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The ;apcr defines stochastic integral with respect to stochastic processes with increments belonging to
the domain of attraction of the stable law and solves a convergence problem of Fourier — Stieltjes
series associated with such a process.

1. Introduction:

Let X(t, w), teR be a stochastic process with independent increments and
continuous in sense of quadratic mean and f be a continuous function in [a, b].
b

Then the stochastic integral [ f(t) dX(t,w) can be defined in the sense of
éonvcrgence in probability and' it is a random variable (cf. E. Lukacs [2], p.
148). Hence the Fourier — Stieltjes coefficient of X(¢t, w),
1
(1.1) A (w)= j’ e 2™itd X (t, w),
)

exists for the orthonormal set {e2™™}2 _ .
It was shown by C. Nayak, S. Pattanayak and M. N. Mishra [3]
that for feL*, where

1
L* [0, 1]={S: [0, 1]-C; measurable such that [|f(¢)|* dt< oo} the stochastic
(]

1
integral [ fit) dX(t, w) can be defined for the stable process X(t, w) and moreover

0
the random Fourier — Stieltjes series (RFS),

(1.2) i a,.A"((o) e.Z:iuy where a‘=;' f(t)e‘z"‘" de,
0

n=—o
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converges in probability to
1
(1.3) [f(y—1) dX(t, ®) for yeR.
o .

They have also shown that the sum function of the RFS series (1.2) is differentiable
in probability if a, satisfies the condition Y, |na,|*<co.

R= — a0
In this paper we show how to define a stochastic integral with respect to
process whose increments belong to the domain of attraction of stable law. Also
we describe the mode of convergence of the RFS series for Cauchy processes by
imposing a weaker condition of a,. This series is differentiable under a weaker
condition.

2. Definitions:
Definition D,. The class of functions f satisfying
b
fIf®P dt<oo is denoted by L”[a, b].

Definition D,. If ®(u) beba non-negative function defined for u=0, then the
set of functions f satisfying [®|f(t)| dt<oco will be denoted by Lg[a, b].

Definition D,. A sequence of random variables {X,, n=0, 1,...} converges in
(C, 1) probability to a random variable X if

lim P(]Y,— X |=2¢)=0 for all ¢>0,
1

where, Y,,=;(X0+X1+ e+ X))

Definition D,. If feL”, p=1, the expression

2=
0,6, )= Sup (o | 1f(c+R—f)IP dx}iie
o0shse 2n o

is called the integral modulus of continuity (in L”) of f.

Definition D;. The random function f(t,w) is said to be differentiable in
probability at t=t¢, if there exists a random function g(t,w) such that for all £>0,

lim P (17 f(o+h, ©)—fGo, @)—elter @)]>9)=0-

k-0
Definition Dy,
A [a, bB]={f:[a, b] = C; |f()—f()|=0(|t—s|}.
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3. Main results

Theorem 1. Let X(t, ®) be a stochastic process with independent increments
which belong to the domain of attraction of the stable law with characteristic

2x
function e~ ®® where ®(t)= | t|*log* t and feLoNL*. Then the function | fdX can be
0

defined in the sense of convergence in probability. Moreover if
2= 1

a,= | f(t) e"**™dt, A (w)= fe~2*imdX (t, ), neZ
0 0

then the series

(3.1) i a,A,(w)e*™™

n=—N
converges in probability as N—»co, to the stochastic integral

1
(32 (I)f(y—t) dx(t, o).

To prove the above Theorem we need two preliminary results formulated as
Lemmas.

Lemma 1. (Doob Inequality) (Cf. Y. S. Chow and H. Teicher [1], p. 268).
_If X is a random variable with characteristic function ®, then for any positive
C and 9,

PUXI 2+ fa—Re 0() &t
=y coliy '
In particular,
2%r,% :
P{IX|Ze}S(1+=) [(1—Red(0) dr.
o

Lemma 2: Let X(t, ) be a process with independent increments belonging to
the domain of attraction of the stable law having characteristic function e™'* Flog+e

b
Then the characteristic function of [ g(t)dX(t) is equal to

—‘I,O(u-a(t))dl
a where ®(t)=|t|* log* t.

e
Moreover, for £e>0 we have
b b b
P{|fg()dX(1)|2e} < K, [lg(®)|* dt+K, [®(g(1))dt

where geCla, b), K, and K, are positive constants depending on e.
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Proof of Lemma 2: Applying Lemma 1, we find
b g 1b ’
P(|f g() d-’f(t)lés)§(l+—‘;‘—)2 | | D(ug(t)) de.
a Oa

Since the characteristic function of

3: g(®)dX() is

b
exp[— [ @ (ug (1)) dt],

where ®(t)=|t|* log* t. Then,

b b
[®(ug®)dt={ |ul*log* (ug(?)) | g(z) " dt

b b
<[ lul*lg@®)|* log*udt+{ |ul* |g(t)|* log* g(t)dt =A D(u)+|u|* B.
Here,

b b b
A={|g®)I*dt, B={|g(t)|"log* g(t)dt=] ®(g(t)dt.
Hence,

b 2 1b
P(I [ 90X, WIZ)S(1+) | [ Sug)de
<(+25 | (40w +1urB) dt
(V]
b b
=K, [ lg()I*dt+K, | |g(t)|* log*g(e) dt

b b
=K, [ lg@®)*dt+ K, | ®(g(t))dt.

