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Extinction of Controlled Branching Processes
in Random Environments
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In the present paper sufficient conditions for extinction and nonextinction of branching
processes in random environments with an general set of random control functions are given.

1. Introduction

The controlled branching process is a model of a branching process having
an interaction among the individuals which is expressed by control functions. The
process considered in the present paper may be described mathematically as
follows:

Let us have on the probability space (2, &, P) two independent sets of
integer-values random variables (r.v.) {X(j,t)} and {@.(n)} for j=1,2,3,...;
n,t=0,1,2,... and iel. Let us assume that {X(j,t)} are independent and for
every i and t they are identically distributed with p.g.f.

F,-,(S) =Es¥i<jt= ¥ p",S", ISIé 1.
k=0
Next we shall consider the controlled branching process {Z(t)} defined as
follows:

e0))
() Ze+1)=% = X0, t=0,1,2; Zo=m, m21,
iel j=1

where I is an index set and {<p, (n)} is the set of control functions. Definition (1)
describes a very large class of random processes (for example all Markov chains).
If I={1}, F,(s)=F(s) and ¢,(n)=n a.s., then {Z(¢)} is a classical Galton-Watson
process. If I={1,2} and a.s. (p,,(n)sn, @2u(n)=1, then {Z(t)} is a branching
process with immigration. If I ={1,2}, F,(s)=f(s), F2(s)=g(s) and a.s. ¢,(n)=n,
n=0, ¢,(n)=0, n=1, ¢,,(0)=1, then we obtain the model of J. H. Foster [3]
and A. G. Pakes [9]. The Foster-Pakes processes for F,,(s)=g(s) are investigated
by K. V. Mitov and N. M. Yanev [6], [7. V. A. Vatutin [13] have
considered a case I={1} and ¢, =max(n—1, 0) a.s., i.e. a branching process
with constant emigration of one particle. Note that N. M. Yanev, K. V. Mitov
[16-17] and S. V. Nagaev, L. V. Han [8], [5] have proved some asymptotic
results for some particular cases of definition (1).
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One of the main characteristics of each branching process is the probability
of extinction. A. G. Pakes [10] and D. R. Grey [4] have found some conditions
for almost sure extinction for a process with a special case of emigration. B. A.
Sevastyanov and A. M. Zubkov [11] have studied the probability of
extinction or non-extinction of the process (1) in case I ={1} and ¢,(n)=o¢(n) a.s.,
where the control function ¢(n) is nonrandom. A. M. Zubkov [19] has
considered the case when @,(n)=¢,(n) a.s., where also ¢@(n) are nonrandom
functions. N. M. Yanev [14] has obtained some conditions for extinction or
non-extinction for I={1}, and @,={9.(0), @1(1), ¢1(2)...}, t=0,1,2,... are
independent identically distributed random processes. E. T. Bruss [2] has
investigated also some sufficient conditions for extinction. These results are
extended for controlled processes in a random environment (cf. N. M. Yanev
[15]). The authors in [18] have obtained some conditions for extinction when
I being an arbitrary index set.

The present paper deals with a complete criterion for extinction or-
non-extinction of the general process (1) in i.i.d. random environments, under
some assumptions for the control functions. In this case {Z(t)} remains
a temporally homogeneous Markov chain.

2. Model and main results

Let (Q, &, P) be a given probability space. Let

U={p={pu}izo, i€l:ps=0, Z pu=1, Z kpy < co}.
k=0 k=0
Clearly U is a subset of the Banach space (I, B,) of all bounded sequences of
real numbers with the Borel o-algebra B, generated by the product topology.
Then the “random environment” process n,(w), t=0,1,2,... iel is a random
mapping from (Q, &, P) into (I, B,,) such that P{n,eU, iel, t=0}=1. For any
n.€ U associate the p.g.f.

@ Fil@,5)= X Pulnfe)s*, Is|<1.
k=0

Now a branching process with random environment is characterized by the
environmental process {n;} whose realization determines a sequence of
generational offspring p.g.f’s Fy(w,s), by (2).

Smith-Wilkinson [12] and Athreya-Karlin [1] were the first to
invesigate the Galton-Watson process in random environment.

