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1. Introduction

A given subset # of the algebra £(#) of all (bounded linear) operators
acting on a complex, separable, infinite dimensional Hilbert space ¢, the
question —

What kinds of operators do we have in #? —

admits several possible answers. The most obvious one is the description of the
unitary orbit of &,

UR)={UTU*:TeR, U is unitary}.

But this can be too restrictive. A slightly weaker version is a description
of the approximate unitary orbit, %(®)” (= the norm-closure of %(%)
in L(X)).

Another possible answer is the description of %(#) modulo compact
operators, that is

R=U(R)+ K (),

where () denotes the -ideal of all compact operators. Finally, in
a combinz‘ion of the last two, we can also consider the set

Ro,={Aec L(H):given >0 there exists K, e X (H),
with |K,|| <e, such that A—K,e%(%R)}

(Clearly, Ry ROU(R)™.)

In [13] and [14], D. A. Herrero analyzed these sets for the case when # is
the nest algebra alg A4~ associated with a nest of subspaces A~ of . (The reader is
referred to [3] for_definition and properties of nests and nest algebras). In this
particular case, & and .47, are always closed subsets of (), and therefore
Ao =(alg A")"; moreover, in “most cases” A =4 o==%(#). In [18], D. A.
Herrero and D. R. Larson obtained spectral characterizations of #(4)" and

* The research of the first author was partially supported by a Grant of the National Science
Foundation.
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R=°(N)y, where 2%(A") is the Larson ideal of a nest algebra (see [20]). Once again,
A#=(A")* and R#*(N'); are closed subsets of £(#) and so R2(N)o=U(R=(N))-

Z. Y. W an g extended Herrero’s results to the case when alg 4" is replaced by
alg (®%-,.4")) (the algebra associated with the tensor product of finitely many
nests A, A ,, ..., A, [25]). In this case (®%-,.47,)" is always closed (and coincides
with £(#’) in “most cases”). Indeed, except for a few other peculiar cases, it is
also known that (®% A )o=%(alg ®% ,.47)". However, the results of
J. Froelich [8], [9] seem to indicate that, in general, AR, is a proper subset of
#(R)~ (in particular, for the case when # is the algebra associated with
a denumerable tensor product of continuous nests). ‘

Finally, observe that D. Voiculescu’s theorem [22] can be used to deduce,
for instance, that if # =% ®%,#,(#,~# for all k=1,2,...) and & is the
algebra of all operators that leave invariant £ ®,.r ), for each subset I’ of
natural numbers, then

R=Ro=U(R)” = L(K).

In this article we provide some partial answers to the same problems for the
case when #=7({m)) is one of the tridiagonal algebras studied by
F.Gilfeather in [10]. Here # =% ®%, .#,, where 1 <M, =dim .#, < o0, and
7 ({m,}) is the algebra of all “staircase operators”.

A, B, My
1
D, A, B, M5

2
D, A, B, My

Dk—l Ak Bk -ﬂzk—l
Cl dek
Dk Ak+l -lzk-f-l

(Equivalently, T leaves invariant each of the sul_)lspaces M, M DM, e.,/(i, ceees
MDOMD... DMy, and (H, DM,), (H, DM, DM, DHA,),.-->
(M, ®M,D...DMyY,...; k=1,2,... . Observe that F ({m}) is the
intersection of two nest algebras.)

These algebras have a long tradition. C. Foias, C. M. Pearcy and
D. Voiculescu [6], [7] proved that if 4€.%(#) is biquasitriangular and ¢>0,
then there exists K, X (#), with |K,| <e, such that T=A—K,e 7 ({m,}) for
some sequence {m,} of natural numbers. This staircase structure was
later exploited by D. A. Herrero [16] and by K. R. Davidson and D. A.
Herrero [4] in rather different contexts (see also the survey articles [15], [17)-
After the above mentioned references, one might suspect that if {m,} is a sequence
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of natural numbers tending to infinity fast enough, then J ({m,}); and
@(7({m})~ should contain every biquasitriangular operator. But this is definitely
FALSE.