Here K, and K, are positive constants depending on &.

Proof of the Theorem. It is well known (cf. A. Zygmund [5], p. 146)
that if fe Ly 0 L%, then there exists a sequence of function f,eC [0, 27] such that

2x 1 2x
lim jd’(z If,—f1)dt=0 and lim [ |f,—f|*dt=0.
n—+o 0 n—o O
i 2x
We know that (cf. E. Lukacs [2], p. 148) for f,e C [0, 2x], j L) dX(t, w) is
o
defined in the sense of convergence in probability. So by application of Lemma 2,
we get
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2= 2x
P{| £ fHdX@, o)— £ fdX@, w)|>e}

oL B | 2z, % -
s(+g) £°(§If.—f..|)dt+(l+ = {UI. Sl dt.
Note firstly that
2= :
§ 1fi—ful*dt—0 as m, n—co.
(]
Further by Jensen inequality

12:

2= 1 1
fogU—fudiss [ OG UL~

12-

1
+3 {Q(z fm—s1)dt.

According to A. Zygmund [5], p. 146, if feLy, then

2z 2=

[ OG1,—/1)di~0 and § B fu—11)di~0, as 5, moco.

1] o

2= :

Thus the sequence [ f,(t)dX(t, ®) converges in probability as n—oco. We can
easily show that theo liniit does not depend on the cixoice of the sequence f,.

Therefore the limit of [ f,(f)dX(t, w), denoted by f /®dX(t, w), is called
a stochastic integral of jq, with respect to the process oX(t, w). Let

1
z.=;;(s°+S‘+ .o +S._.‘)

and
oumr o tfit - +fam)
where
S0, @)= 3 ae) e
and o

D=3 a e,

Hence we get
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1
S0, w)=£f,,(y—t)dX(t, ).

Also we get
1

L0y, o)={ o y—1)dX(t, o).

0
Now

P{IZ0, w)-if(y-t)dx(t. o)z}
—P(| | o y=1aX(, w)—:j;f(y—t)dx(t, o)l 29)
0

1 '
SK, [ 10,~f1'dt-+ K, {03 10,~1)dt (by lemma 2).
0 0

277

However recalling that (cf. A. Zygmund [5), p. 146) if S[f] is a Fourier series of

f in the form of C, e, where
n

R=—

C.=% }f(t)c"""dt and if £A4,(x) is an S[f] with feL,, then as n—oo

1 . ¥ 1
[¢(%|a,-—f|)dt-+0 and [|o,—f|"dt—0.
0 0

Thus for any £>0,

' 1
jigP{I‘-‘-.(y,w)u{f(ywt)dx(t,w)lzs}=°-

Hence the series (3.1) converges in probability to the stochastic integral (3.2).

Theorem 2. Suppose

2x t
[ /0de=0, |f@)du=F()
and for the series ¥ °

(3.3) > aAd

converges in probability to (3* F(y—t) dX (t,w) as N—co. Then the series
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3.4 ;'. ina, A,(w)e™

n=-—N

converges in probability as N—> to
2=
(3.5 j' fly—t)dX (t, w).

(Thus we see that the series (3.3) is termwise d;ﬂ'erenttable)
Proof. By assumption we have

b= | e Fodt=g z‘j:e""‘(‘j:f(u)du)dt-

Now, -
in a,,—_-i j'ne""‘(jf(u)du)dt
o
'm t 1 2x
{[- e If(u)du] 8+ (j’ e~ f(t)de}
=5'—25 ""f(t)dt=ﬁ (j;e“""f(t)dt=b,,.
Let
Sy,w)= X a,A,(w)e™.
Then
_{S(y+h w)—S(y,w)}= 2 a, A(w) (emyﬂ) ™)
n= a0 M
s (m)e""( i aoA (w)e""( )_ T d A (w)e™
where o mw. e s
e =10 =1
dn='nau( "'h )_ n( lnh )
which is a RFS series with weights d,. Again
eiuh b 0 2‘1 0
dy=b,(— )=f je-*-'dz,=j =] _[f(y—t)dye“"’dt.
—h

Thus d, is the Fourier coefficient of an integral which is absolutely continuous and
hence belongs to L?, p>0. Further, we khow (cf. C. Nayak, S. Pattanayak
and M. N. Mishra [3]) that the series .

