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For spaces of (2n-periodic) Riemann integrable functions this paper suggests a concept for a best
approximation by (trigonometric) polynomials which fits together with recent results for linear
approximation processes. Indeed, in terms of the -modulus direct (Jackson-type) as well as inverse
(Bernstein-type) theorems are established so that a constructive theory of functions may be developed
in _thesc spaces. As a consequence of previous quantitative extensions of the uniform boundedness
principle it is shown that the notion of a best approximation, induced by the standard Lebesgue
theory, would be too small for inverse theorems to hold true. A final section deals with the problem of
a direct comparison of the present concept with the well-known one of best onesided approximation.

1. Introduction

Continuing our previous investigations on a sequential convergence in the
space of Riemann integrable functions (see [2]), it is the aim of this paper to
develop a notion of best approximation by polynomials ‘which fits together with
recent results (see [7, 15]) for linear approximation processes (e. g., for the delayed
means of de La Vallée Poussin).

To this end, let B,,, R,, or C,, be the spaces of (complex-valued) functions,
everywhere defined and 2n-periodic on the real axis R, which are bounded (with
Il fllg:=sup{|f(u)|:ueR}), Riemann integrable over [—=, =] or continuous,
respectively. For feB,,, 6>0 set

ADIfls= [ MU x, 8)dx,  M(f; x, 8):=sup{lf)|: yeU,(x)},

where U,(x):=[x—0, x+6], and |~ g:=[_"g(u)du denotes the upper Riemann
integral of ge B,,. Obviously, || f| ; defines a norm on B,, for each é >0 satisfying

(1.2) IfM2s=20f M55 1 N2s=200+2) 1 fll; (A>0).

Let N be the set of natural numbers and II, be the set of trigonometric
polynomials of degree less than or equal to ne NU{0}. The best approximation by
polynomials to be discussed here is then defined on B,, by

(1.3) E,[f; R:=inf {||f—p,llyja:Pa€Il,} (f€B2x)
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with the interpretation || f—p,llym:=2n|lf—pallz for n=0. Note that this
definition does not involve any additional constraints, in contrast to the notion of
a best onesided approximation (cf. (4.1)). Among the elementary properties needed
let us mention the following ones: For f, geB,, and scalar «

(14) E,[f+g, RISE,[f, RI+E,lg, Rl, E,[lof, Rl=|a|E,Lf, R],

E,.,[f, RISE,[f, Rl, E,lf+p, RI=E,[f, Rl (pell,),
and the functional E, is bounded on B,, in the sense that for each neNU{0} one
has E,[f, RIS|f|lyn for all feB,,.

Since B,, under |+ |y, is a normed linear space, for each feB,, there exist
elements of best approximation p¥ell, thus
(1.5) E.[f, RI=|f—px 1/ (neNU{0}).

A first important property of the concept (1.3) is the following theorem of
WeierstraB-type: For feB,, there holds true

(1.6) feRy, —E[f, Rl=0(1) (n—o0),
analogously to the classical WeierstraB result which for feB,, states:
feCap > E,If, Cl=0(1) (n—),
where as usual one defines
(1.7) E,lf, Cl:=inf{|lf—p,l5:PseTL,}.

Indeed, if for feB,, one has E,[f, R]=0(1), then feR,, as a consequence of
Riemann’s criterion since (p,eIl,=R,,) with lower Riémann integral

[ 1= 1= [ =P+ [ @.=NS2 [ If=PuIS20S=Pallie:

On the other hand, if feR,,, one may apply the Jackson-type Theorem 3.1
(together with (1.9)).

To develop a constructive theory of functions with regard to the quantity
(1.3), it is essential that a suitable structural counterpart is already available in
terms of the t-modulus (feB,,, >0, reN)

(1.8) 7,(f, 6):=Ew,(f, x, 0)dx,
o,(f, x, 8):=sup {|A,f(t)|:t, t+rheU,(x)},
2 S(0):= z (—W"(;)f(tﬂh),
ji=0

introduced by the Bulgarian school of approximation. Indeed, to mention a first
property in this connection, parallel to (1.6) one has that for feB,,

(1.9 JeRy o1, (f, 9)=01) (6—-0+).
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For further details and elementary properties of z,(f, 8) see [12]. There is a close
relation of the t-modulus to the d-norm (1.1), underlying the definition of
E,.[f, R]:If a K-functional is defined for 6>0, reN by

(1.10)  K,(f, d):=inf{||f—gll;+6" | 19 (u)ldu:ge ACR%,},

where ACR5, is the set of r-times absolutely continuous functions with rth
derivative in R,,, then there holds true the equivalence (cf. [6, 11])

(1.11) Gt M=K, )=C/1,(f, J).

