is essentially given by the elementary
rotations of R,, ieZ. So that, the first step is to give an adequate identification of
the defect spaces of a contraction of the type of R, i.e.

T=(T,, Dy} T,,. )X(—QXJ—’J“’

with T, a contraction in & (&, #) and T, contractions in & (), Dr;_,) For
k=1, we define the operators:

k k
D,(T): @ #,(=H")> & D,
ji=1 ji=1

Dy, - T'T, ... -T; DT2 Dy Ty
an Dy (T)= 0 :DT2 —T; Dg}.. D" T
o o o,
and
(2.8) D, (T):Qf—vjé;l@n:Q(T)

D,,(T)=s-lim D, (T) Pt

where s-lim means the strong operatorial limit. The operator
k—
a(T): D2 (T)
(2.9)
a(T)Dy=D(T)

is a. unitary one and gives an explicit description of the defect space 2. For
identifying the space 2.,*, we define

H(T): #—H
(2.10)
H (T)=(slimDy3...D}+...Dy3)" |
k— o0
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and the operator

B(T): D7*~H,,(T)(#)=2,(T)
(2.11)
B(T)Dy*=H(T)
is a unitary one. The next step consists in considering

W(T):2,(T)® ¥ —H & 2(T)

I 0 I
Wm:[o a(T)]”T)[ﬂ(T) 0]

and taking into account this operator for the row contractions R; given by (2.4).
Consequently, we define the spaces

(2.12)

i-1

(2.13) Hi= @ 2,(R)DH DD (R)
j=—o
and the unitary operators
L AT AT 2
(2.14)
W,=1®dW(R)

with respect to obvious decompositions of the spaces.
Finally, the Kolmogorov decomposition of ¢ is given by ¥(¢)=%

={V(n)}nez,
Vin): #,-»X,
W, WE,.. Wr/#, =<0
(2.15) V()= < Pfg/.#o n=0
WoW,.. W,_y/#, n>0
in the sense that Su‘= V(i)* V(j) for i, jeZ and X o= v V(n)o#,—for the above

. neZ
construction see [9].

Of course, the last minimality condition yealds a natural unicity in the sense
that if W,e& (X .+, X) is another family of unitary operators satisfying:
H,cX,, Sy=V'O*V'()) i, jeZ and H 5= v V'(n)#,, then there are unitary

neZ
operators ¢,: X ,—X ", such that ¢,/ ,=I, and W,@u+1=¢,W,.
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3. Another by-product of the structure of ¢ given by (2.2) and (2.3) is
a certain stationary embedding. The first remark is that when the parameters
G,; satisfy G;j= G4y, j+i for keZ then the associated kernel is Toeplitz. So that,

defining # =@ ¥, G°=O} and for n>1,
neZ

G,:%n_l—»@&':_l
(2.16)
_ G;; j=i+n, neZ
G -{O in rest

the sequence {G,},z0 Will produce by formulas (2.2) and (2.3) a Toeplitz kernel &.
If We % (X) is the unitary operator obtained by (2.14) (i.e. the Naimark dilation
of @) then

(2.17) V(n)=P:0kW"/x’,,

{(with natural embeddings of »#, and X, into ). This construction is referred to
as the stationary embedding of the kernel .

In view of this stationary embedding we have a suggestion for defining for
non-Toeplitz kernels objects which are usually associated with Toeplitz kernels.
More than that, the possibility to deduce the structure of a positive kernel from
the structure for positive Toeplitz kernels appears. As it is easy to see, this is
indeed the case and let us discuss some details in a simple case. That is, take two
operators S;, and S,3 and ask for an S;3 such that

I Si2 Sis3
St: I S
Sty 83 I

is positive—this being a band extension problem. The stationary embedding
suggests us to take

0 S, O
S1= 0 0 S23
0 0 0

which is also a contraction when S;, and S,, are supposed, as necessary, to be
contractions. We obtain the band extension problem for the band matrix
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I S,
st I s,
ST I

By the trigonometric moment theory such an extension does exist, but it is
necessary to support a certain structure. This can be obtained by taking into
account the formula (2.3) and the special structure of S,. Roughly speaking, the
nonstationary case is the stationary one plus a “marking analysis”. This convince
us to keep the stationary embedding as a suggestion and to make the
computations directly. :

III. A solution of the main problem

In this section we indicate a solution of the third problem in Introduction.
First, let us specify the notions involved in the statement of this problem. So, fix
NeZu{w}, MeZu{— o}, MSN.

