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The aim of this article is the investigation of the cases when Peetre K-functional can be realized
on some approximation subsets. Applications of this property are made for Zamansky type results for
best approximation and constrained approximations.

1. Introduction

Let (X,, X,) be a couple of normed spaces with (semi-) norms || * ||, and || - |,
respectively, X, = X,. The Peetre K-functional for this couple is given by

(L) K(L):=K(fit; Xo, X,):=inf{| f—gllo+tlIgll,:geX,}

for any feX, and t>0. :

Let SG,, ¢ be a family of subsets of X,. For this family we assume:
i) 0€G,.ii) G,= G, ,, iii) G,= —G,, iv) the closure of {G,}{ in X, is X,. The best
approximation of feX, by the elements of G, is given by

E,(f)o:=inf{l|lf—gllo:9€G,}.

Thus assumption iv) simply means that E,(f),—0 when n— oo for any feX, and
ii) implies monotonicity for the sequence {E,(f)o}s>;. Moreover we suppose that

this family satisfies inequalities of Jackson and Bernstein type, that is, there are
positive constants c¢,, ¢,, a such that for any n we have

(1.2) E,(NNo=cyn I fll, VfeX,;
(1.3) lgy—g2ll;=cn® g, —92ll0 Vg,,9,€G,.

Without loss of generality we may assume that ¢, and c, are not less than 1. Let
us remark that (1.3) implies (g,=0)
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(1.3a) lglly=cn*liglle VgeG,,

which is usually called a Bernstein type inequality. We prefer the form of (1.3)
because in general g, —g, may not belong to G,. But in the case when G, is
a space (1.3a) readily implies (1.3).

From the semi-additivity of E, and Jackson type inequality (1.2) we have for
any geX,

E.(N)o=E,U—9)o+E,(9)o= If—gllo+emn™lgliSc, {If—gllo+n~*lgll}.

which by taking infimum on g implies the direct estimate for the best
approximations to every feX,

(1.4) E,(NNo=c,; K(fin™% X,,X,)

On the other hand by the standard technique of the telescopic sums Bernstein
type inequality (1.3) implies the converse estimate

(1.5) K(fin %Xq,X)Sc(gn=s i k*"YE, (o

k=1

(provided |lg|,=0 for every geG,, otherwise the term 2c,n™*| f|l, should be
added to the right-hand side of (1.5)).

Properties (1.2) and (1.3) are usually required for the family {G,}? in
approximation theory. Here we shall impose one additional condition on the
approximating family:

(1.6)  K(in % X,,G):=inf{|f—glo+n*llgll,:9€G,}
S, K(finT% Xy, X,) VfeX,
for some positive c;. Because of G,cX,; we have
K(f,n™%Xo, X )SK(f,n"%X,,G,)

and hence c;=1. In other words, for every feX, up to the multiplier c, the
K-functional of f with argument n~* can be realized on the subset G of’ X,.

The following question arises: Is condition (1.6) independent of Jackson and
Bernstein inequalities (1.2), (1.3) or implied by them?

We do not know the answer but we show in Theorem 2.2 that (1.6) will follow
if (1.3) is replaced by a somewhat stronger condition. So we keep (1.6) as
a separate from (1.2) and (1.3) property of the approximating family {G,

In the next section we give some necessary and sufficient conditions for the
validity of (1.6). In Section 3 different cases of importance for approximation
theory in which (1.2), (1.3) and (1.6) hold are examined. Section 4 is devoted to
applications in constrained approximation. In Section 5 we investigate in details
the cases of onesided approximation from below and from above while
shape-preserving types of approximation are considered in Section 6. Finally,
some remarks and open problems are given in Section 7. ;
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2. Realization of K-functional on subsets

Necessary and sufficient conditions for the validity of (1.6) are obtained in
this section. After that we generalize the statement of the question in view of
further applications for constrained approximations.

First we need the following

Lemma 2.1. For every g,heG, and for every feX, (1.3) implies

{If—gllo+n~*llgl}—{Ilf=hlo+n~* Il }I=(1+cr) lg—hllo.
Proof. Condition (1.3) gives

[{lf=gllo+n=ligl} —{lIf—hllo+n"*Ihll,}|
SIf=gllo=If=hllol+n~*LlIgly—lAllL]
Slg—hlo+n~*llg—hll =1 +c))llg—hllo. O

Denote by P, (f) an element of best approximation from G, to f (assuming it
exists) and by Q,(f) an element in G, approximating f with the order of the
K-functional, i.e.

Ilf—Pn(ﬁllO:En(.f)O) "f—QnmlloéAK(j;n_a;Xoaxl)’

where A is a fixed positive constant. In view of (1.4), for every element g of
near-best approximation from G,, that is || f—gllo < A,E,(f),, we have g=0,(f).
In view of Lemma 2.1, it will make no difference if in all of the following
statements one replaces “for any Q,(f)” with “there is Q,(f)".

Theorem 2.2. Let (1.2) and (1.3) hold. Then the following are equivalent:
a) (1.6) holds for G,;
b) I P, (Nl <cn*K (f,n™% X0, X,) for every feXo;
o) 110, ()l Scn®K (f;n % Xo, X,) for every feXo;
d) llgl,<cn’K (g,n % X,.X,) for every gEG,,
where constants c in b), c¢) and 1}) depend only on c,, c,, c; and A.