With the aid of these concepts one may now work out a constructive theory of
functions for the space R,,, parallel to the classical theory of Jackson — Bernstein
for C,,. See Section 3 for details.

There are of course further candidates for the notion of a best approximation
on R,,. For example, one may consider the quantity E,[f, L!] (cf. (2.4)), induced
by the standard concept for the Lebesgue space Lj.. Among the many
disadvantages with regard to R,,, it is shown in Section 2 that for this candidate
one cannot expect inverse theorems, reasonable for R,,. Let us mention that
Section 2 starts with a brief outline of the relation of (1.3) to error functionals,
recently introduced in connection with a sequential convergence on R,,. For
classes of functions, determined by the asymptotic behaviour of z-moduli, it is well
known that they may be characterized by the rate of convergence of the best
onesided approximation. Therefore Section 4 is devoted to the problem of a direct
comparison of this notion with (1.3).

2. Riemann convergence

Based upon work of G. Polya [10], the following notion of a sequential
convergence was introduced in [2]: A sequence {f,}<B,, is called (Riemann)
R-convergent to feB,, if for n—»o

2.1 Ifalls=0(1), { suplf,—fl=o(l).

k2n

It follows that the (sequential) completion of the set of trigonometric polynomials
then yields R,,. To discuss quantitative aspects of the R-convergence, we started
with estimates of the R-error

22 f sup| T, f—f]

k2n

of some (linear) process {T,} versus the z-modulus (1.8) (cf. [8, 9)). In this setting,
however, there cannot hold true inverse results (see [7, 14]). Therefore we
strengthened (2.2) to the R-d-error (cf. (1.1))

23 I'supl Tof—S1lls,

kan
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for an appropriate sequence of positive numbers {J,}, monotonely decreasing to
zero. Now direct theorems in terms of the 7-modulus can indeed be supplemented
by corresponding inverse results, delivering complete equivalence assertions (see
[7, 15]). Note that a concept of sequential convergence based on (2.3) (instead of
(2.2)) is consistent with the R-convergence as introduced in (2.1).

Continuing this procedure, one may ask to use the error functional (2.3) in
order to introduce the notion of a best approximation in R,,. To this end, let us
consider

E.[f, Rl:=inf{||sup|f—pylll1/n:Pr€ILi} (f€R3y).
. kz2n
Obviously, one has E,[f, R]ISE,[f, R]. On the other hand there holds true
E.lf, RISinf{| sup|f—pilllin: Px=p,for all k=n with pell, <II,}
kzn
=inf{"f-pn"l/n:pnenu}=:En[.f’ R]'
Thus one in fact arrives at the definition (1.3).

In this connection one may mention that if one starts with the (smaller) error
functional (2.2), then by the same arguments

inf{ [ sup|f—pil:pelL} =E,[f, L'] (feRs)
k2n

with the standard integral (L!-) error
24) E,U. L’]1=inf{||f‘l)..||1i=_5 |f(4)—p,(w)|du: p,eIl,}.

Note the abuse in the notation of the é-norm | f||; for =1 (cf. (1.1)) and of the
integral norm || ||, (cf. (2.4)) of feR,,, but in the following there will be no danger
of confusion.

As for (2.2), however, the integral error (2.4), well-defined on R,,, would be
too small for inverse theorems to hold in connection with r-moduli. Indeed,
whereas one has the direct (Jackson-type) estimate

E,lf, L'ISE,lf, RISCt,(f, 1/n) (feRz,)

(the first inequality being obvious, for the second one see Theorem 3.1), there
cannot hold true a corresponding inverse (Bernstein-type) assertion. This (cf.
Theorem 2.2) will be a consequence of the following quantitative extension of the
classical uniform boundedness principle: For a Banach space X with norm |~ ||,
let X * be the space of non-negative, sublinear, bounded functionals T on X, i.e.,
for f, ge X and scalar a

OST(+9)STI+Tg, T)=|alTf, sup{Tf:feX, |flx<1}<co.