Define I={neZ/M—-1<n<N+1}, J={neZ/M—1<n<N}, K={neZ
/M <n<N + 1} and without loss of generality, we suppose OeJ. Fix the families of
Hilbert spaces & ={&,}p1, F ={T ,}na and # ={H# }, such that &, and &, are
subspaces of 5, for every nel and w={w,},, is a family of unitary operators,
W, & (Eps1,F,) for ned. Consider now a family W={W,}., of unitary
operators, W, e L (X p41, X ,), X ,2¥,, W, extending w, for every ned.

For nel, we define

V(n): #,-X,
WL W, .Wh/#,, M—1<n<0
3.1) V(n)= { PXY¥#, , n=0
WoW,...Wa_r/#,, N+1>n>0
and the family W={W,},, is called minimal if
(32 v V(n)#,=,.

Then, the minimal unitary extensions W={W,},., and W’'={W,},., of the
family w={w,}., are equivalent if there exists a family of unitary operators
{@u}nets Pn€L (X ,, A}) such that ¢,/ ,=1, and W,¢,.,=0, W, for neJ. We
denote by E(&, #, 5 ; w) the classes of equivalent minimal unitary extensions of
w, and this is the set we are interested in.

Define 2,=#,68,, RX,=X,0F,, nel. We can prove now the main result
of this section.
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3.1. Theorem. There exists a one-to-one correspondence between
E(&,%,5¢;w) and the set nt-of parameters { with G, ,+1€L (Py+1,R,) for ned.

Proof. Consider { with G, ,+1€% (P,+1,R,) for ned. Then, for any neJ we
define the row contractions R, associated with {Gu}.x by formula (2.4); then, for
neK

(33) Ha=2,(R\)D...02, R.-)®2,D%q,,, D .. ®D¢,,
(for finte N and n=N, there is no space on the right of #,) and for nedJ,
(B4 Hi=D,(R\)D...0D,(R,- )OR,8%,,,,D.-- ©Dg,,

(for finte M and n=M, there is no space on the left of #,,).
Define for neJ the unitary operators

L S e %

W.=I [' 0 ]JR[ I]
=I5 Gwy | R Ry 0

where a(R,) and B(R,) are given by (2.9) and (2.11).
Finally, define for nel

 3.5)

1
(3.6) xﬂ_{x,, ®f, neK

T |\o2eF, ned
and for neJ,

3.7 W, N ps1—R,
W, =W, w,.

We readily verify that W={W,},, is in E(&, %, ;w). So, we can define
the map
Q:n-E(&,F,H;w)
(3.8)
@ ({)=class (W)

w bemg given by (3.7).

Supposing that ® ({)=®({’), there exists a family {(p,,},,sl, Q€L (X, X}) of
unitary operators with ¢,/#,=I, and W,@,.,=¢,W, for ned. For ieJ,
JjekK, i<j,

P;{VV,...W,-I/#)=P’;:W,...W]_1 ¢r/‘*}
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=PLQFW,..W;_,/#,=PEW,.. Wi_|#,

In view of (2.14) and (2.2) and (2.3), we obtain {={".

Then, let WeE (&, %, ;w). Define for ned, S,.,.“—Pi W, /# 1, then
S,.,,“_w BGrn+1 where G,.,,H is a contraction in .‘6’(9,,“,9?,,) Then, we
define for teJ,jeK i<j, Sy=P¥W,...W;_,/#;and if Sy=1., icl then {S;;} L

are the coefficients of a positive-definite kernel on 1. Let {’={Gj}c,jex be its
parameter given by (2.2) and (2.3), then G, .+ =W,@®Gnn+: for nedJ and

96;.n+ . 0696-.n+ 1 neJ

Dk, =0DD*,,  ned.

Consequently, {={G, +1}nsU{Gij}ics x belongs to 7 and ®({)=W. That is,

i<j+1
® is a one-to-one correspondence betwee+n n and E(&,%F, ¢ ;w). |
3.2. Corollary. E (&, #, # ; w) contains only one element if and only if ‘#,=0
Jor all neK or R,=0 for all ned. ]

IV. Krein type formula

An extension in E (&, #, 3¢ ; w) is quite an abstract object; on the other hand,
its parameter is quite intrinsic. So that, another “observable” element must be
added to theéscheme. Usually, i.e. for the stationary variant of the problem under
consideration, this object is the so-called generalized resolvent — see [21]. Equally
useful is the so-called generalized coresolvent —see [22], because this function
belongs to a Carathéodory class and so, it mediates between a trigonometric
moment problem and a Schur problem —see [20].

In this section we also choose to associate to an extension in E (&, &, )#; w)
an object resembling the generalized coresolvent.

