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On the Theorem of H. Whitney
in Spaces L, 1<p=<oo.

Yu. V. Kryakin

Presented by Bl. Sendov

Whitney’s theorem shows that the error of approximation to a function f(x) by algebraic
poiynomials of degree n—1 is estimated by the n-th order modulus of smoothness of f.
In the present paper we prove the following estimates of constants in this theorem.

For uniform norm W_<3.
For integral L?-norm, 1<p<w, W,<11.

I. Introduction

Let f(x) be a measurable function on I=[0, 1],
A f(x)=Z (—l)""(?)f(x+jh), x+jhel, neN,
j=0

is the n-th difference off with step size h.

Define
1
{fIf/x)IPdx}'?, 1=p<oc0,
WA= leen={ ©
sup If(x)L p=00.
xel

We say that fe L?(I), if | f||,<oco. We define the n-th order modulus of
smoothness of fe L?(I), 1<p< oo, as

o,(f; 6)=sup [ALfliLeay,
0shss

1,=/0, 1—nh}, 0<8=<1/n.
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Let E,_,(f),= inf ||f—P,-, |, denote the error in approximating f(x) by

P
polynomial of degree n—1. v
In the theory of approximation we consider the well-known

Whitney’s theorem. Let fe LP(I), 1<p<oo. Then for each neN there is
a smallest positive number W,(n), such that

1
Ell—l (.f)pé Wp(n) wn(.f; ;)p'
The history of this theorem is as follows. The first results were obtained in
L®-metric. The case n=1 is trivial. In 1952 H. Burkill [3] proved that
1
E,(No=w,( 5)"’ and conjected that W_ (n)< oo for n=3. This conjecture was

proved by H. Whitney in 1957 for continuous functions [11] and in 1959 for
bounded functions [12]. He also proved that

1 8 7
We()=W, (2)=5, 5= W (3)§E,

WL @33, W, (0)S104, W, 0)2;

and concluded that the problem of finding W_(n) was probably extremely
difficult.

‘Later Ju. A. Brudnyi [2] proved the theorem for fe L?, 1 <p< oo and gave
the estimates

W,(n)<Cn*, 1=p=co.

In 1982 Bl. Send o v [6] proposed a numerical method for the estimation of
the Whitney’s constants and showed that

W,4=<13, W_(5=13, W_(6)=17.
Bl. Sendov [7] formulated the following conjecture:
W,_m=<1, neN.
In 1985, in papers [4], [1], [7] the break-through was made in improving
estimates of constants W_, (n).
Firstly, K. Ivanov and M. Takev [4], developing the ideas of A. Bearling

([11], p. 84), proved that W_(n)<Cnlnn.
The integral operators
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h
[ A3 f(x—vy)dy
0

1

=——01H x=vh+t, v=0, 1,...,n, 0=t=<h
n+1

play an important role in this proof.
Immediately after that P. Binev [1] proved that
W,m=Cn.

Independence constants W (n) of n were obtained by Bl. Sendov [7]. He
proved the remarkable equation

LI 100 S
SX)=P,_;(x)+o,(f; x)+ Z ;{tp,(f; jh+y)I,,(], x_h’_’)dy,

where
(_l)n—vh ¥
o, (f; x)=0,(f; vh+t)=—n—-IA,f(x—vy)dy,
v
.G, =ﬁ x—i
Al

i#j

and with the help of this equation established [8] that W_(n)<6. In 1986
Bl. Sendov and M. Takev [9] showed that W, (n)=<30.

Now let us consider the results of the present paper.

Let Q,_,(x) be polynomial of degree at most n—1 such that

(i+1)/n

| J®—Q.-1(®)dt=0, i=0, 1,...,n—1.

i/n
Polynomials of this type are used by E. A. Storozhenko in the proof of

theorem of Whitney in L?, 1<p<oo [10].
e 1/~ Ques
Wp(n): sup "__Lll"z: lsp=sco.
e’ w,(f, ;),

It is clear that w,(n) < W, (n).
In this paper we prove that

(1.1) 1=SW, (=<3

(1.2 1SW,m<11, 1Sp<oo.
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We should also mention that above estimate in (1.1) was independently
announced in [13], p. 37, in [14] and in [15]. A sketch of the proof of (1.1) is given
in [5].