Proof Assume b) holds. Then using (1.4) we get

If=PaNllo+n 1PNy =E.(No+n"* I P,(N I S(c, +IK(,n 7% X, X ),
which gives (1.6) with constant cy=c, +c. Similarly, c) implies a) with a constant
“ =i;:5.me a) holds. Then (1.6) is fulfilled for some geG, and now (1.4) and (1.6)
implies

lg—P,Nlo=lf—glo+ If—P,(Nlo=(cs+c)K(f,n™% X, X))
Using this inequality in Lemma 2.1 together with (1.6) we get

If=PaNllo+n"* I P (N1 S(c2+ Des+ey)+e)K(fn7% Xo, Xy),
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which implies b) with c=(c,+1)(c3+c¢,)+c;. ¢) follows from a) in a similar way
with c¢=(c, +1)(c3+ A)+c;.

b) impjlies d) because o? g=P,(g) for any geG,. Finally, let d) hold. From (1.1)
and (1.4) we get

K(Pum9n—';X0rX1)§K(Pum—f’n—c;XO’Xl)""K(j;n-a;XOle)
é "an—f||0+K(.f’n-a;xoyxl)é(cl+l)K(j;n-a;Xoaxl)’

which together with d) gives b). [

From Theorem 2.2 we see that as far as the K-functional is realized (up to
a multiplicative constant) on the set G, it can be realized by the element of (near-)
best approximation. Statements of the type of b) and c), in which information for
the structural properties of the function (behaviour of the K-functional or moduli
of smoothess) implies knowledge for the growth of some (semi-) norms of the
polynomials of best approximation, are often called Zamansky type theorems (see
Section 3.1).

Let us mention that (without any assumptions) b) implies d), which in turn
implies (1.3a) because of K(g,n™% Xy, X)=|gllo-

Proposition 2.3. Let (1.2), (1.3) and (1.6) hold. Assume that there is a subspace
X, of X, with a seminorm || « ||, such that | g|,=0 for every geG, and that the
family {G,} satisfies a Bernstein inequality with parameter B> a with respect to the
couple (X,,X,), i.e.
2.1) lgs—g2l2=can? gy —g2llo Vg,,9:€G,.
Then for every feX, we have

22 If=2Nlo+n 12NN +n7 212NN ScK(f,n™% X4, X ).

Proof. Let feX, be fixed and for a given n let he X, be an element in X,
realizing the K-functional:

(23) If=hllo+n~%llhll,=K(f,n"% X,, X,).
For P,(h), using (1.2) and (2.3), we get
24) If=PaWllo=lf=hlo+ k=P, (W),
SIf—hllo+en Il =c,K(fin™% X4, Xy).
Therefore we have P,(h)=0, (/).

From Theorem 2.2, a) = > b), the definition of the K-functional and (2.3)
we have

25 n7PMI,scK(h,n"% Xo, X\)Scn™ | k||, ScK(f, n7%; X, X ).
Finally we shall establish
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(2:6) n~?| P (W), ScK(f, n™% X,, X,),’

which combined with (2.4) and (2.5) will complete the proof of the proposition. Let
m be such natural that 2" =n<2™*! Using (2.1) and (1.2) we get
: m—1

I PuB)ll2 = 1| Po(h)—Pom(B)l o+ Z || Pok+1(h)—Por(h)l + Il Py ()l

k=0

m—1
< (P || Py(h)—Pym(W)llo+ Z (21| Pyx+1(h)—Pr(h)lo}

k=0

<2, T (2**'YEMh),

k=0

S2c.ch T (227 k| 212 1) Yo o n? oAl
k=0

which combined with (2.3) implies (2.6). O

As a corollary of Proposition 2.3 we get that any Bernstein type inequality
(2.1) with parameter B>« implies the equivalence of the K-functional (1.1) with
the same functional augmented with a term for the space X ,, provided (1.2), (1.3)
and (1.6) are valid:

Corollary 2.4. Let (1.2), (1.3) and (1.6) hold. Then (2.1) with B>oa implies
inf{llf—gllo+n"%lgll, +n"?ligll.: g€ X,nX,} Sc K (f, 7% X,, X,).
Now we shall give another equivalent to (1.6) condition.

Theorem 2.5. Let (1.2) and (1.3) hold. Assume that there is a subspace X , of
X, with seminorm | « ||, such that ||g||, =0 for every geG, and family {G,} satisfies
Bernstein inequality (2.1) and Jackson inequality with parameter B> o with respect
to the couple (X,, X,), i.e.

2.7 E,(f)oscin?lfll, VfeX,;
Then (1.6) is equivalent to the condition: for every feX, we have

(2.8) inf{l|lf—gllo+n"%lgly+n""llgll:geX nX,} Sc K(f; n7% X, X,).

Proof. The implication “(1.6) = (2.8)” is Corollary 2.4. Let (2.8) be fulfilled.
For a given feX, let geX,nX, be an element for which

(2.9) If—gllo+n~2lgll, +n"tlgll,Sc,K(f, n™% X,, X,).
Consider the series

(2.10) . {Put-1(g)— Pat(@)}.
k=1

In view of (1.2) it converges to P,(g)—g in X,. Using (1.3), (2.7) we get
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@11) E P16~ Pt
Scy T (02 Puat-1(0)— Prat(@)lo
k=1
Se; T 02 I P~ 1(@)=gllo+ | Puse)—glo}

<2, T (129 E.x-1(g)
k=1
S2cic; T 292k~ 1) Pgll,
k=1.
=211 =227 i e, n* P gl =z cn* P gl