Let

(BD)por={B=Z ®5-1 B,: B, acts on a space
of finite dimension d,, and supd,<}

(= the set of all “n-normal” block-diagonal operators; this set plays a very
interesting role in quasidiagonal approximation [5)).
It will be shown that if (BD),,,=7 ({m,}), then

(‘) m,‘+mk+1+m,‘+2=oo for all kgO.
(Here my=0).
On the‘other hand, if {m,} satisfies (*), then
T ({m})” =T ({m})o=L(#).
For 7({m,})" we only have weaker results: If (BD)u; =7 ({m,})", then

lim (m,‘+m,‘+1 +m,‘+2)=00.
k— o

If lim,.,m, =00, then (BD),, =7 ({m})"

However, it is known that (BD),, is not dense in the class (QD) of all
quasidiagonal operators [21], [23], [24]. Indeed, (QD)or: =[(BD),or] ~ is @ nowhere
dense subset of (QD) [5] (and (QD) is well-known to be a nowhere dense subset of
the class (BQT) of all biquasitriangular operators [11]).

Open problem. Does (QD)< 7 ({m,})" imply that m,_, +m,+my. =00 for
all k large enough?

2. When is (BD)uor = %(T ({m,}))"?

Theorem 2.1. The following are equivalent

(i) (7 ({my}))” ©(BD)nors
(i) my+my s +m =00 for all k=0 (my=0);
(i) T ({(m)o=< ().
111...1
21...1
3...1
Let A,=
0
n
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with respect to the orthogonal direct sum decomposition J# =Z@} - 1 ,(H, ~F,
k=1,2,...,n). It is obvious that A,€(BD),,, A, is unitarily equivalent to the
direct sum of infinitely many copies of the nx n complex matrix (with the same
entries with respect to the decomposition C"=CHC ... G)C), and the
spectrum of A4, is equal to o(4,)={1,2,...,n}.

Let ¥%,=ker(A4,—k) and ¥F=ker(4,—k)* (k=1,2,..., n). Clearly,
G, =H(A,; 15, where 5#(T'; o) denotes the Riesz spectral invariant subspace of the
operator T associated with the clopen subset o of o (T) (if o = {4} is a singleton, we
simply write #(T'; 4)).

By Gauss-Jordan elimination [1], we obtain

G={xDxD...» x(k-copies) DODOD ... d0:xe#}
(k=1,2,...,n),

Gr¥r={0p...d0(k—1 copies)GBx@(—x)&)O@..i@O:xex’}
(k=1,2,...,n—1), and 4,={0DO0D... DOD x:x€ X}
We have # =3}, %, =Z+]-,9F, where + denotes algebraic (but not
necessarily orthogonal) direct sum.

Lemma 2.2. Let & be the direct sum of r (0<r<n) subspaces of the family
(9,,9,,....%,), and let I* be the direct sum of n—r subspaces of the family
{9%,9%,...,9%}. Then

H=+T*
that is, X "X *={0}, =2 +X* and
inf{lx—x*|:xeZ, x*eZ*, |x|=|x*|=y}25
for some positive constant & depending only n.

Proof. As mentioned above, 4,=B{, where B, is the operator defined by
the obvious nx n matrix with respect to the canonical orthogonal basis of C".
Given & and Z* as above, let # and #* be the intersection of & and,
respectively, Z* with the “first copy” of C".

It is straightforward to check that #N®*={0}. Since dim%¥ +dim%*
=r+(n—r)=n=dim C", we infer that C"=% +%*, and therefore -

min {ly—y*|:ye®, y*e¥*, |yl=Iy*I=1}=6%,¥*)

for some §(%,%*)>0.
Since there are only finitely many possible choices for # and # *, we see that

5 :=min (¥, ¥ *)>0.
»y*
Now the result follows by observing that # =X @}, #,~H#¢ @ C"=C"
eC"Dd...m
The following is the key result of this article.

Theorem 2.3. Let R be a subset of £(#) such that %(R)~ =(BD),.. Let A and
A" be two subspaces of # such that # is invariant under R and A" is invariant
under R*(={T*:TeR})
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() If ¥ o.M +#{0}, then A is infinite dimensional,

@) If MoN ;40}, then # is infinite dimensional.

Proof. Let A, be as above. For each ¢ 0<e«]1, there exist R, in # and
U unitary such that ||4,—UR,U*| <e.

By replacing, if necessary, .# and 4" by U.# and, respectively, U4, we can
directly assume that U =1, that is, |4, — R,| <e. If ¢ is small enough, then a(R,) is
the disjoint union of n compact subsets 0,,0,,...,0,, with o, included in the
interior of the circle y, of radius 1/4 centered at k(k=1,2,...,n).