A word about contents of the paper. Section 2 contains auxiliary results. The
main identity (Lemma 1) is analog of 1dentlty of Bl. Sendov. Section 3 is devoted
to estimates of W_ (n). In section 4 we give LP-estimates.

2. Auxiliary results

i/m
Lemmal. LetfeL'(I),neN and | f(1)dt=0,i=1,...,n. Then for xe(0, %]
o

=g, D+ ] E o,(f y)(’)u G 1)1,dy,

where st
( )ll i 1 :
@ X)="—7 IA (i(x—y)dy,
()
"ot—k
I,, j, )= —, ji=1,...,n.
U, 9 N
k#j
Proof. Denote
lix
z,(x)-; [f®ar, i=1,...,n.
)

1
It is clear that f(ix)=z;(x) and that z; (;)=0. Using expression ¢;(f, x) we get
identities

f(tx)—(—)j— LM ue-ay+] T a5 | f0d

X j=

This identities we may regard as initial-value problem of the system of linear
differential equations

4091 T ayz,(d+ 0,0 9,
@.1) =t

1
Zi (;,‘)=0-
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It is easy to see that general solution of the homogeneous part of the system
is
2= | U7 dilyo =[P W
o

We find the solution of nonhomogeneous system (2.1) by the method of
variations of the constants.

ZW= 3% C,(02Z' ).

i=1
We have

£ CWZ®=0(f; 0
ji=1

e (i x)=lo:(f; x)i=1.
Solution of the last system give
Z* ()= | F(x, y)dy

1/n

where

where :
F=[FJ-:, Fx, y)=-.12 o;(f; y)(;)[l(j,gi)'
=1

From condition Z* (%):-0 there follows that Z* (x) is a solution of system (2.1).

With one differentiation of Z*(x) we finally obtain the desired identity.
Lemma 1 is proved.
The estimates of integral terms in the main identity will be needed below. For
this purpose

Lemma 2. Let 6,=0, o;=1+...+-,

Then
1
A,(n)g—{ max e*n-i"%+2C(p) max xe""’u—i"i“)}
n) OsxSm °§X§m
4
where . Sl
A usf\1=1p g1 kOt mmmes D= 00,
comi ()
j=1 li—=JjI\i

n—i
jaﬂ Ui—x'*'o'u-i'*"T, 1=sp<oo.
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Proof. Let split our sum into two parts

The monotone properties of [,(j, t) give
1 .
A S—— max I11,G, o)

=
n ;
(l) n+|$‘s‘

n 1 ] 1-1/p
+2 £ (= max |l,(j, 1)
'\ \i Js
ji=1 () ——stsi
J

i+1

gi max l(z—x)...(l—.'x)(l+:f)'...(n—:+x)I
n) 05x5 i! (n—i)
i
n \1-1/p = . —i
42 % L(_{) max I.l.x (i—x).. (.2 X)x...(n l+x)|.
=1 n) i ogxg F—j—X j' (n—j)
ji r n+1

Using simple inequalities

1
ax |

" p I_.fa
asmpay 1=d—% =]

1 o i~a) 1 e (1 Op— =0y +1)
maxi e*n—i i +2-— DI e max' xe*Cn—i"%
(':) os:sm (’:) i=1 L li—jl P ey

Putting 1—1/p=a we obtain

;:(z)' 1.=11';21r—.*+r+'1 L

1+t<e, teR
it follows that
A S~

]=l i Ii—’ "]=l i"’j i¢j=‘+l j—i
J#i
1 - 'ﬂ 'ﬂ n i
=<3 z ! +oi-1+57 X r- +¢7n 150i-1+0,- i+_
i* =y i—J ¥ jaivy J—i

Analogously if p=o0
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n—2i+1.

n : 1
z J‘ ——=0j—1+0p_;+
i=1 \} li—jl

Jj#i

Lemma 2 is proved.