Let w(d) be an abstract modulus of continuity, thus a function, strictly positive,
continuous, monotonely increasing, and subadditive on (0, o), satisfying

25 w(d)=0(1), &=o0(wx9)).
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Then there holds true

Theorem 2.1: Let {¢,}be a strictlydecreasing nullsequence, a(6)>0 for 6>0,
and w a modulus satisfying (2.5). If for U, R,€ X * there are testelements h,e X with
(6-0+, n—>o0):

(2.6) By llx = O(1),
2.7 U;h,<Mmin{l, o(8)/e,}, (6>0, neN),
(2.8) R, h,#0(1),
then there exist counterexamples J.€X with
(2.9) U; fo=0()0(9)),
(2.10) R, f,, # o(a(@,)).

For a proof see [3] and the literature cited there.
Theorem 2.2: For each modulus o with (2.5) there exists f,eR,, with

Tl (.fm ’ 6) = 0(0)(5))9
E,ar RI%o(a)

Eu[fan Ll]=0 ("EN).

Proof: Consider the linear space X :={f€R;,: [|f|=0} which is a Banach
space under the norm ||« || 5. Indeed, R,, being a Banach space under | « |5, let
feR,., {f,} =X be such that | f,—f|lz=0(1). Then

SINSILI+fa=A1S2r 1 £, =S p=0(1),
thus feX so that X is complete. Therefore Theorem 2.1 may be applied to X,
@,=1/n, a(d)=9, Usf=1,(f, ), R,f=E,[f, R], and the testelements h,(u)=1 for
u=2mnj/Tn, jeZ (set of integers), and=0 elsewhere. Obviously, h,eX with
| h,llg=1 and (cf. [12, p. 10])
2|\, |l;<4n

“uth 95 ,

28[Var h,J3"<286n
which gives (2.6, 7). In order to show E,[h,, R]#0(1), let p,eIl, be arbitrary. For
each xe[0, 27) there exists 0<j<7n—1 such that x;:=2mnj/Tne(x—1/n, x+1/n)
since x;—x;-,=2n/Tn<1/n. This implies (Re p, denoting the real part of p,)

sup 'hn(y)'-pn(y)lg. lim M(h..—Pm Xjs ‘S)g lim M(hn_Reptn Xjs 5)

yeUyp(x) 60+ 60+

since |h,(u)—p,(u)|=|h,(u)—Rep,(u)|. If Re p,(x)=<1/2, one may continue to
hm M(hn— Re Pn> xj, 6)% lhn(xj)_ Re pn(xj)l g 1/2‘

5-+0+
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On the other hand, if Re p,(x;)>1/2, then |h,(y)—Rep,(y)|=Rep,(y) for y#x;
which implies

lim M(h,—Rep,, x;, d)=Rep,(x;)=1/2

60+
in view of the continuity of p,. Altogether it follows that

sup |h,(y)—p.NI21/2,
yeUy/u(x)
thus || h,—p,|l1n== for p,ell, which establishes (2.8). The assertion of Theorem
2.2 now follows by (2.9, 10) since f,eX and (cf. (2.4))

En[fw’ Ll]é_“fw|=0 (nEN).
|

3. Constructive theory of functions

1z connection with the concept (1.3) of a best approximation in R,, one may
now develop direct and inverse theorems, quite parallel to the classical
Jackson-Bernstein theory for (1.7) in C,,. Let us exemplify this by the following

results.
Theorem 3.1: Given reN, there holds true the Jackson-type theorem
(3.1 E,[lf, RI=C,t(f, 1/n) (f€R3,).
Proof: Obviously, one has that for each ge ACR,
E,[f-g, RIZIf—glim-
Therefore, if one can show the Jackson-type inequality
(3.2 E,lg, RISC,n""lIg”l, (ge ACR3,),

then the assertion follows in view of (1.10, 11). To prove (3.2), as usual (cf. [1, p. 97))
define operators U,, via (Ki:=K,-Ki™!)