Therefore, series (2.10) converges in X, and the limit has to be P,(g)—g.
Now (2.9) and (2.11) imply

(212) n" | Py@ll,=n"%lIglly +n~*l P(g)—gll,
=n"%lglly+en~lliglaScacK(f; n7%5 Xo, X,)
Moreover (2.9) and (1.2) give
If=P.@lo= 1l f—gllo+lg—P.@lo=lf—gllo+c,n"lIgll,
_S_C4C1K(_,; n—ﬁ; XO’ Xl)’

which combined with (2.12) gives (1.6). ()
At the second part of this section we give one possible generalization of the
problem described. Thie reason is that in some cases of constrained approximation
one does need a K-functional more complicated than (1.1) (see e. g. Section 5
b), ).
We replace the space X; by a finite set of spaces X,; with (semi-)norms
Il i=1, 2,...,j, and change (1.1) to

(L1) K tyseeest): =K, ty,eensty; Xo» Xp1se-r X1,))

j J
i=inf{|f—gllo+ Z tlgll1i:9€ 0 Xy}

i=1 i=1
Jackson and Bernstein type inequalities (1.2) and (1.3) are to be replaced by
J j
(1.2) E,(f)o=cy T n"%|fllyi, VfEe n X,y
i=1 i=1

(1.3) "gx—92"1.i§czna'"gx'—92"0, Vgi, g,€G,, i=1,...,j.

Then the direct and converse inequalities (1.4) and (1.5) remain true if one replaces
K(f, n™® by K(f, n™*,...,n"%). Inequality (1.6) takes the form
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J
(1.6) inf{||f—gllo+ Z n %lgllii:9€G,}
i=1

S K(fiinz%10 0 nitl; Xos X505 X1,) VfeX,.
Now, going along the lines of the proofs of Theorems 2.2 and 2.5 we obtain

Theorem 2.6. Let (1.2') and (1.3') hold. Then the following are equivalent:
.a) (1.6') holds for G,;
b) " P.(f)"l.l§0""K(fa n~" ’-“’n—'j) VfEXOs i=ls-°-’ ]1
o) | @uNiiSenK(f, n7%,...,n"%) VfeX,, i=1,...,]J;
d) ligll;Sen%iK(g, n™"1,...,n"%) VgeG,, i=1,...,},
where constants ¢ in b) and c) depend only on c,, c,, c; and A.
Theorem 2.7. Let (1.2') and (1.3") hold. Assume that there are subspaces X5 ; of
X, with seminorms |« |24, i=1, 2,...,J, such that |\g||,,,=0 for every geG, and
family {G,} satisfies Jackson and Bernstein type inequalities with parameters
Bi>a;, i.e.
J : i
E(f)osSch Z n7bi|fllz5 Vfe n X3
i=1 i=1
lgs—gall2aScan’illgy—gallos V41, 926G, i=1,...,J.
Then (1.6') is equivalent to the condition: for every fe X, we have

J d
infd| f—gllo+ Z [n %lgllyi+n"2ilgl2d:ge 0 [X1,:n X240}
i=1

i=1
§C4K(_f, n"‘i, oisie’y n_'j; XO’ Xl,l’ oivid ’X1.1)°
Comparing (1.2) and (1.2') we see that the second inequality is weaker ((1.2)
implies (1.2)), while among (1.3) and (1.3’) the first inequality is weaker. Although

(1.6) and (1.) look independent we can show that under some assumptions they
are equivalent:

“Theorotn 28. Let (1.2) and (1.3) hold for the spaces X,, X,=X,,,
X12,..., X, let a=a; be less than a,,...,o; and let lglly,i=0 for every geG,,
i=2,..., ] Then

(2.13) v K(fimTS N %2 ons 8 ScK(fined)
and (1.6) and (1.6") are equivalent.

Procf. Inequality (2.13) follows from Proposition 2.3 where we take X, and
p to be X, and «;, i=2,..., j. (2.13) shows that (1.6") implies (1.6).
Now.lei (1.6) hold. Once more, from Proposition 2.3, X, =X, ;, f=uq;, we get

10, (N iSen®K(f, n™%,...,n7%), i=1,...,j
and then 'I_‘heorem 2.6 implies (1.6"). O
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3. Approximations for which (1.6) holds

In this section we give several examples of approximation processes for which
properties (1.2), (1.3) and (1.6) hold. By ¢ we denote different positive numbers
depending only on the parameters following in parentheses.

3.1. Approximation by trigonometric polynomials

- Let r be natural, 1 <p< o0, Xo=L ,=L [0, 2n)—the space of all 2n-periodic
functions from L, with the norm

2x
11, =A{ I |f ()P} /e

with the usual change to sup norm for p=oc0 and X 1= =W,=W,[0, 2n)—the
space of all 2n-periodic functions with r-th derivative in L, equlpped with the
semi-norm || ﬁ"ll The equivalence of the K-functional with the modulus of

smoothness
o; 1, =sup (1AL()], I8 <1),
809 & (— 1y (] e+
i=0

is well known in this case: there are constants C,(r), C,(r) such that for every
feL [0, 2n) we have

(3.1 Ci(Nof, ,=K(, t'; L,, W)=Cy(Nw,(, 1),

Let G, be the space of all trigonometric polynomials of degree n— 1. It is well
known (see e. g. [13, p. 275, 230]) that in this case Jackson and Bernstein
inequalities (1.2) and (1.3) hold with a=r:

(3.2 E(f)Scrn™"Ifl, VfeW;,

(3.3) lg®ll,=n"llgll, VgegG,.