N
T d,A(w)e"”

n=-N
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converges in probability as N—oo, to

2= 1 0
5; [ fy—t—uw)dudX (t, w).
] —h
Thus 5
P (SG+h @) =S 0, 0)- [ fy—t-udX ¢ 0)|2e}

2x
<K, | 10+ hu)—f(x)|*dudx
00

by the Theorem 3 of C. Nayak, S. Pattanayak and M. N. Mishra [3]. But
for feL?, p=1, we know (cf. A. Zygmund [5], p. 37) that

1
lii“, ((I) [f(x—t)—f(y—1)|’dt)=0

1,
=1im [ |f(x + hu)—f(x)|*dx =0.
h—=0 o
Thus we get
. 1 ' 2x .
lim P {| - (S@+h,&)=S.) - | f—1dX (t, )| 25} =0
i (V]
which means that the RFS series (3.4) is differentiable in probability.
S. Pattanayak and S. K. Sharma [4] have shown the following result.

Theorem A. If a,, a,... is a convex sequence such that a,=o(1/logn), then the
series

1 N
50 Ay + ?1 A,(w)a,cos 2nnt

converges in probability, as N— oo, to

1
1
[ 5UG=0+0+0)dX ()
0
where f(x) is almost everywhere the sum of the series

1
590 + Xa, cos 2nnt

and .
A, (w)=[cos2nnt dX (t, w).
(V]
Let us mention that now we can show that the series (1.2) is convergent in
probability under a weaker condition.
Theorem 3. If X (t,w) is a symmetric stable process of index a=1 and if feL*,
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a,= ?f(t)e'z"""dt
o

and
1
wl(67f)=o(log 1/8)’

then the series
’ N
T a,A,(w)e*m
n=-—N
converges in probability, as N— oo, to the stochastic integral (3.2) where a, and
A, (w) have the same meaning as in Theorem 1.
18'{)0 prove Theorem 3 we need the following Lemma due to A. Zygmund [5],
p. L ;

Lemma 3. If the integral modulus of continuity satisfies the condition

1
,(& f)=0(—),

S log 1/¢

1 2=

5 g |f—S,|/dx—=0 as n—oo.

Proof of Theorem 3. Let
S, (v, w)= i a, A, (w) e*™*
and P
FAGES i ajer=
Thus y B :
5.y, w)= X @, > 004X (t, w)= [ f,(y—1)dX (t, w).

Now X %

1 1
P{|S,,(y,w)—£f(y—t)dX(z, )| >} =P{| | (fL—)—f(y—1) dX (t, )| > &}
V]

<K [If,—)—f(—D]dt (by lemma 2).
0

But since
1
wl(c;j)=O(log 1/8)’

then

1 2x

5% | 18,—f1dx—0 as n—co.
Hence g
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1
lim {|f,(y—)—f(y—1)|de=0
L)

1
lim P{|S,(y,0)— | f(y—1)dX (t, w)| >} =0
) n— o 0
for any £>0. .
Thus the series (3.1) converges in probability to the stochastic integral (3.2).

o 'Il‘beorem 4. Let X(t,w) be a symmetric stable process of index a, 1 <a<2,
and let

1
(3.6) A (w)=[e "™dX (t,w), neZ.
4 .
Then the RFS series
N
3.7 Z a,A,(w)e*™™=§,
n=-N
converges in probability, as N—co, to the stochastic integral
1
3.8) [fy—0dX(t,w), for feA,,
0
where a, is the Fourier Coefficient of f and
1
(3.9) P(IS,(0, o)~ [ fy—1)dX (1, w)| 2 &)=0(n"").
0
Proof: Let
S,(y,0)= I a, A, (w)e*™
and ke
S:t)= T a, "™
Thus T -
S,(y,0)= Z [a,e>*0o-0dX(t,w)
k=-n0
1
=[S.(y—1)dX (t, »).
0
Now

1
P{IS.(y,0)— [ f(y—1)dX (t, )| > &}
V]
1
=P{| g(Si.(y—t)—f(y—t))dX(t, o)|> &}

_S_K;' ISu(y—=)—f(y—1)|*dt (by lemma 2).
V]
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It is well known (cf. A. Zygmund [5], p. 91) that for feA,, O€a<l,
Sa(x)—f(x)=0(n"").

1
P{IS..(y,w)—{f(y—t)dX(t,w)l>6}=0(n'“)-
Hence for all ¢é>0

(3.10) lim P{15,(y, 0)— If(y t)dX (t, )| >e} =0.

Therefore the series (3.7) is convergent in probability and the rate of
convergence is given by (3.9).

The authors thank the referee for his valuable suggestions and substantial
improvement of the paper.
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