Let #, be the range of the Riesz idempotent

L, _[().—R,,)"d).,
2mi e

and let #} be the analogously defined subspace corresponding to Ry. If P,
denotes the:orthogonal projection of # onto the subspace ¥, we have

IPy,—P,,l=0() and ||Py;—P ;I =0lc)
(k=1,2,...,n).
Since .#e€latR,, .# “splits" as # =X ¥;-,.#, where M ,=MHNF,

(k=1,2,...,n; see [2]). Let .9,,=[P,le J~, and let .9’(3’) denote the unit sphere of
the subspace #; then

5(#,, 2,):= sup dist[x, 2,]= sup dist[x,¥,]

xe S(4)) xe S(.4y)
< sup dist[x,4,]=5(5. %)
xe S(Sy)

<IIP,,—Pq,| =0().

Thus, dim .#, <dim 2, provided ¢ is small [19]. On the other hand, it is obvious
from the definition of 2, that the dimension of this subspace cannot exceed that of
#,; therefore

dim #, =dim 2, (k=1,2,...,n).

Define 2=X+}-, 2,. Clearly, dim 2=dim .#.
Similarly, & =Z+}- 1N (N =A N F ) and, if we define 2 =[Py V'\]™

(k=1,2,...,n) and 2*=X%}}_.,2,, then dim 2*=dim A"
Moreover, we actually have 2, =P, #,, 2= P.,;./V o IP ,&—P,kll =0(e) and

IP,,—Pull=0@) (k=1,2,... .n; see [19)).

(i) Assume that 4 >.# {0}; then 2,#{0} for some h, 1<hsn. Pick
xe L(2,) (= #(¥,)) and ye A, such that x=Py, y, and let x' =X}, Py:P .y (c2%).

Since y=P,hy=E:=1P,;y, we have

lx—x'||= "Pgh}"‘kfng;P/;}'“

= ”(Pg,.“‘P;h).V” +

( z [P,;—Pg;]>P,;y — 0@yl =06).
k=1 ‘
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Observe that xe %, and x’ belongs to the subspace spanned by some subset
of {#%,9%,...,9%}. If ¢ is sufficiently small, it follows from Lemma 2.2 that x’
does not belong to the direct sum of any proper subset of the
@¥s, and therefore P,;x’;éO for all k=1,2,...,n. Since O;éP,;x’e.@:, we

conclude that
dim /" =dim 2* =n.

Since n can be chosen arbitrarily large, # must be an infinite dimensional
subspace. .

(ii) follows by the same argument. ]

Now we are in a position to prove the main result.

Proof of Theorem 2.1. (i)=(ii). This follows immediately from Theorem
2.4. Observe that if ReJ ({m,}) then for each k=0

B M+ €LatR, Mo 1S Mo D Moy y © Mo r€Lat R*
an
My €LatR*, My Moy D My D Moy elatR

(#,={0}). By theorem 2.4,

Mo+ Moyt 1+ Moy =00 and myy_y + My + M4y = 0.
Thus,
m,+my .,y +m =00 for all k=0,1,2,...

(ii)=>(iii). Let Te % () and let £>0 be given. By Voiculescu’s theorem [22]
there exists KoeX'(#), with |Ko| <&/2, such that T—K,~T& A for
a suitable A in £(X).

Assume M ,, M s, Mg, M y,... are infinite dimensional; then we can write
M1 =R, D S, where R, and &, are infinite dimensional (k=1,2,...). We can
find compact perturbations F, and F, such that max {||F,l, |F,l]1<&/2, and
T — F, is unitarily equivalent to an operator of the form

A, Bj
0 C,

(with respect to the decomposition .#, & #,, where 4, is a normal diagonal
operator), and A—F, is unitarily equivalent to an operator of the form

c; 0Y)

DY A,
(with respect to the decomposition &, @ .#,), where Ci is a normal diagoqal
operator (see [12, Chapter 3] for details). Thus T@ A—F, @ F, is unitarily

equivalent to
A, B, O
( 0o ¢, O )
0 D, A,

(with respect to the decomposition .#,® .#,® # ,), where B,=(B} 0),
C,=C,®Cji and D,=(0D}). Define B,=0.
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Similarly, we can find compact perturbations F, and F, such that max[||F,||,
|F,ll]<e/4, A—F, is unitarily equivalent to an operator of the form

c, 0
D, A,

(with respect to the decomposition .#, @ %#,, where C, is a normal diagonal
operator), and A—F, is unitarily equivalent to an operator of the form

A% B
0 -C;

(with respect to the decomposition &, @ #,, where C; is a normal diagonal
operator). Thus, 4 ® A—F, @ F, is unitarily equivalent to

c, 0 O
(Dz A, B,)
0 0 G,
(with respect to the decomposition #, @ # s ® .#), where

D! y " 0
D2=(02>, A;=A3 @® A% and 33=(B,5>.
Define D,=0.