We begin by introducing the marking operators. Let be given a family
L ={Z,}ra of Hilbert spaces, for i, jel, i<j, we define

j
(4°1) vgnﬂ= @ gk'

k=i

For a family of operators {T,} T,,e.ft’(.?,,“, 2,), for ied, jeK, i<j, we
define :

4.2 Tup: Lu+r.+0~>Lup
Tup=®1=: T,

Now, for ied, jeK, i<j, the marking operators are defined by
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mw]=mw](.¥’); Lun—=L+1,j+11
4.3)
m[lj](lb ll+l’ cesy lj)=(ll+l’°-- ’ ’1,0)

Consider WeE (&, #, ¢ ;w), the generalized coresolvent of W is defined for
ied, jeK, i<j, by the formula:

@49 by (W)= PEj (I + Wynmyp) (I — Wyymyy) ™ Yo ups
the invertibility of (I —Wy;myy) on ¥y, being obvious.
We can decompose every W, as

w, [g jc] n+le(xu+lexu+l)_'x e(X,0¢,)

and we take into consideration the extension W©° given by the parameter

{°={0y}.

We can prove the main result of this section.
4.1. Proposition. For WeE (&, F,X;w), ied, jeK, i<j,

bun(W)=bun(W %)+ 21— Wﬁq"‘wﬂ * Eynmg
I—I=Wiamun) ™ Eypmgp)™ Winmuy

where for ied, jeK, j>i, |
Eypn=Dyp+ Cupnmun(I—Augmup) ™! By
and for ned,

D,=W,—W?.

Proof. For simplifying the notation we suppress the indices i, j.
That is, we can write:

bun (W)= — Ly, + 2}’;{2] I —Wyupmyp) ™! /Hup

I—Wm -Cm ! _
_-1+2P='[ Bm I-Xm] [ H=—T+2((I—Wm)~!

+(I—Wm)~t Cm(I— Am—Bm(I— Wm)~* Cm)~* Bm(I— Wm)~ )= —1I
+2((I—Wm)~t+(I — Wm)~t Cm(I— Am)~* Bm(I —(I—Wm)~* Cm(I— Am)~*
Bm)~1(I—Wm)~*.
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On the other hand,

bun (W)= — Ley + 2P — W inmyp) ™ /¥ yp=+1+2(I—W°m)~?
such that

bun (W) —byn (WO =2((I—Wm) ' —(I-W°m)~!

+(I—Wm)~* Cm(I—Am)~* Bm(I—(I—Wm)~* Cm(I— Am)~* Bm)~* (I — Wm)~ 1.

Now, with the notation

D,=W,—W?, neJ
we have
I—Wm) ' —(I—W°m) " =(I—W°m)~ Dm(I— Wm)~!

which gives ‘

I—Wm) t=(I—I—-W°m)~* Dm)"(I—W°m)~*=(I— W°m)~* (I —Dm(I —
wom)~ 1)1

Then, we can continue to compute
bgj (W) —byp (W) =(I—W°m)~* (Dm(I—(I— W°m)~* Dm)~?*

+(I—Dm(I—W°m)~1)~1 Cm(I — Am)~* Bm(I —((I— W°m)~* Dm)~1 (I — W°m)~?
Cm(I — Am)~1Bm)~!

I—(I—W°m)= Dm)~*(I—W°m)~* =(I—W°m)~*(I— Dm(I— W°m)~1)"!
(Om+Cm(I—Am)= Bm(I—(I—W°m)~! Em)~Y)(I — W°m)~!
=(I—W°m)~*(I—Dm(I— W°m)~1)~?
BmI—I—W°m)~ Em)+Cm(I—Am)~* Bm)
I—U—Wm)~ Em)~ ' (I—=W°m)~ ' =(I— W°m)~* (I — Dm(I— W°m)~)~*
(Em—Dm(I—W°m)~t Em)(I—(I—W°m)~* Em)~*(I— W°m)~!
=(I=W°m)" Em(I—(I—W°m)~ ! Em)~*(I— W°m)~1.

Taking the indices into account this is exactly the formula to be proved.m
Now, let { be the parameter of W. Define for neJ,
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4.5) D,=Gpn+1
4.6) B,=(..0,...,Dg . . G,..f
. (“t” meaning the matrix transpose),
4.7 C,=(...0, H,(R),Dg2n+1Gun+2s---)

(again, for n=N—1, there is no term on the right of H_(R)),
(48) A,=what remains in W, given by (3.5) after deleting
D,, B, and C,.