In order to get (1.6) we utilize Theorem 2.5. We take Wit and || f“* V), for
the space X, and the semi-norm | f||, respectively. Obvnously the r+ “1-st
derivative of any constant is zero and inequalities (3.2) and (3.3) with r + 1 instead

of r show that conditions (2.7) and (2.1) are fulfilled with parameter f=r+1. In
order to prove (2.8) we make use of the modified Steklov function

gx)=t" kI gizl( ):+1(,:>f(x+£(ul+...-fuk))dul...duk,

where g depends on f, t and k. From this definition we easily see that ge W}
(provided feL,) and satisfies the inequalities

(3.4) If=gl,Solf; ),
(3.5) g™, < ck)t "™, (f, t), for every m=1, 2,...,k.
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Using the trivial property of the moduli o, ,(f, 1),<20,(f, t),, we get from (3.4)
and (3.5) with k=r+1, m=r, m=r+1, t=n"! and from (3.1) with t=n""
If=gll,+n"lg?l,+n""g"* VI, S c(o n~),<cnK(f, n”"; L,, W)
Thus condition (2.8) is also fulfilled and Theorem 2.5 gives
Proposition 3.1. Let r be natural, 1 <p<o, Xo=L,, X,=W/, and let G, be
the space of all trigonometric polynomials of degree n—1. Then inequality (1.6)

holds for any feL, with a=r.
From Proposition 3.1, (3.1) and Theorem 2.2 we get

Proposition 3.2. Under the assumptions of Proposition 3.1 we have
I PNl Sclr)n” (g, n™?Y),.
for every fe L ,, where P,(f) denotes the polynomial of best L, approximation to
f out of G,. Moreover for every geG, we have
19”1, S @, @, n™Y),.
The above proposition gives (0=<y=r):
If o(f, 1),=0()then || P,(N?],=0m ).

This statement represents the original result of M. Zamansky [16] (if we
replace the condition on the r-th modulus of f with the equivalent for r—1<y<r
condition on the first modulus of f*~Y). This is the reason why we call
inequalities Theorem 2.2 b), Zamansky type results. As far as we know
Proposition 3.2 for p=oo has been proved by S. B. Stechkin [17] deriving the
first inequality from the second one.

3.2. Approximation by algebraic polynomials

Let r be natural, ¢(x)=./1—x% 1<p=< 0, Xo=L,=L,[—1, 1]—the space
of all functions from L, with the norm

1
I lp={ § 1f)IPdx}/?
-1

and let X,=W/(p)=W}(p; [—1, 1))—the space of all functions f defined in
[—1, 1] such that ¢"f®eL, equipped with the semi-norm |¢" a1
A .characterization of

K(f,t5L,, Wi(e):=inf{|f—gl,+t ¢ g |l,:ge W} ()}

(similar to (3.1)) by two different type moduli of smoothness is given in [2, p. 11]
and [7].

Let G, be the space of all algebraic polynomials of degree n— 1. The Jackson
type inequality (1.2) for this case with a=r
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(3.6) E.(Npscn™" o' fll, VfeW;(e)

has been proved in [2, p. 79] or [6]. What we call a Bernstein type inequality is
now exactly the original Bernstein inequality (when p=oc0 and r=1, for the
general case see e. g. [2, p. 92))

(€3] lo g l,<crn"ligll,, VgeG,.

One can repeat the way of proving (1.6) from Section 3.1, but here we shall
utilize Theorem 2.2. A Zamansky type inequality

(3.8) n" ¢ P,(N)”l,Sc)K(f,n" "5 L, Wi(9)

is proved in Theorem 7.3.1 in [2]. Therefore Theorem 2.2, b) => a), gives

Proposition 3.3. Let r be natural, 1 <p=< o, X =L,,X,=W}(p) and let G,
be the space of all algebraic polynomials of degree n— 1. TZhen mequallty (1.6) holds
Jor any feL, with a=r.

From Markov inequality

(39 g, <crn®* ligll, VgeG,,

Proposition 3.3, Proposition 2.3 and Theorem 2.8 we get
Proposition 3.4. For natural r, 1<p=<co and for any feL,[—1, 1] we have

(100 K(Uin5L,, Wi(@)=SK(fin",n" 2L, Wi(e), W})
c=inf{| f—gll,+n"" ¢ g, +n" > g”|l,:ge W5} <c(NK(f,n™"; L W3 (@)

and condition (1.6") holds with a,=r, a,=2r, X, ,=W}(p), X,,=W}.

Here we have deduced from inequalities (3.6) and (1. 6) the equlvalence of the
functionals K(f,n™",n"?"; L,, W,(p), W}) and K(f,n™"; L,, W;(p))—a fact
concerning only the spaces L W' ((p) and W but not the approxnmatmg family
{G,} at all. In practice we have the reverse situation. First one gets the equivalence
(3.10) (see [2, p. 24] or [7)), after that the Jackson type inequality

(3.11) E,(N,=c®{n™ 1 o"fOl,+n~ > 1fOl,} VfeWw,

(see [2, p. 80] or [6]) and finally (3.6) is deduced from (3.10) and (3.11). Note that
inequalities of type (3.11) can be easier proved than inequalities of type (3.6). -
From Proposition .3.3 and Theorem 2.2 we get

Proposition 3.5. Under the assumption of Proposition 3.3 for every geG,
we have

lo"g®ll,<cn’K(g,n""; L ,, Wi(9)).
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4. Approximation with constraints

In the general setting of Sections 1 and 2 assume that with every feX§
(X5 <= X,) we associate a subset R (f) of X,. R(f) can be thought as the restriction
which we impose on the functions approxnmatmg J. Various type of constraints
are given in Sections 5 and 6.