We will consider the process (1) in i.i.d. random invironment, under some
assumptions for {@;(n)}. That is,

@1(2(®)
Ze+1D)=X T X1, t=0,1,2; Zy=m, m21,
iel j=1

where X (j,t) have p.g.f. {Fi(w,s)} which for fixed s, [s|<1 are:

i) independent;

ii) identically distributed r.v. for fixed iel.
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Note that X (j,t) can be non-identically distributed with respect to i. .

Furthermore let us assume that the control functions {¢,(n)} are:

i) independent with respect to t;

ii) identically distributed r.v. for fixed n and iel. Note that ¢;(n) can be
dependent with respect to i:

Let to the end the random environment {n,(w)} be independent on the
control functions {¢;(n)}.

Under these assumptions {Z(t)} is a temporally homogeneous Markov chain

(cf. Smith-Wilkinson [12]).
We will investigate the probabilities for extinction

4m=lim P{Z(t)=0|Z(0)=m}, m=1.
t—* o
If g,<1 for some integer m>1, then {Z,} is called non-extinct and

contrary-extinct.
Let the set of control functions be connected with a set of r. v. {a;,} which are:

i) independent;
ii) identieally distributed r. v. for fixed ie I. Namely, there exists N < oo, such

that for every iel

inf _‘p"( )>d.x a.s, t=0,1,2,...
n2N n

or )
sup i) < 4, as, t=0,1,2,...
nzN

Clearly {a;} are independent of {X;(j,t)} and {n,}.

Further we will need the following assumptions.

Assumption A. For every integer k=1, H (F*(w,0))>0, t=0, where
H,,(s""’)=Esf1"l‘(")...s?;‘ik'("), ijel, 1=5j=sk.

Denote f(w, s)= sup FLlF(w,s), |s|<1, t=0, where F =% Fi(w, 1).
Assumption B. The following expectations are finite

E{—log(1 —f(w,0))}, t=0;
1 — Fo(w, 0)

1—-F ,0
Fio io (@ )}

E{—log(}, where {=inf min{
iel

and

Fio(@,0)
Now if we define the crmcal parameter p=E log z amF‘o, then the following

E{—log z ﬂ} where P{F;o(®w,0)>0}=1, iel.

iel

theorem will be obtained Wthh will be the main result of the paper.
Theorem 1. Let N <oo be such that for every iel

Puln )Sa‘, a.s., t=0,1,2,..

i) sup

and let Ass A be valid.
Hence if p=<0, then g,,=1, m=1,i.e. {Z(t)} extincts.
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ii) inf
n=zN
and Ass. B holds.
Hence if p>0, then {Z(t)} does not extinct.
Theorem 1 follows from Theorems 2-5 which might be of some interest
themselves.

@;ﬁl—)gai, a.s., t=0,1,2,...

3. Extinction

Lemma 1. The states m=1,2,3,... of a Markov process {Z(t)} are transient,
under the Ass. A

Proof. For every integer m=1

(3) P{Z(t+n)=m, for some n=1|Z(t)= m}<1—P{Z(t+1)=0|Z(t)=m}

@ q4(m) @jy(m)
=1-P{ T X,(j,=0,..., I X(,)=0,...; iel}
j=1 j=1
m;
=1—3*P{@(m)=m,,...,¢;(m)=m,,...}TIP{ Z X{j,t)=0}
el j=1
=1 _z*P{(pll(m)':mla""(pil(m)‘:mis---}nEF::i(ws 0)
iel

—1—EZ*P{pi(m)=m,,..., pulm)=m,,.. } LFi{®,0),
where =
= 0z .
Mooy =0,i€ 1
Hence, for some m=1, under Ass.A,
4 P{Z(t+n)=m, for some n21 |Z()=m}<1,

which proves the lemma.
Now using the well known results of the theory of Markov chains we obtain
that for every k,m=1,2,3,...

) lim P{Z(t) =k|Z(0)=m} =0
(6) lim P{Z(t)=0]Z(0)=m} + lim P{Z(f) = 0| Z(0)=m} =1.