By an obvious inductive argument, we can find compact perturbations

F,, F,,..., so that
F=X@®PoF,eX(H#), |Fll<e/2,

and T—(K,+ F) is unitarily equivalent to a staircase operator in J ({my})-

Since Ko+ F is compact and |K,+ F| <, this proves the result for the
particular case when .# 5 _, is infinite dimensonal for all k= 1. The general case
follows by exactly the same argument, just by interpolating {O}-subspaces in the
direct sum decomposition # =X @;% #,. The details are left to the reader.

Since (iii)=>(i) is a trivial implicaion, the proof of Theorem 2.1 is now
complete. m

Corollary 25. If
m,+my .y +my =00
for all k sufficiently large, then
(7 ({m}))"= 2(¢).

3. The analysis of 7 ({m,})"
Proposition 3.1. If (BD),,,=7({m,})", then

my +my 4 +my 4 ,— 00 (k—0).

Proof. Let A, be defined as usual and let K, be a compact operator such
that R,=A,—K, (or some unitarilly equivalent operator) belongs to J ({my})-
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Let P, denote the orthogonal projection of »# onto £ @}-, #,. Given £¢>0,
we can find h(e) such that the norm of the compact operator

Kn.z = Kn - Ph(t)KnP'l(t)

does not exceed &. Clearly, we can assume that h(e) is odd.
It is easily seen that

4, B
Ch(z)

Dyey Ane+1 Buo+1

L .
with respect to the decomposition # = (EDr M) D Mpyeys1 D Muey+2D -

By using the same arguments as in the proofs of Theorems 2.3 and 2.1
(i)=>(ii), we deduce that

m+m .y +m2n

for all k> h(e). (The details are left to the reader.)
Therefore,

m+m .y +m ;>0 (k=) m

Proposition 3.2. If m,—» o0 (k—o0), then (BD)yo =T {(m,})"
Proof. Assume that all the m,,are finite and let M =X @2, M, where M,
acts on a space of dimension d;, and d;<d for some d.
Define j,=1 and k,=2h, +1>1 so that m,>d for all k>k, and
ko Jjo ko+1
Em=<Xdi< L m,
k=1 j=1 k=1
Now we define j,, j,,...,50 that
ko+p ip ko+p+1

ETm<ITd< T om
k=1 ji=1 k=1

After a finite rank perturbation, we can directly assume that M;=0 for
15j<j

= If]g 2m—1 (p=2m) and M i is written as a lower (upper, resp.) triangular
matrix with respect to a suitable orthogonal basis of the correspondmg
d; -dimensional space, and the space is decomposed as #,® &, where &, is the
span of the first

ko+p
d— X m

1 k=1

M

J
" vectors, then
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Mj =(C?'O+”'—l 0’ )
& Djy+m-1 Ah0+m

” BI/
== hg+m hg+m
(1~ 57 we)

Define A4,, B,, C,, D, Az,...,A,,o, B,,o equal to O,
Ch0=0®Mjo+l @Mjo+z@"’®Mjl—1$C;uo
(where O acts on a space of dimension Tl d;—Zfo K m,),
Ch0+m=czo+m®Mjp+l ®M1p+2@'“®Mjp+l—l @C;oﬂu (p=2m),
Ah0+m=A;lo+m$ Mjp+l @Mjp+2 @D @Mjp+l—1 @AZO+.. (p=2m-—1),
B,,o+,,,=(B;{°+,,,OO...0) and D, +m is the
column of operators (Dj,+m-100---0) (m=1,2,...).

Now it is a straightforward exercise to check that M (or M minus some finite
rank perturbation) has a staircase representation associated with the sequence
A,, B,,C,,D,,..., A, B,,C,, D,,..., and this operator belongs to (7 ({m,})).

Hence, M e 7 ({m,})".

If m, = oo for some k, the result follows by similar arguments. The details are
left to the reader. m

Let Z({m,}) be a given tridiagonal algebra. For each infinite m,, drop
m,_y, m, and m,,, from the sequence, and let {n,} be the (finite or infinite)
sequence formed by the remaining terms. If {n,} is finite, then we still have
T {(m})*=>(BD),or. (Indeed, T ({m,})"=L(¢). )

The authors conjecture that if m, is finite for all k, then (BD),or, = F ({m,})" if
and only if m,—o00 (k—o0).
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