Ur,nf: =X (— 1)j+1 (;) K'ril.f UERZt)’
ji=1
the Fejer —Korovkin process {K,} being given by
1 os? (n;Z)u
K. f(x):= e +2) ) _ff(x u) du.

n
(cosu—cos —)
n+2

Obviously, U, ,.fell, and U,,—I=(—1y"*(K,—Iy where I is the identity.
Moreover, in [7] it was shown that
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C
I SUPIK;Q—QIIIU..é—n-Ilg’ Il (g€ ACR3,).
jzn
Since in view of the convolution structure
(Ur.ng_g)’ =(_ 1)’-‘ l(Kn —I)'(g’) (gGACRé‘),

one therefore has that for ge ACR5,
E,lg, RISIU,ng—9llyn=I1(K,—IXK,— IV " 'gll1/n
SCn Y (K, =D) " gY Il =Cn™ (K, — Iy (@),

so that iteration of the argument implies (3.2). ]
Let us remark that the estimate (3.1) is sharp (cf. Theorem 2.2 for r=1).
Indeed, there holds true

Corollary 3.2: For each modulus w with (2.5) there exists f_€R,, with (reN)
7,(for 8)=0((3"), '

E,[f», R]#o(w(n™")).

Proof: We apply Theorem 2.1 to X=R,, with norm ||z, ¢,=n"",
6(0)=0", U,f=1,(f, 6), R.f=E,[f, R], and the testelements h, (u)=e'®*""
Obviously, one has h,eX with ||h,|lz=1 and (cf. [12, p. 10])

2r h Szr+l
2, (hy, 5)§{ IMLSETw
28" | KO ||y =c, 0" n"
thus (2.6, 7). Moreover, for feR;,

2+ 1)]:=| | f@)e @ du|<E,[f, LY|<E,Lf, R]

which implies R,h,=2n, thus (2.8). Now (2.9, 10) deliver the assertion.
|
Theorem 3.3: Given reN, there holds true the Steckin-type inequality

(3.3) t.,(f, 1/m)SM, n" £§ (G+1y 'E;lf, R] (feR,,).
i=o

Proof: For feR,, let pfeH be an element of best approximation, thus
1f=pIlyy=E,Lf, Rl By (110, 11} one has that

o, (s UnSCLIS =pnllyn+n~" o2 @]
Since E;[f, R] is decreasing with regard to j, for the first summand there holds true
If=pallya=E,lf, RISC,n™" £ (j+1y 'E;[f, R].
j=0
To estimate the second summand, consider first the case n= 2’, s=0. Since
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: s
(r (r) (r) (2 (9
1p3" 1 =1p3" —po "1, @Y —Po)” Il + Z @2 —P2i-1)lly»
ji=1

the classical inequality of Bernstein (cf. [1, p. 99]) delivers
Il @3i—p3i-1)?l, <27 p3i —p3 " 1 S27 (1Y =Sl + 1P~ =1 1ly)
which leads to (cf. [13, p. 331])

2s
Ip2”1,SC; £ (G+1Y ' Elf, R],
ji=0

thus (3.3) for n=2°. For arbitrary n the proof is now completed as usual. m

As a consequence of (3.1, 3) note that there holds true a complete analogue of
the classical Jackson-Bernstein equivalence theorem, namely: Given reN and
feR,,, one has

(34 E,[f, RI=0(n") e 1,(f, )=0(5),
prpvided O<a<r.