The only assumptions (necessary for the direct result — Theorem 4.1), made’
for the constraint are

4.1 R(g)=R(f), VgeR(f), and X,nR(f)=cX§ VfeX§}.
The constrained K-functional of feX§ is given by
K*(f,t; Xo, X,):=inf{| f—gllo+tlgll,:9eX,nR(f)}
and the constrained best approximation of f by elements of G, is
E;(f)o:=inf{[lf—gllo:9€G,AR(f)}.

If Jackson and Bernstein inequalities similar to (1.2) and (1.3) are proved for
the constrained approximations then one can obtain direct and converse
statements like (1.4) and (1.5). In our setting Bernstein inequality will not be
connected with the type of the constraint, i.e. we shall use condition (1.3), but in

general (1.3) may be fulfilled only for g,,9,€G,nX§. The corresponding Jackson
type inequality is

4.2) E;(f)o=cin"*|fll, VfeX,nXj5.
Theorem 4.1. If (4.1) and (4.2) are fulfilled then for feX? we have

E:(f)o§c’l’K*(fa"—a;X0sX1)-
Proof. Let ge X,nR(f) be such that

(4.3) I/=gllo+n"*llglly=K*(f,n™% X,, X,).
Then geX g because of (4.1) and from (4.2) we get heG,nR(g) for which
(4.4) lg—hllo=cin™lgl,.

Now (4.1) implies heG,nR(f) and using (4.3) and (44) we . obtain
Es(fo=S—hloS I f—gllo+lg=hl,

Slf=gllot+cin gl Sci K*(fin™% X,,X,). O
Theorem 4.2. If (1.3) and (1.6) are fulfilled then for feX§ we have
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K*(fin™5 X0, X )S(1+¢) Ex(f)o+ce3 K(fin™% X, X ).
Proof. Let geG,nR(f) be such that

4.5) If—gllo=Ex(No
and (see (1.6)) let heG, be such that
4.6 I/=hllo+n~*|lhll, Sc3K(f,n™% X4, X ).
Then using (4.5), (1.3) and (4.6) we obtain
K*(f,in™* X,, X))
Si/—gllo+n~*lgl,
SE (No+n"%llg—hlly+n~%| A,
SE(Notcyllg—hlo+n~%|h|,-
SE.(Notc; If—gllo+co {llf=hllo+n"=hll}
S +c)Er (No+ce3 K(f,in™% X,, X ). a
Theorem 4.2 looks as a strong-type inverse result. Indeed, if for some f and
n we have that the constrained K-functional is several times bigger than the
non-constrained one, e. g.
4.7) K*(f,in™®=2c,c3; K(f,n™9)
then Theorem 4.2 implies
K*(f,n"% X0, X )S21 +¢3) Ex (f)o-

But in general (4.7) may not be satisfied. Then from Theorem 4.2 and (1.5) using
that E,(f),<E,(f), we get

(4.8) K*(fin™% Xo, X )Scl@n™ T k*~ 1 EX(f)o-
=

=1

If we have converse theorems better than (1.5) (see next section) then, in view of
Theorem 4.2, the corresponding inverse results are inherited by the constrained
approximations.

Instead of proving an analog of Theorem 2.2 we shall show that (1.6) implies
a similar inequality and Zamansky type inequalities in the constrained case.
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Denote by P, (f)eG,nR(f) an element of best constrained approximation
from G, to feX§ (assuming it exists) and by QO (/)eG,NR(f) an element in G,
approximating f with the order of the K*-functional, i.e.

If=PrNlo=Ei(fo, If—QaNle=AK*(f,n"% X,,X,),

where A is a fixed positive constant.
Theorem 4.3. Let (1.2), (1.3), (1.6), (4.1) and (4.2) hold. Then

@4.9) inf{|lf—gllo+n~*lglly:9€G.,AR(N} =cK*(f,n"* Xo, X);
(4.10) n~* | Pa(NIl ScK*(f,in™% X, X,);
(4.11) n~ | Qe (NI ScK*(f,n7% X, X,),

where constants ¢ depend only on ci, c,, c; and A.
Proof From Theorem 2.2, a) => d), we have

n~* 1 Ox (NI, ScK (@ (N),n"% X, X,)
ScK@r(N—fin"%Xo, X )+cK(f,n™% X4, X,)
ScllOnN—Sfllo+cK*(f,in™% Xy, X )ScK*(f,n™% X4, X,),

which is (4.11). From (4.11) and Theorem 4.1 we get (4.10). Finally (4.11) and the
definition of Qj (f) give (4.9). O
In some situations (see e. g. Section 5) condition (4.2) may not be fulfilled but

one has
j

j
4.2) Ex(No=ci Z n"%|flli; Vfe n X,:nX3.

i=1 i=1

k!