3. Constants of H. Whitney in L% (I)

Yu. V. Kryakin

In this section we prove the estimates of constants of H. Whitney in uniform

metric.

An important role in this estimates is played by the main identity. The main
identity leads problem to the computation of the number sums. We use Lemma

2 in the computation of these sums.
Theorem 1. Let neN. Then

' 1 1
3.1 W, (n)=2(1+;)+0(;)
(3.2) 1SW,(m)<3.
Proof There is no loss in assumptions
Qn-1(x)=0,
i/n
(3.3) ‘/[ f()dt=0, i=1,...,n
o
(34) w,, %)é L.

Thus, it is sufficient to prove that

(3.5 sup | f(y)|=2(1 +%)+0(%)

yel

for the functions with properties (3.3), (3.4).
From the symmetry of sets

. 2 i i s .
= e € — J
J="0 [n+1’ n] and J°=1I\

i=1

there follows that it is sufficient to prove (3.5) for yeJ.

1 1
We write y=ix, 1<i<n, xe[—, ;] and from Lemma 1 obtain

n+1
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i/m n

feIslel+ | T lo,0.14,G: i SKldy
i

< n+1 I
—.T

_(’3+ -

From Lemma 2 it follows that

-~ l'\l.

£ <[ ing, e
J-

_l__ n+1

If(,x) _{ max‘ eCn—i—)
)

n+1

n—2i+1
+2(¢7n—:+0:—1+———+—) max te""u—t"i“)}-

It is easy to see that right part of the last inequality is the largest one for i=n:

|f(lx)lsl+il{l+2(a —1) max xe Xy~ ”}

osxsiiT

n+1 2 1 2
<1 +T(l +;)—2(1 +;)+;(l +;).

The estimate (3.1) is proved.
Inequality W _ (n)<3 for n=7 follows from last estimate because for n=7

n+1

1+ (1+-)<3

For 1<n=<6 it is sufficient to compute the quantities

lul-i
"+Z J

TJ=! '(—n—) ; ‘-’;T (L3, Dlde

. n+
J

The inequality (3.2) is proved.
In conclusion we shall prove that W_(n)=1. For neN, ae(0, %) put

a—x)""1, 0<x<a§;l'-

h—1
fi={*
0, asx<l1
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From the identities
A A
2)=fduy...fAL "V (x+uy+ ... +ty—1)dity_,
(] (V]

V=0, t2a
and the inequalities

—1)!
1At el s

d'_l
du,...du, ||S——
IOSu,-!...+{_l$¢ ' 1' (n—1)!

there follows that

A ()= 1.
Let e>0 and P(x) be a polynomial which satisfies

(i+1)/n
f P@®adt=0, i=1,...,n—1

i/m
i/n

§ P()dt<0, [P@)l,=e.
o

Denote }
bﬂ(x)+P(a)s 0§x§a<—'
9. (x)= n
P (x)a x>a

We choose a such that &

| g.(9dt=0.
]
It is easy to see that

@{i+1)
| g.()dt=0, i=0, 1,...(n—1)

i/n

From the definition of g,(x) we have

9. =1£O+P@ I 2 fa(®)lo—e=1—8
and

Yu. V. Kryakin

I A2 gDl SN ARG O —Le Ol + I ML OIS 2NPON+1=1+2%
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Since ¢ may be arbitrary positive then W _(n)=1.
Theorem 1 is completely proved.

2. Constants of H. Whitney in L?(I), 1<p<co.
Theorem 2. For neN, pe[l, o0.)

1 1
4.1) w,(m)=4(1 +Z)+O(EZ’

4.2) 1SW,(m=<11.