4. Onesided approximation

Apart from (2.4) there is a further well-known candidate to measure the best
approximation of Riemann integrable functions by (trigonometric) polynomials.
The concept in question relies to the theory of onesided approximation and is

given by
@.1) E,lf, Rl:=inf{llp—qll,:p, qell,, p<f<q} (feR2,).
Indeed, there hold true results, completely parallel to those of Section 3, namely

42  Elf, RISC,t,(f, I/m=M,n"" Z (j+1y'Ejlf, R] (feRy,).
j=o0
For this and related material see [12, Chapter 8] and the literature cited there.
Obviously, one may connect the quantities E,[f, R] and E,[f, R] via (3.1, 3)
and (4.2), delivering

43) E,lf, RISC,n™" T (j+1) 'E|lf, R] (feR;,),
e j=0
and vice versa. This raises the question whether one may improve these estimates
to the direct comparison result

44) E,lf. RISCE,[f, R] (eRz,),

" and vice versa. In the following we will establish (4.4), but the converse situation

remains open (apart from (4.6)).
To this end we follow the construction of a concrete onesided polynomial

approximation process as given in [5]. Consider the Fejér kernel
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sin?(nx/2)

i sin®(n/2n) ——; , x€(0, 2n)
F.)i=1 agntapm 2 yeo
Lemma 1.1: For the kernel {F,} one has
i) F,(x)20,
i) F,()21 (=),

Ll
2n

Setting x;: =(2j— 1)n/n, onesided polynomials are now defined for p,eIl, and
feR,, by (cf. (1.1) :

2=
iii) | F,(x)dx=2n n sin’
o

@4.5) PE[(): =P+ T Fulx—x)M = Pas X2

Lemma 4.2: For p,eIl, and feR,, one has
i) Pffell,,
i) Py f(x)S f(X)< Py f(x) (xeR).

Indeed, i) is obvious since p,eIl, and F,eIl,_ . To check ii), let x€[0, 27) be
arbitrary. Then there exists je{l,...,n} such that |x—x;|<n/n. Together with
Lemma 4.1 i), ii) this already implies

7
Py f(x)ZPa(¥)+ M =Py, X, ) 2 f(%).
The assertion concerning P, follows analogously (see [5]).
TheoreT 4.3: For p,ell, and feR,, one has
I Py f—Pu flly<cllf=Pallin-
Proof: By Lemma 4.1 iii) and the 2z-periodicity of F, -

1P f=P7 Sl =21 B Fut —x)MU=pux Dl

T = /4
<4nnsin2— X M(f—p,,X;,—).
<4nnsin® 2 (f—Pn>X; n)

Considering the upper Riemann sum Q of |f—p,| for the partition Z’ :={2jn/n:
j=0,...,n} of the interval [0, 2x], there holds true

Q. If-p=@rjn) T MU=pux3)
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which implies
752

2
|P [~ P [l SSQZ.N-P)ST sup QZ.\=pal)

1Z1 S2/n
with the usual maximum norm || « || for partitions. Setting 6 =2n/n and g=| f—DPal,
the proof is complete in view of (1.2) if one has shown

sup Q(Z, 9)=llgl, (6>0).
12156
To this end, let Z={x,} be an arbitrary partition of [0, 2n] with || Z | < 4. Setting
yi:=(xi-1 +x;)/2, one has
sup g(x)=M(g,y;,9/2).
xelx; 1. %]
For a further partition Z” let Z*:=ZuUZ" be the common refinement. Obviously,

if a subinterval S belonging to Z* is a subset of [x;_;,x], then
M (g, y;,6/2) Ssup,. s M (g, x, 5), and therefore

Q(Z,9)=Q(Z*, M(g,-,0)=QZ",M (g, ,d)).

Sincei. Z” is arbitrary, this implies Q(Z,g)< [ M (g, x, 6)dx which completes the
proof. |

Corollary 4.4: There holds true the (direct) comparison result
E,lf, RISCE,[f, R] (feR:).
Proof: By Lemma 4.2, Theorem 4.3 for each p,ell,
E.If, RISIP} f—P; flly<clf—Pallim:
which gives the assertion in view of the definition (1.3). ]

Corollary 4.4 in particular shows that the inverse assertion of Theorem 3.3
can also be derived from the corresponding (known, cf. (4.2)) result for the best
onesided approximation. As already mentioned, the question whether there is
a direct comparison result, opposite to (4.4), is still unsettled. There is a partial
result within the frame of the construction (4.5), namely: For each p,eIl, there
holds true_ (cf. [4], also [7a])

(4.6)  E,f, RISCinf{| Py f—P, fl,:p.eIL,}SCE,[f, R],

" i.e., the quantity E,[f, R] can be characterized by the best approximation from
a special class of onesided polynomials.
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