Note that if the Ass.A does not hold, then for every integer m=1
lim P{Z(t)=0|Z(0)=m} =0.
t—* oo

Theorem 2. Under the Ass.A and if there exists N <o such that for allnz N,
T E{Fjo@io(n)} =n, then the process {Z(t)} extincts, i.e.. gu= 1, m=1.
ier
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Proof. From (6) it follows that it is sufficient to show that
lim P{Z(t)= o0|Z(0)=m} =0, for every m=1,2,3,...

o For this probability we have (cf. A. M. Zubkov [19))
@) lim P{Z(t)= 0| Z(0)=m}

ao

=X X P{Z(@t)=k|Z(0)=m}P{min Z(t)= N ,|Z(0)=k}, for every N, <oo.
o

t=0 k=N, t>
Hence it is sufficient to prove that for every m=N,
r,=P {minZ(t)= N,|Z(0)=m} =0.

t>0
Choose N, =N and set for any i€l
(0 n<N
*(p) = > .
i) {rpn(n) , n2N,.
Let us construct the auxiliary process {Z*(t)} in the following way
Pi(Z(1)

Z*0)=m=N,, Z*t+1)=X X X{jt), t=0,1,2,...

iel ji=1
If k,m=N,, then
P{Z(t+ 1)=k|Z(t)=m} = P{Z*(t + 1)=k|Z*(t)=m},
and hence

P{min Z(t)= N,|Z(0) =k} = P{min Z*(t)= N,|Z*(0) =k}

t>0 t>0

=1—lim P{Z*(t)=0|Z*(0)=m}=1—gZ%

t—*ac

To complete the prove it is sufficient to show that g% =1 for every m=N,. We
have

P{Z*(t)=0|Z*(0)=m} =1—P{Z*(t)= M|Z*(0)=m} — P{1 < Z*(t) < M|Z*(0)=m}
for every M < oo.
Since Z*(t) satisfies (5), hence for every ¢>0 and large enough ¢

. P{1§Z“(t)<M|Z*(O)=m}<%, for every M < oo.

The Chebyshev’s inequality implies that

E{Z*(1)| Z*(0) =m}
-z )

®) P{Z*)=M|Z*(0)=m} <

Let Aw=a{n,;,,0=j=<t}, icl. Therefore
E{Z*t)|Z*(t— )=k} = Z EE{X(1,0)+ ... X(@f- 1(k), )| A;s— 1}

iel

= E{F},_ (@, DE@}_,(K)} <k.

iel
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Hence
) E{Z"'(t)lZ"‘(O) m} < T P{Z*(t—1)=k|Z*(0)=m}k
iel
=E{Z*t—1)=K|Z*0)=m}=<...<m.

It follows from (8) and (9) that for every £¢>0 there exists a large enough
M such that P{Z*(t);MIZ"‘(O)=m}§§ for all t=1. Hence for every £¢>0 and
a large enough t, P{Z*()=0|Z*(0)=m}=1—¢ which proves the theorem.

Theorem 3. Under Ass.A, suppose that for every i€l and t=0

sup Puln )<a,, a.s., for some N < oo.

n=N

Then ‘{Z(t)} extincts if p=<0.
Proof a) Let TEFoxo=<1. From this assumption and the Jensen’s

iel
inequality we obtain p=E log Z a;oFjo<log Z EF ‘o%io =<0. On the other hand for
n=N, E E{F ‘0®io(n)}< T EF §;ea,on <n. Now from Theorem 2 it follows that

iel
{Z()} extmcts
b) Let Z EFo0;0>1 and p<0. Let {Z*()} be the same auxiliary process as in_

Theorem 2. Hencc for {Z*(t)} we have for every iel and t=0

sup uln )<oz a.s. for some N <oo.

nzN

Defining X, =log X ayFj, k=1, which are i.i.d.r.v. we will construct the
iel
n—1

random walk S;=0, S,= £ X,, n=1. Since I EFjo0>1, then P{X,=0}<1. .

k=0 iel
Thus since p=EX,<0, then it follows that for every T>O there exists
non-negative integer-valued r.v. (stopping time)
tp=inf{t>0: S,<—T}, P{rr<o}=1, ie.
(10)
S.=—T a.s.