The remark now is that 4,, B,, C,, D, are extensions of 4,, B,, C,, D, with
0 on corresponding spaces, and the formula in Proposition 4.1 becomes:

4.9) b(u] W)= b[u] (Wo)

+2(I =W inmup) ™ Payy Eunmun (I — Xun Egnmyg) ™" Poyy (1= W iy myg) ™,

where

Eyp: Pya+y, j+ 11~ Ry
(4.10)

d Eyp=Dyp+ Cyupmyy(I— Aypymyp) ™" Byy
an

Xpp: R~ Pup
Xiup=Poyy U= Wijmup) ™ Ry

We will refer to the formula (4.9) as the generalized coresolvent formula.

(4.11)

V. Schur analysis

In this section we analyse some properties of the operators Ey; given by
(4.10). For this, we will need some other consequences of the structure of
positive-definite kernels on Z given by (2.2) and (2.3).

1. Let us consider two families o = {3, }x, # = {#,}., of Hilbert spaces
and the upper triangular contraction

T: x.((=2.ae’_)—»x’;(=g *)

(5.1)
T= (TU)IEJJGK
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with Tu=0 for i>j.

Based on the remark that T is a contraction if and only if [I is positive

T* 1
and using (2.2) and (2.3) we obtain that there exists a one-to-one correspondence
between the set of contractions of type (5.1) and the set = of parameters { with
Gun+1€ZL (Hpy1, ;) given by the formulas: for ned,

(5~2) To= nn+1
and for ied, j>i,

(5.3) Tij=Ri;j-1Qi+1,j-1Ci+1,j
. +Dgfi4q PG?.;—: GyDg,, 17" DGJ—!.J’
where |
O =0:H),> 2, nek
and for iekK, j>i,
Qy: H)DD;,_, @ ©Dg,,
~H DD}, D --- 69@6:1

Qu=[g (;]Jj(Gt.i-Fl)Jj(Gi.H»z)---Jj(th)[0Q‘+l'l ?9 ‘]
Gy

(for details see [4]). When the stationary case (i.e. T is Toeplitz) is taken into
account, the above relations (in the scalar case) follow from the algorithm of
Schur in [28].

2. Consider the linear, time variant system:

(5.4)

(5.5)

{x,:A,,x,,“+B,,u,.“ ned;

Yu=CpXp+1+Dytin+1
where u,e¥,, y,e¥,, x,€¥,, such that

A,:$u+x®xu+1""£‘,.@~*’.

' Au Bn
St
is unitary for every neJ.

Its transfer operator is the upper triangular contraction

(5.6)
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T=(Tu)3xx"'-*?l v
T“=D‘, ied
(5.7) Tii+1=CiBi+1, , ied

TU=C1A1+1-..A1_IB,, iEJ, j>i+1"
TU=0’ > i<j

Conversely, every contraction T of the form (5.1) can be realized in the form
(5.7), i.e. it is the transfer operator of a unitary system of the form (5.5). Indeed,
taking into account the parameter [ of T associated by (5.2) and (5.3), the
realization is exactly given by the formulas (4.5), (4.6), (4.7) and (4.8). For details,
see also [4]—for the stationary case see [19].

3. We can prove now the main result of this section.

5.1. Theorem. There exists a one-to-one correspondence between E(&, ¥,
#;w) and the set t of upper triangular contractions in ¥ (P, R,), and this
correspondence is given by the generalized coresolvent formula.

Proof. By the generalized coresolvent formula, we have associated with an
Win E(&, #, #; w) a unique element in 7 given by (4.10). Conversely, for Eet,
let { be its parameter given by (5.2 and 5.3). Let WeE (&, #, X; w) associated to
{ by Theorem 3.1. In view of the above mentioned realization result, the
generalized coresolvent formula for W will produce exactly the given E.®

Let us consider now a positive kernel ¢ on I xI (with S;=1I "i)’ Let { be its

parameter and let E be the upper triangular contraction associated by (5.2) and
(5.3) to {. Let W={W,},., be the Kolmogorov decomposition of ¢: and choosing
&,=%,=0, we can use the generalized coresolvent formula and Theorem 5.1 to
get for ied, jeK, i<j:

(5.8) bupy (W)= + Egpmyp) (I — Egpymyy)~ K

Moreover, for M;;(¢) given by (2.1), we have
1
(5.9) M,,(<p)=5(bw,(W)+b[,,,(W)')

=(I—mpp Etp)~* (I —mbip Etip Eupmyp) U — Egymyy) ™"

Another consequence is a nonstationary variant of the Schur algorithm.
Here, the stationary embedding is also quite useful, because there is no marking
analysis and it produces almost immediately: for ieJ, jeK, i<j,

(5100 Eyp=Gun+ Dy Efthmun (I — Giin Effimup)™ Doy, ),
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where E'Y is the upper triangular contraction given by the parameter
oM ={G;lied, jeK, j>i+1}. ‘

V1. Applications

In this section we will discuss several applications regarding positive and
contractive completions.