Repeating the above arguments we get
Theorem 4.4. If (4.1) and (4.2') are fulfilled then for fe Xy we have

E:U)Oéc'{ K‘(j;n—aln“"n—a";XOQXl.l ,"'aXl.j)’

J J
i=cf inf{|f—gllo+ Z n~%|lgll1i:9€ 0 X, ,nR(N}
i=1 i=1
Theorem 4.5. If (1.3) and (1.6') are fulfilled then for fe Xy we have
K‘(f,n“'l,...,n"J;Xo,XU,...,Xu)

é(l +C2)E: mo+0203 K(f;n"l,...,n_'); XO’Xl.ii""Xl,j)'
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5. Onesided approximations

Here we apply the scheme from the previous section in the following three
cases of constraints:
Let X, be a space of real-valued functions defined on a set Q.

I. Approximation from below. Then Xg contains these functions
from X, which are bounded from below and

R(N)={geX,:g()Sf(x) VxeQ}={f}-C,,
where C, denote the cone of all non-negative functions, i.e.
C,={9eX,:9(x)20 VxeQ}.
The best onesided approximation from below with elements of G, is given by

E; (N)o:=inf{llf—glo:9€G,, 9= f}.
II. Approximation from above. Similarly X§ contains these
functions from X, which are bounded from above and

R(f)={9eXy:9(x)=f(x) VxeQ}={f}+C,.

The best onesided approximation from above with elements of G, is given by

E: (f)o : =inf{"f_g "0 : QEG",ggf}-
III. Onesided approximation. One approximates a function f simul-
taneously from above and from below. This case is a combination of I and II. The
best onesided approximation with elements of G, is given by

E,(N)o:=E; (No+ES (No-
In these cases the constraint is a cone with a vertex at f.

a) Trigonometric polynomials — univariate case

Let, as in Section 3.1, G, denote the set of all trigonometric polynomials of
degree n—1, X,=L,[0,2n) and X, =W}[0, 27) (1 <p = oo, natural r). Condition
(4.1) is obviously satisfied because every function from X, is bounded. The
constrained approximations correspondin to the three cases are denoted by
E; (f)P E} (f), and E, (f), respectively. E,(f), slightly differs from the usual
definition E, (j) —-mf{ggl g, g,,gzeG,,, g.=f<g,} but we have
20-pp [ U)p E (f)p

The case of importance for onesided approximation is p<oo. For p=o0 we
obviously have E, ()y, =E; ()0 =2E,(f-

The corresponding K-functionals are
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K- (ft;L,, W5 :=inf{|f—gl,+t1g”l,:9e W}, g=<f},
K*(f,t;L,, Wy):=inf{|f—gl,+tIlg”l,:ge W}, g2 f},
RU\GL,, W) :=K~ (i;L,,W)+K* (f,;L,, W}).

A characterization of the onesided K-functional is provided by the average
moduli of smoothness (see e. g. [12])

(0=l - ),
o, (f, x, t) : =sup { |AL )| y, y + rse[x —rt/2, x +rt/2]}.
Similarly to (3.1) we have (see [9])
(5.1) orye i), S RU S L, WH S e, 1),

In forthcoming paper [5] we give a characterization of the onesided K-functionals
from below and from above via moduli of smoothness for r=1 and r=2. The
problem for characterizing these functionals for r=3 is open.

For the Jackson type inequality

(5.2) E,(N,Scrn™" 1 /01,, VfeW;

see [12, p. 166]. (5.2) implies similar inequalities for the onesided approximations
from below and from above and hence Theorems 4.1 and 4.2 together with (3.3)
and Proposition 3.1 imply

Theorem 5.1. Let 1 < p< o0, r be natural, f be bounded (from below, from above)
and measurable. Then we have

dNE; (N, <K~ (f,n "L, W)Sc{E; (N,+K(fin™";L,, Wy}
ANE (N, <K' (fin " L, Wy Sc(){ES (N),+K(fin 5L, Wk
NE,(N,<R(fin "L, W)Sc){E.(N),+K(fin"5L,, W)}
Now (4.8) reads

(5.3) Iz(f,n"';Lp, WhH<crn™ Z k! E,‘(j)p
1

k=

and similarly for the onesided approximations from below and from above. For
1 <p< o (5.3) can be improved. Using (3.1), Theorem 5.1 and the inverse result of
M. F. Timan [19] (g=min{2,p}, 1<p<)
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o, (i), Sclr,pn™"{ T k"1 E, ()}
k=1
we get

Corollary 5.2. Let 1 <p<oo, g=min{p, 2}, r be natural, f be bounded and
measurable. Then we have

K~ (f,n 5L, W')<c(r,p)n"{2 k=1 EC (f)1ye;

k=1

+(fn-r L W')<c(r p)n—-r{ z kar = 1E+ (f')q}llq

=1
R L, WySclr,pn™{ & kv~  E,(Ng}1.
k=1

From Theorem 5.1, (3.1) and (5.1) we also deduce the following new
properties of the average moduli of smoothness:

Corollary 5.3. Let 1 <p< o, r and m be natural, f be bounded and measurable.
Then we have

T'(_f, t)p§c(r, m) {Tr+m(.fs t)p+wr(f; t)p}'

This corollary and Marchaud inequality for @ imply Marchaud type
inequalities for the averaged moduli of smoothness.
From Theorem 5.1, Theorem 4.3 and Proposition 3.1 we get the following

inequalities of Zamansky type
Corollary 5.4. Under the assumptions of Theorem 5.1 we have
1Py NN, S K~ (f,n"" L, Wh);
1Py (NN, ScIn"K* (f,n™ " L, WT);
1B, (NN, ScrmR(f,n~ " L, WH),

where P; (f), P} (f) and PB,(f) are the corresponding polynomials of best
trigonometric onesided approximation to f.

b) Trigonometric polynomials —multivariate case

Let 1Sp=< o0, d, r, e be natural, e being the smallest integer 2r and >d/p,
Q=[0,2n), Xo=L,(Q), X,,,=W},(Q) and X, ,=W;(Q). The semi-norm in the
Sobolev spaces are defined as the sum of the norms of all partial derivatives of the
given order, i. e.
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lglhii:=Z IDgll,, lgli2:= Z IDgll,,
lyl=r lyl=e

where y is a multiindex and D? denotes the corresponding differential operator.
Spaces X, ; and X, coincide iff r>d/p. Let G, denote the set of all trigonometric
polynomials of total degree n—1. The Jackson type inequality now is (see [3])

(54 E.(N, e {n™"Iflra+n"cflli2} VeWi(Q.