T=
Let A,= 6{aio, Nios Xizs Mits - - - Lis— 15 Mie—15 L€ I}. We will prove that for all t=0

11 E{Z*()|A; Z*(0)=m}=<me" a.s.
Indeed a.s.
E{Z*(1)|A,; Z*(©0)=m}=E{ X X{(1,0)+... + X 0% (m),0)4,}

ie I

= Z FioE{p%(m)A,} = Z F:omE{a,olAl} =m Z F,oa,o—me

iel

Let us assume (11) for some t>1 Since Z*(t), o and i are mdependent for
iel, then a.s.
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E(Z*t+ DIy s Z¥0)=m)=E{ = X G A s Z¥O)=m)
ie j=1
=.Z’F§,E{<P.-‘,‘(Z*(t)IA,+1; Z‘(0)=m}é_ZIFE.E{a:.Z‘(t)IA:+1; Z*(0)=m}
= .Z’F;,a,-,E{Z*(t)IAH 1 Z*(0)=m} =.2’F§,‘a.-,E{{Z*(t)|A,; Z*0)=m}
<meSt T Flyo;, = meSt+1.,
iel

Now from (10) and (11) we will show that
(12) E{Z*(t)lZ*(O)=m}§me’T a.s.

Indeed since {t;=t}€A4,, then
E{Z*(t;)|Z*(0)=m} = EE{Z*(tpl|ty; Z*(0)=m}

= = P{t;=t}E{E{Z*()|4,; Z*O)=m}|tr=1}
t=1 N\
< X P{ty=t}E{meS|t;=t}=mEexp{S, }<me™".
t=1
From (12) and the Chebyshev’s inequality it follows that
P{Z*t) 2 1Z*0)=m}<me™T.

If T is large enough this probability will be arbitrarily small. From here and
Theorem 3 it follows that {Z(t)} ectincts.

4. Non-extinction

Theorem 4. Under the Ass.B and if p>0 and for every i€l

inf 254, a5, 1=0,1,2,...,
nz1
then q, <1 for every integer m=1,
Proof We will use the standard symbols g*(x)=max(0,g(x)) and

g~ (x)=max (0, — g(x)).
From p=E log T a;oFjo=E log* ZajoFio+ E log™ ZajoFio>0 it follows that
iel iel iel
E log™ T aioFio<E log* EoFio< co.

iel ie I
Now if we assume that P{a;0=0, a20=0,...,20=0,...; iel}>0, then
E log™ Ta;oFio= [ —log T a;oFiodP=00, where A={Z a,Fijx=1}.

iel A iel iel

This contradiction implies
P{O.lo-:o, a20=0,...,ai0=0,..-; i61}=0

and hence
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(13) P{@(n)=0, ¢3(n)=0,..., ¢4(n)=0,...; iel}=0, for all £,n=0.
If we assume that for every i€ I, P{F;o(w, 0)>0} =0, then from (3) and (13) we
obtain g, =0, m=1 and thus the theorem holds.

Further we suppose that there exists i€ I such that P{F;(w,0)>0}>0 and
moreover P{F;o(w,0)>0}=1 holds for every iel.

We will use induction in order to prove that for arbitrary t=0 and 0<s=<1
(14) @, (t,s) < E{T1 F3o(w, IT F3j1(... (0, 1 F{it" Y (@, 5)) ... )}™,
iel iel iel
where ®,(t,s)= E{s*|Z(0)=m}.
Indeed

0’,‘0("') ) m
E{s?W|Z(0)=m}=EIl I XU =ENF%"(w,s)< E( I F3io(w, s) .

iel j=1 iel ie I
If (14) holds for some t=1, then

(15) o, (t+1,9)= E{ IT vif‘}"')sxiu.nlz(O) o m} = E{ I Fg(;',(z‘x»(w, SNZ(0)= m}

iel j=1 iel
Z(@1)
s E{( N Fi(w, S)) 1Z(0)= m}
iel

< E{ I F{i%w, M Fil(... (0, I1Fiw,s)).. .))}m.

iel iel iel
This completes (14).

Let us set o;={aio, %iy,---}> M;=1{Mio>Mi1>---}» i€l and let T be the shift

transformation To; = {t;y, %2, ...}, TH;={Mi1, Ni2>...}. From this definition it is not
difficult to obtain

(16) Wa;, 1) = I Fi(w, T FY(. . . (0, T Fit 3w, 5)). ..)

iel iel iel

=11 F?(';o(w, W, (Ta;, Tn;)).
ie
Now we will prove that the identity .
a7 —log (1 —Wy(a;, 1))
1-T1 F:(';o(w, W, (Tay, Tn))
= —log —! —log(1—W,_ (T, Tn)))

1—-W,_ (T, Tny)
can be integrable. Setting

1= T Fio(w, W, (T, Tn,)

=E—l iel
bi=E-loge— Ty . ™

c,=E—log(l —W(a;,n;)) we obtain the recurrent relation
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t
(18) ¢=b+c,—1=Z bk+CO'

k=1

Next (15) will be proved. Defining A={Za,-oF§o§l} we get

iel

co=j—log(1 — N Fiw,0) P+f—log(l— I FiiYw, )dP.