Positive completions

1. We begin with the band extension problem, i.e. the second problem
mentioned in Introduction. Let .#, denote the nxn complex matrices. For
a C*-algebra o, M, (4)=M,R, and for k<n, B.M,, denotes the subset of
A, formed by the matrices with bandwidth k. B.#,, is an operator system of .#,,
i.e. it is a selfadjoint subspace of .#, containing the identity —see [26].

In view of a result of M. D. Choi (Proposition 3.12 in [26]), to give a positive
block-matrix M =(S;;)};2o in #,(L(5))is equivalent to give a completely positive
map ®: ., L(X).

In the case of #.4,,, a slight modification of this result gives us that the
following assertions are equivalent:

(1) ©:BM,,—Z (H) is completely positive

(2) @ is k-positive

(3) (@ (Ei+p, j+p)ij=0 are positive matrices for all 0Sp<n—k, where (Epijo is
the cannonical basis of .#,—for the standard definitions see for instance [26].

So that, an application of Arveson’s extension theorem gives the conditions
for the solvability of the band extension problem.

Regarding the parametrization of the solutions, we suppose that this
conditions are fulfilled, i.e. we give a banded matrix My=(S;}!;=0, Sy€ L (¥},
) such that (S ,, j+ ) j2o are positive matrices for 0<p<n—k (and S;;=1I, for
i=0,...,n—1).

Define the spaces #,, pe{0, 1,...,n—1}=I1 by renorming
L. DLpsx-1 with the positive matrix (Sisp, ;+ »)ij4o (in the above
expressions we stop when the indices depass the admissible values). Then, for
0<p=n-1,

&,= the space generated by {(h,,...,hx+p-2,0/heZL}

»,= the space generated by {(0, hpiy,....hes p—1)/he&} and for
0<p=n-—-1
Wp . & p+1 —%F P

wp(hp+l ,---’hk+p—190)=(03 hp+1 9"~9hk+p—l)'

w={W_}osp<n1 is a family of unitary operators and the set of the solutions of
the band extension problem with the data M, is E(&, &, o; w) with &, &, X,
and w as given above.

2. In order to use the supplimentary structure involved by this problem, let
us consider a positive extension M of M, and let ¢ be the parameter of M; the
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elements {G,/j<k—1} are imposed by M, and only {G;/j>k—1} are the
parameters of M as element in E(&, #, #; w). Let E be the upper triangular
contraction associated with { and E® the upper triangular contraction associated
with {® = {G,;/j>k—1}. For expressing E in terms of E® we have to use (5.10)
and the Redheffer product. Remind first the definition of the Redheffer product.

For a matrix 2 g] and for X we define the cascade transformation

Cpam(X)=A4+BX(I-DX)™'C

whenever the inverse of (I —DX) exists. For two block-matrices [g g] and

[A‘ B‘], we define the Redheffer product by
Cl Dl

A, B, » A B]_ A,+B,A(I-D,A)~'C, BJAI-D,A)"'D,B+B,B|
€. Db, C D| |cUd-D,A'C, C(I—-D,A) *D,B+D
with the property that C[é} 11;}](C[311;])=C[é11 g{]x[ég].
Now, we obtain the formula:
Egn=affy V+bffy ¥ Efthmhin (I —dfty V Eftimty) ™" cfig V)
where a®~ Y, b~ k=1 gk=1 are upper triangular operators defined by the use
(k—-1) pk=1)
of (5.10) and Redheffer product such that -1 e is unitary; mfj is

a notation for the composition of the involved marking operators. By (5.8),

6.1 b(m(W)=CH 2 ‘[G#ﬁ' 1)m[‘.ﬂ bk U:I (Efymfip)
ffn Vmun g P

Moreover, by (5.9),
62) My(@)=(—mpEtn ™" clip VU —(Effhmip)* dffy V)
(I —(Egh mip* Eghmbn) (U —dity V Efhmbn) ™" cffy V(I — Eypmgn) ™"
This formula is another variant of (10.11) in [13] —for the stationary case see
[20]: :
Contractive completions