In the univariate case we have r=e (except for r=p=1 when e=2). But for d=2
we have e>r whenever r<d/p. In these cases, unlike the non-constrained
approximation, an estimate of the type

E.(N,Sctn™"Ifllia VfeWL(Q)

is not true (see e. g. [11]). Thus vwe are forced to use the more complicated scheme
in which the space X, is replaced by the set of spaces X, ;,...,X;,; The
K-functionals are

K= (fin7,n= S L, Wi, Wi):=inf{|f—gl,+n""llgllii+n " lgli..

:geWs,g< [}

and analogously for K* and K. We shall not formulate the statements because of
their similarity to these ones from the first part of the section. Let us only mention
that the validity of (1.6) in this case (X, =W?) can be established following the
univariate case in Section 3.

c) Algebraic polynomials — univariate case
Let G, denote the set of all algebraic polynomials of degree n— 1. Keeping the
notations of Section 3.2 (¢(x)=./1-—x2, Xo=L,[—1, 1], X,,=W}(¢) and
X,,,=W?) denote once more the constrained approximations corresponding to
the three cases by E, (f),, E. (f), and E,(f), respectively.
The corresponding K-functionals are
K~ (fin~",n"?;L,,Wi(9), W})
c=inf {|f—gll,+n"" e g, +n > Ig"”ll,:9geW}, 9= f},
K*(fin™",n~ ;L ,,Wi(p), W)
c=inf{|lf—gl,+n"" e g”,+n > 1g”l,:9eW},, g2 f},
R(,in™",n 2L, Wi(e), W})

=K~ (in",n LW, (e), W)+ K* (fin™",n" ;L ,,Wi(e), W)
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A characterization of the onesided K-functional K is given in [4]. For the
K-functionals from below and from above see [5].
The Jackson type inequality

(5.5 E,(N,Scr){n " 1@ fOll,+n~ 2 111}, VfeW)

is proved in [13], [4]. (5.1) implies similar inequalities for the onesided
approximations from below and from above and hence Theorems 4.3 and 4.4
together with (3.7), (3.9) and Propositions 3.3 and 3.4 imply

Theorem 5.5. Let 1<p=<co, r be natural, f be bounded (from below, from
above) and measurable in [—1, 1). Then we have

dPET (N),SK™(in™,n™*; L, Wi(g), W5)
<D {Ex (D, +K(in™"; L, Wh@)};

oIES (N, SK* (in ™" L, Wi(e), W)
<) {EF (N, +K(fin™"; Ly, WhloD}s

cANE(N,<R(fn~"n"¥; L, W5(e), W})
<) {E(N+K(fin™"; L, Wi(@)}.

Using Theorem 5.5 and the inverse result of V. Totik [14] (¢=min {2, p},
1<p< )

K(in™",n ™25 Ly, W), W sclrpn™ { T ke E, (e
=1
we get

Corollary 5.6. Let 1<p<o, g=min{p, 2}, r be natural, f be bounded and
measurable. Then we have

K= (in™",n7?; L, Wi(e), W))<clr,p)n™" { z ke YEC (R

k=1

K*(fin",n"¥;L,, Wi(¢), WHSclr, p)n-'{z k"L E}F (N}
=1

R(fin",n~2; L, Wi(p), Wi =c(r,pn™"{ 2 kvt E (N},
k=1

From Theorem 5.5, Theorem 4.3 and Proposition 3.3 we get the following
inequalities of Zamansky type
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Corollary 5.7. Under the assumptions of Theorem 5.5 we have
le" P (NN, <" K~ (fin™",n">; L, Wi(9), W,
lo" Py (NN, <crIn” K* (fin™",n"*; L, Wi(e), W});
le" Pa(N) N, <cIn” R(f,n™",n" > L, Wi(9), W5),
where P, (f), P (f) and B, (f) are the corresponding polynomials of best algebraic

onesided approximation to f.
Now we shall show that (5.5) cannot be improved to

(5.6) E.(N),Scn~" o' N, VfeW, (o)
for r=1 and 1<p<2. Assume (5.6) holds. Then Theorem 4.1 gives
(5.7 E.(N,=cR(f,in™1; L,, W, ().

For the function f(x)=0 (—1=<x<1). f(1)=1 we easily see that K* (f,n"!;

, W3 (9))=0 by taking g,(x)=0 for —1<x=<1-—¢ and g,(x)=14(x—1)/e for
l—sSxSI and letting é—0. On the other hand E, (f),=E} (f),2cn"%"-a
contraction to (5 7). The same arguments show that (5.6) cannot be true even if
one replaces E, (1), by E}(f), or E; N,-

d) Algebraic polynomials — multivariate case

Let us only mention that direct and converse theorems for the best onesided
approximations of functions defined on [—1, 1]¢ are obtained in [4). The proper
onesided K-functional is also given there. Property (1.6) can be established for
example by modifying the ideas from Section 3.1 for trigonometric approximation.