Let us begin with the asymptotic estimates (4.1). As in the case p=co we shall
suppose that

0u—1(%)=0, ‘ff(t)dt=0, i=1,...,n
1] .

i/n 1-ny 1/p
{n [ ay | IA;f(u)I"du} <1.
o

(V]
By the symmetry argument, we conclude that sufficient to prove the estimate

n i/n 1/p
4.3) Ilfllmi)=2{ | If()')l’dy} =2(1+%)+0(l—nl—n)

i=1 li/(n+1)
. - ; 1 1 .
For proving (4.3) we use the main identity for xe[m, ;], i=1,...,n:

n ;1/m

SEISle@i+ E 7T lo,0l,6, Sy

x

and estim::te @)= fGx)|l L'(_‘_‘i) by the Minkowski’s inequalities.
n+1
LIS 101+ E Q1 T 10,00 tpmr0)51- 0k do]

n ; 1 S » 1/p
<o)+ = (’) { 1710, vml(i' |¢,(§)|"fv’f) i
d 1

j=1 \!

nt+1l

A

1-1/ n 0
<lloi) ||+(3n—') . ({) 19,1 Cy(n)

j=1
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where )
Cym= | LU, 9lde.
Thus ia¥1
n 1 1/p n Ry, "
1S lriy= = ] If(y)l'dy) _ 3 £
i=1 i=1
n+1 1-1/p 1-1/p
=< 2 itr ||‘P:(x)||+( ) 2 ;)N .57 2 (J) Ci;(n).
i=1 =
But :

x r
@i ()l =( S |‘P;(x)|’dx)
1

% l P 1/p
{ [I AL (e~ y)mdy] dx]

1
" 1/,
g—’—((n+1) j ax [j A f((x— y)m'dy]) :

1 1 l/p' 1 1-ny 1/
é___.(n+ ( jdy j' lA f(x)lpdx) ___ll%(n:l) P'

M) 6

n i/n 1/p
Iflley= = { ] If(y)l"dy} <H(, n)

i=1 li/(n+1)

(s A 2 2 () e
ALl

i J

To prove that

o o) igel)
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n+1 n n 1 J 1-1/p N 2 1 )
(4.6) C,(p, n)= ( . ).fl jf 6 (;) Cu(n)-l+;+0 m
J
The estimate (4.5) is simple
1

C.(p, M=C, (1, n)s"“(z Ast)sted
i

For obtaining (4.6) we shall use Lemma 2:

! max e*n-i"%

Cz(P, n)S( )
i=1 ( )osxsi/(n+|)

ax xex(a'_‘_'["'”=D‘(n)+D2(n)'

\_/

i
0Sx33FT

1y 2 1 -
+2(£i_) z n) (0i-1+0n- i+_
i

n+l{[7] 1 %‘"“_'"-;- > L}é
() a-[%1+1<:.')

2] .
"“{e Loz —l—}g"“{%né}gu% (n210)

n—i .
= (0i-1 +0’.—-i+—"‘l. )i

n+1
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Thus we get

2 4 50 2 1

The estimate (4.1) is proved.

To prove the inequality W,(n)éll we consider three cases: a) n=S50,
b) 10=sn<49, c) n=9.

In the “a” case (4.2) follows from (4.1):

1 8. -1
W,(n)§4(1+—)+——+—1—0§10, n=50.
e Inn n

: In the “b” case the calculation on computor constants C, (1, n), D, (n) D, (n)
gives
W, (m)<2(C, (1, n)+D, (m)+D, ()< 2C, (1, 10)+D, (10)+D, (10)<11.

In the “c” case the direct computation constants

i
Cij(m= j" 1L, Dlde, & j=1,.:.,n
in¥l

and sums H(p, n) give W, (n)<2H(1, 5)<11.

The right estimation (4.2) is proved.

The inequality W, (n)=1, 1Sp< oo is proved analogously to the inequality
W (n)=1. Slightly corrected function f,(x) serves as the opposite example.
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