3. Let I*(1) be the space of sequences {x,}.; indexed with I and x,eC, the
complex numbers, with coordinatewise addition and scalar multiplication. It is
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organized as a Hilbert space in an usual way, and #,= (I*(I)). Moreover,
denote by %, the algebra of upper triangular matrices in .#; and E;; i, jel is the set
of standard matrix units for .#;. By a result of Mc. Asey — Muhly (Proposition
6.10 in [26]), every (unital and contractive) representation of #,; in & () is
completely contractive. Indeed, let p be such a representation. Let 5#; be the
range of the projection p (E;) and & = @ 5¢;. The operator matrix of p (E;)) in this

1
decomposition is T;; on the (i, j)-th posiftion and 0 elsewhere. Moreover, for i<j,
Tij=Ti.i+l Tivr,i42---Tj-1,

so that, to give the representation p means to give the contractions
{T;=Ti i+1}iw- To show that p is completely contractive it is sufficient to show
that the kernel @ on I x I given by S;;=1,, S;;=T;; for i<j and S;;=Sj for i>j, is
positive, and in view of (2.2) and (2.3) this is indeed the case because the parameter
of ¢ is given by G;;+;=T; i+1, i€J and O elsewhere. We can prove now
a decomposition for representations of 4, which is the analogue of the canonical
decomposition of a contraction (Theorem 3.2 Ch. I, [29]). We call p completely
non-unitary on 3 if for no nonzero reducing subspace £ for p p/< extends to
a unital *-homomorphism of .#; on £.

6.1. Proposition. Let p be a representation of %, on ¥ =@X; then there

exists a uniquely determined decomposition ¥ =K DK , redu:ilng p such that
p/# . is completely non-unitary and p/# , extends to a unital *-homomorphism of

My on H,.
Moreover, # ,=@HY, where
iel
HP={heH/...=|Ti-thll=Ihll=ITihlIl=1Tis T hl=..}.

Proof Based on the fact that for a contraction T, || Th|=|h| implies
T* Th=h, we obtain that ), reduces p. Moreover, p(E;)/#, are unitary
operators for i<j and we simply extend p/o#, to ., by taking p (E;)=p*(E;),
i>j which defines a unital *-homomorphism of .#; on 3 ,. The rest is plain. B

From now on we follow [10] in order to obtain a model for the
representations of %, along the line of the Sz.—Nagy—Foias model of
a contraction. In [10] these facts were formulated as a model for time vanant
linear systems, when I=2.

Let us consider the Kolmogorov decomposition of the kernel ¢ associated to
p (i.e. S;y=Tfor i<jand S;;=T7J, i>j) and let { be the parameter of ¢ given by
(2.2) and (2.3) (i.e. G, p+1=T,, neJ and G;;=0 elsewhere). That is, in view of
(2.12) and (2.13), we define:

(6.3) N ,= ...@91:_2®@T;_‘Q-f,@@r"@@r,“@---
and
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Wy i1 oA,
(6.4) Wo(...densBus1:dns15--2)
=(.o0den—1> D,.:d.,,,+T,,h,,+,,—-T,.‘d.,,,+D,nh,.+,,d,,+,,d,.+2,...).
We continue by defining the spaces

(6.5) Hr=H,ODr ODy, O

n+1

and the isometries
Wi =y
(6.6)
W: = W‘/f:.;. 1-

Then we take into consideration the Wold decomposition of the family
{Wi}izn» neJ and we denote :

L= AHFOWIH =W (.. 000D ®OKH 1 DOD...)=W,Dir3"

for neJ(@&T;" being a notation for the space ... BODZ 3D Owx,, , OOD..)
We have "

6.7) AI=(L2DD Wi Wiy L )R

p=1
(when N is finite, L5 =23 and RS =W, .. W5 ¥y and when N=o0
BY= O WS . WacoX e ps1)
=0
In a similar way, we define the spaces
(6'8) xl—="'®91':—zeg1':—le‘#n
and the isometries

LR e 71
(6.9)
Wo=WnlX, for ned

We use again the Wold decomposition for the family of isometries
{Wy }isn—1 and define for neK

L =H T OW  H =Wy (..0BO0x,_, @Dy, ®...)=Wi19:1,.