Aa iel iel

Since IFiY(w,s)=Fi W g, s) F52°2/ (@ 5).. . <fFie1Titiygy ) it - fol-
iel .
lows that

N Fii(w,0)= 1 —fFie 1Fi®is(y, 0)= 1 —f}(@,0) on A and
I

ie

1= Fi(w,0)2 1 —fjie Ficti(e, 0)z<’:ai.F:-.)(1 —f{(®,0)) on A.

iel iel
Therefore, by using the Ass.B, we obtain

co=[—log(1 —f(w,0)dP+ f—log( > az,-,F},)(l —f(w,0)dP
a b

ie I

=E{—log(1 —f(®,0))} + Elog™ Z a;oFio < 00.

iel
Further, since F;o(w,s)<1—(1—5)(1—F;o(w,0)) a.s. it follows that a.s.

1—(1—s) 1—Fio(w, 0)
Fig"1o(w, s) S[1—(1 — ) (1 — Fip(w, 0))]/Fio §[ i0
1 —(l —S)(l —F,o(w, 0))’ when F;o< 1.

, when Fj, =1

Therefore
Solw, s)=supF[Fio(w,s)<1—(1—s)(w),
iel
where B

1 — Fo(w, 0)

io

{(w)=infmin {

iel

s 1— F‘ow, 0)}.

- Now on A we obtain that a.s.

1 -1 Fiio(w, W, _ (T, Tn,)
ie 1 © T ’ > 1 —fo(@, W,_(Tay, n,)
1—-W,_(Ta;, Tn) 1—-W,_(Ta;, Tn,)

2{

and on A a.s.

1 - Fi%w, W,_(Ta,, Tn)) |
s o r—1(foy, 1, (EagoF' \1 —fo(@, Wi—1(To, my))

> X aoFjo-
1—W,_(Ta,, Tn) )N =W (Ta,, Tn) — ey 0 %

Using again Ass.B, we see that for every t=0,1,2,...
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b= j-—log{dP+_[——log(CZ oo F )dP=E—logC+Elog' 2 a;oFip < 00.
iel iel
Now from 0=c,=b,+c,—, by induction it follows that c,<oo for every
t=1,2,3,... Thus (18) holds.
Assume contrary to the assertion of the theorem that g, =P{lim Z()

t— oo

=0|Z(0) =m}=1, for some integer m=1.
Then from (15) (when s=0) we get

P{Z(t)=0|Z(0)=m} < E W(«;,1n,), for all t=0 and m>1
and since
0=W(;,n)S Wiy, m)<1 a.s,
we obtain E W(«;,n,)11 and furthermore E W (x;n,)t1.
Since for every £>0,

P{l - Wt(ai’ )1.-)2.8} élE {1 - wl(ai’ ’Ti)}’

then W(«;,n;)T1 in probability and hence almost sure. This is true for W(Ta;, Tn,)

as well.
On the other hand for some 0<u=<1 a.s.

l_igFi(go(w, S) HFG Z C’ on z
1—s Tds| o, O | 2 CiezlaioFﬁ-o, on A

But
d a0 Fio(w, u) a %0Fio
— Fio(w, s)] =X ————MNF{’wus—"7—
ds [;el 0 s=u ic1r Fiol®,u) o, 1 ) ie 1Fio(®,0)’
Therefore a.s.
1 —IT Fi%(w, s)

aloF‘O ie I _
—logy 070 o oo Pl o _| .
O8% Ful,0)= 08 [—s =logl+log” ZanFi

From these inequalities, we obtain
1 - Fi%w,s)
limE{—log_f_I____}=E{—log_ zaiOF:0}= —p<0

1—s
st1 iel
using the Ass.B and Fatou-Lebesgue’s theorem and hence lim b,= —p. This is

t—* o
a contradiction to (18), since ¢,— + oo by definition. This completes the proof.