6. Shape-preserving approximation

Here we give some other examples of constrained approximation fitting in
the scheme of Section 4. Let X, be a set of functions defined on an interval Q.of
the real line.

IV. Monotone and comonotone approximation. Let X consists
of all increasing (decreasing) functions from X ,. Then for fe X § we set R(f)=X3g.
In these cases we have monotone approximation and condition (4.1) is obviously
satisfied.

Let Q=U[a,, a;+ 1], where a;<a;;,. Let X consists of all functions feX,
which are mcreasmg or decreasing in [a;, a;] if i is even or odd and R(f)=Xg
for every feX§. In this case we have comonotone approximation.

V. Convex approximation As in IV X§ and R(f) consist of all
functions of the same convexity as f.
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We shall describe in more details only the case of monotone approximation
by algebraic polynomials. Let r "be natural, 1Sp<o, @(x)=./1—x2,
Xo=L,[-1,1], X, ,=W}(¢), X1,,=W] and let G, be the set of all algebraic
polynomlals of degrce at most n—1.

For an increasing function f from L, we set

R(f):={geL,[—1, 1]:g is increasing},
E,(f),:=inf{ lIf—gll,,tgeG..hRU)},
K'(fin™",n™*" L ,,Wi(p), W)
c=inf{|| f—gll,+n " ll¢"g”l,+n"* |lg®|,:ge W,nR(f)},
K'(fin™"; L,, Wiy=inf{|f—gll,+n""lg”l,:9e W,nR(f)}.
A Jackson type inequality
(6.1) E.(N,=c{n "o fOl,+n">Ifl,} VfeW,nR(f)
is obtained only for r=1 and r=2 in [8] and [15]. It is actually shown there that
E (), Sc(K(f,in™"; L,, Wi(e), r=1, 2.
It seems true (although not proved) that for these r’s the non-constrained and
constrained functionals K (f,n™"; L ,, W} (¢)) and K'(f,n™",n"%"; s L,, Wile), W5)
are equivalent. Thus the welghted moduln used by Z. Ditzian and V Totik [2]
or by the second of the authors [7] will characterize the monotone K-functional.
The situation radically changes when r is bigger than 2. First we do not know
whether (6.1) is true. Our conjecture is that (6.1) also holds for r = 3. The weaker
than (6.1) inequality
(62) E,(f),Sct)n ™" | /¥, VfeW;, f increasing,
is proved in [1]. (6.2) implies
E,(f),=cnNK’'(f,n™"; L,, W})

— a direct result with no chances to be inverted. But even in this case A. S.
Shvedov [20] shows (using moduli of smoothess) that the inequality

Ey(f),ScDK(f;n™"; L,, W}

is not true whenever r=3, that is moduli w,(f,n""), are not suitable for
characterizing K'(f,n""; L,, W}). So the problem for characterizing both
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weighted and non-weighted monotone functionals—K'(f,n",n"2"; L ,, W} (o),

W) and K'(f,n™"; L,, W})-via proper moduli is also open if r=3.

7. Remarks and open problems

7.1. All statements in Sections 1, 2 and 4 remain true (after a proper
modification) if we require X, and X, to be quasi-normed spaces. This allows
spaces L,, 0<p<]1, to be also treated as L,, 1<Sp<co, in Sections 3, 5, 6.

7:2. ‘i'he simplest way for proving (1.6) in the trigonometric case may be via
the de la Vallee-Poussin sums V,(g). One has to use only their linearity,
V.@=V,¢), lg—V,@9I,<4E,(g9), and that V,(g) is a trigonometric
polynomial of degree 2n. But it seems that the construction of an operator with
such properties in other situations will be more elaborate than the proof of (1.6).

7.3. The results in Section 4 separate the investigation of the constrained
approximation case into three practically independent parts:

a) obtaining of Jackson type results (4.2) or (4.2) for the constrained
approximation;

b) investigating the non-constrained case — proving of (1.2), (1.3) and (1.6)
with the same parameter a as in (4.2);

¢) characterization of the constrained K-functional via proper moduli of
functions.

The reason we require c) is the easier computation of moduli compared to the
evaluation of K-functionals. If this program is fulfilled then we have
a characterization of the constrained approximation. Any inverse result for the
non-constrained approximation better than (1.5) will automatically provide (as
shown in Section 5) a similar result for the constrained approximation.

74. As far as we know the onesided K-functional is introduced by
V. Popov [10] and the monotone (non-weighted) K-functional is introduced
by R. A. DeVore [1].

7.5. The statements in Section 5 look similar for E, , E; and E,. The reason
is that we use the notion of the constrained K-functional. The difference between
the onesided approximation from one side and onesided approximations from
below and from above from another side appears when one tries to characterize
the corresponding K-functionals.

7.6. Open problems. In Section 1 we have asked whether (1.6) is independent
from (1.2) and (1.3). We do not know a characterization of K* and K~ functionals
via moduli of smoothness for r=3 (Section 5). To prove Jackson type inequality
(6.1) and to find characterization of the monotone K-functionals for r=3
(Section 6).

One can also consider other type of approximating processes, €. g. splines
with fixed or free knots, rational functions, and prove for them results similar to
those of Sections 3, 5 and 6.
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