We get
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) n-M-1
(6.10) Hy=(Le® @ Wo .. W, Lu ))OR,
p=1
(when M is finite, &3 =X "5 and 9?,,‘=W,,'_,..: Wu¥ M, and when M= — 0,
Ry=00 Whoy . . Wa_ o)) o
=1
T\fow, we can define the spaces

n—-M-1

(6.11) o= @l Wit Wi %0 _,
. =
N-n—1 »
ODED D W,... W, 230,
p=0
with an obvious interpretation for n=M and
. n—M N-n—-1
612X =@ Wi_,.. Wi ,2%)_ @D & W,...Wag 190,
p=1 q=1

again with a corresponding interpretation when n=N.
6.2. Proposition. p is completely non-unitary if and only if
N, =" for nel

Proof. Based on the explicit form of the Kolmogorov decomposition of ¢,
we compute that

A ,O(H VA ) =HY,

where s are the spaces defined in the statement of Proposition 6.1. According

to this proposition, we obtain that p is completely non-unitary if and only if

X, =AH v, nel. ' L
Now, define ¥ =@X ", and

nel
n. ML (X)
n(Ey)=P%, for el

W,...W;_, on the (i,j)-th position
f . . E.)= i Jj—1
or i< m(Ey) {0 elsewhere
and for i>j, n(E;)=n(Ej)*. _
It is readily seen that = is a unital *-homomorphism. Now we introduce the
characteristic operator of p. Define the spaces
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-/”+=®gT=’ "l:@gru
ned neJ

and the lower triangular contraction
O:M_—> M,

@,','——— —T‘, ieJ
(6.13)
®ij=DT|'T:+l'~~T;—lD1‘]~ i>j

©;;=0 elsewhere

is the characteristic operator of p.
Indeed, we define

Qn . ‘x/ilnp__*.x/‘:ut
(6.14) ,
Qn = Pi'o‘ut /.x/‘:lnp

O A M

(6.15)
d): (-" ’ W:—l d(‘__"llz,d:_,’,)_,, Wnd(.._nl)"")=(" "d..n—2’d..n'-lsd.,n’"'),

where d{7V=(..., 0, d,,,0x,,,,,0,...), d,,€D 7}
and

DO, AP M
(6.16)
(Dn_ ("" W:—l dSIl—)ladsll)s Wndsllll’"')=(‘"dn—l’dn’dll+l)"’)’

where df,”=(...0,0,,»",11,,,0,...), d,,e@,n
We get the relation

(6.17) o, Q0,(®,)*=0

and we can obtain a model of p in terms of ©. In view of Proposition 6.2, it results
that

(6.18) R =(I—Q)H
and
Dpt R > Dg
(6.19) h
Qu:(I—Q,) k=De @, k, kex'i®

are unitary operators for nel. Finally,
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YA, MDD
(6.20)
¥, =0} BDy*

are unitary operators identifying the spaces X', in terms of the characteristic
operator. Moreover, in view of Theorem 2.2 [10] (or directly) we get

(621)  H,=y,H,=(D D1 ®Pe)O{OvdDe v/ve ® Iy}

kzn kzn

for nel. Defining the marking operators

m: @ D> DD
(6.22) kzn+1 k2n
m: (d‘_,n+ 1 d.,m od )Z(O, d..n+ 19 )
we obtain that

623 T,=¥,T,¥:.=Px (miu®v), ue ® 25}, veDs.
n k |

k2n+1

Defining the representation

DU L (H), X=X,

(6.24)
b (Eyp )= T, on the (i, i+1)-th position
L1700 elsewhere
and the unitary operator
Vi H
(6.25)
Y=V¥Y,/H,

nel

we obtain the following result.

6.3. Theorem. The representation p:4%,— ¥ (X) is unitarely equivalent to its
model p given by (6.24), in the sense that

Yo(U)=p(U)Y for all Ue¥. [ ]

The characteristic operator of p has the distinguished property that
1©;:h, || < || h;|| for ieJ and h,e 2D — {0}, a situation when we say that ® is purely
contractive. ’

6.4. Remark. There is a simple consequence, for example of (5.3) that every
lower triangular contraction has a uniquely determined decomposition into
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a purely contractive lower triangular part and a unitary diagonal part, which
constitutes an analogue of Proposition 2.1, Ch. V [29]. L

One more definition says that two lower triangular contractions
CeL(D®2,,. D®2,) and O ZL (DL, ®Z,) coincide if there exist unitary

ned ned neJ . ned 5
operators 1, , from 2_, onto 2, and unitary operators t, from 2, onto 2, such
that

@ =@r, ,00r1,.
ned neJ

We can complete Theorem 6.3 with the following result.

_ 6.5. Theorem. Two completely non-unitary representations of %, are unitarely
equivalent if and only if their characteristic operators coincide.

Proof. Of course, we have at hand all necessary devices for paralleling the
proofs of Theorem 3.1 and Theorem 3.4, Ch. VI [29]. ]

6.6. Remark. Models for representations of %, along the line of
Sz.— Nagy — Foias model for contractions are taken into account in [7] but the
questions touched in Theorem 6.3 and Theorem 6.5 are left as unsettled in [7]. ®

4. Two remarks on a lifting theorem of Ball and Gogberg in [7] are to be
discussed. This theorem asserts that in the case when card I <co and dim ¢, #”
< oo, for two representations p, p’ of %, on )# and #’ and an operator
XeZ (#, 5#’) such that

Xp(U)=p' (U)X for Ue%,
there exists an Ye Z (X, X) such that
i) Yo(U)y=c'(U)Y Ue%,
(i) [X[=1YI
where o:%->%(X) and o : % —%L(X’) are substar dilations of p and
respectively p’. For explaining the notion of substar dilation, we take n the
Stinespring dilation on X" of the Kernel ¢ associated with p. Let .# and % be
subspaces of ', % — .# invariant for the algebra n(#%,) such that # =.#O%.
Then
o:U—-L (M)
oU)=n(U)/# Ue¥,

is a substar dilation of p.
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Of course, we have to ask the standard minimality conditions, that is

X =n(M)H and M =n(%,)>#. In this case the substar dilations of p are unitarely
equivalent (because the only one completely positive extension of p to .4, is given
by the kernel ¢ —see [26] for a detailed discussion). In this way, the above
theorem of Ball and Gohberg is equivalent with the following formulation in
[10):let {T,}ncys Th€L(H n+1, H,) determining p and {Totness ThEL(H ps 1, HK)
determining p’; then, to give Xe£(#, H#”) such that Xp(U)=p' (U)X, Ue¥,
means to give a family of operators {A4,}.. such that A4,eZ(¥,, ;) and
T,A,.,=A,T, for neJ. We suppose that X is a contraction. Let {W,}ness
W,eL(Hpiy, X,) and {Wile, WieL(H,:+1, X)) be the Kolmogorov
decompositions of {T,}, and respectively {T}.. Recalling the definitions (6.5),
(6.6) and (6.8), (6.9), we set

CID ({A4,}ne)={{Ba}n/B, ~are contractions in L(¥ r, AT
W.* B,,,=B,W; and P, B,=A,P, } and the result is that CID ({A4,}n1) #O.
This assertion also holds for arbitrary T and is independent of the dimensions of
o and . Moreover, in this formulation we can obtain a parametrization of
CID ({4,} ) (Theorem 4.2 in [10]) without any restriction on X (as is the case
in [7]).

We end by showing that CID({4,}.) is an E(&, &, #; w).

In the stationary case (i.e. for the set CID of [5]—and also of [27] and [29])
this fact was pointed out in [3], based on a method originating in [1]. So that, in
the following we have to show how to adapt the construction in [3] to our setting.
Moreover, for some simplicity, we choose to restrict the analysis to M =0, N=1,
which is the generic case. This case is equivalent to the first problem mentioned in
Introduction — see [10]. Consider contractions To€ L(# , # o), ToeL(H 'y, Ho)
and contractions A,e L(H o, Ho), A €L (H(, H'}) such that To A, =A4, T,
Define the positive matrices

Ko=| Ay I T, |:H:@HDH>HoDH DH,

1 Ty ToA,
K,=|T¢ I A L HDH L DH S H oDH DK,
A'TS A5 1

the positivity being a simple consequence of (2.3). Denote by %, the space
obtained by renorming H#o@®# ,DH, with K, and &, the space obtained by
renorming #,@H;PH, with K,. Define the subspaces
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Eo={(0,1y,1)/lc€H o, 1,€H#,}

Fo={5,0,1,)/loeH¥o, 1,€H}
of &£, and the subspaces

&,={(ls,0,1,)/loe¥o, 1€}

F 1 ={(l6,11,0)/lce ¥, lieHi}
of &, and the operator

Wy:8,2F,
wo(lo,0,1,)=(lo,0,1,)

is unitary in view of the relation Ay To=T ¢ A4,.
Define £={&,,8,}, F={F,,F,}, L={Lo, L}, w={w}, then, there
" exists a one-to-one correspondence between E(&, %, %;w) and CID({4,,4,}).
For proving this, we continue by embedding in an obvious way 3¢, #; in &,
and #,, #) in £,. We denote these embeddings by #,, #,, #,, #;. Take
W={W,}eE(&,F,%;w) and define

Ht=o#,, Hi=H,vWH,

=, Xt =H,vWh;
then )
We=Wo/Ht :HF->H§

o= Wo T R

are the isometric operators given by (6.5) and (6.6). The final step is to define
By=Py;t/# ¢ and B, =P,’+/x'{; it is a matter of simple computations to,
obtain that {BO,B,}ECID({AO,Al}). For the converse, we can use Theorem 4.2
in [10] and Theorem 5.1.
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