Theorem 5. Under the Ass. B, if p>0 and for every ieI and t 20, inf —— @uln)
n2N

— 20

a.s., for some N<oo, then {Z(t)} does not extinct.
Proof. Let us construct the auxiliary process {Z*(t)} in the following way
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¢}‘(Z‘(‘))
T X0 if oN(Z*®)>0,
Z*(t+])={iel j=1 t=0,1,2,...
| 0 if QH(Z*@)=0,
where for every iel,
max {@;(n), and}, n<N
‘p;(n)={ {@ulr),  Cound}
(Pig(n), ngN
Here (u) is the smallest integer greater than or equal to u.
*
From inf M >a; a.s. iel and Theorem 4 it follows that for all m=1,
n21

q*=1lim P{Z*(t)=0|Z*(0)=m} <1.
Since for k, n= N, P{Z*(t+ 1)=k|Z*(t)=n} = P{Z(t+ 1)=k|Z() = n}, then for
every j=N,
P{min Z(t)= N|Z(0)=j} = P{min Z*(t) = N|Z*(0) =j}=r;

t>0 t>0

Les us assume that for every j=N,
r;=P{min Z*(t)= N|Z*(0)=j}=0.

t>0
Then from (7) we obtain P{lim Z*(t)=c0|Z*(0)=j}=0. This is a contra-
diction to the non-extinction and‘—.t;oansientness of the process.
Hence there exists j=N such that r;> 0. Since for every t=0,
P{min Z(t)>0|Z(0)=j} 2r,, then it follows that g;<1, i.e. {Z(t)} does not extinct.

4. Comments

Remark 1. Theorem 1 can be formulated more briefly:

Theorem 1'. Let @;(n)=a;n(1 +0(1)) a.s. n— oo, for every i€ I. Hence under the
Ass. A and if p<O, then {Z(t)} extincts; under the Ass. B and if p>0, then {Z(e)}
does not extinct.

Proof Indeed, if p<O, then for any &,, 1<4,<e””, there exists
N,=N,(é,), such that ¢,(n)<é,0;n a.s. when n=N,. Thus from Theorem 4 it
- follows that the process extincts since p, =E log§, £ a;oFio <0. If p>0, then for

iel
arbitrary 8,, e7?<d,<1 there exists N,=N 2((Sz),esuch that ¢@u(n)=d,a,n a.s.
n=N,. Now since p,=Elogé, Z a;oFio>0, then from Theorem 6 it follows that

iel
{Z(t)} does not extinct.

One can classify the process {Z(t)} as a subcritical one when p<O0,
supercritical — when p>0 and critical — for p=0. In the subcritical case the
process extincts, in the supercritical case it does not extinct and in the critical case
it may either extinct or it may not extinct.
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Remark 2. It is interesting to consider a special case of controlled
branching processes in a random environment.

Assume that ¢,(n)=[B;n] a.s., where {B,} are positive and for every i€l,
iid.r.v.

Here [u] is the greatest integer less than or equal to u.

1BiY ()
Define Ye+1)=X X X1, t=0,1,2,...
iel j=1 !
Corollary. i) Under Ass. A, if p=Elog Z BioFio<0, then {Y(t)} extincts;

iel
iiy Under Ass.B, if p=Elog X BioFjo>0, then {Y(t)} does not extinct.
iel
Proof. i) Since [B;n]<pBin, then the statement yields immediately from
Theorem 3;
ii) For every £ >0 there exists N <1 such that for n= N, [Byn]=(Bi,—¢)n, i€,
t=0. Since ¢ can be chosen small enough so that Elog X (8;0 —€)Fjo >0, then the

iel
statement follows from Theorem S.

Note that when B;,<1 a.s. the process {Y(t)} allows ‘a special case of
emigration, while if B,>1 a.s. {Y(t)} admits a special case of immigration.

Remark 3. If the assumption for independence of {a;} is omitted then
following Bruss’s construction [2] one can obtain the following criterion for
almost sure extinction '

Theorem 6. Under the Ass.A and if
i) ay, iel, t=0 are arbitrary non-negative r.v.;

ii) there exists N such that for every i€l sup 3":—")§a,, a.s., t=0,1,2,...;

nzN
iii) ElogX a;oEFi<log %"4- <0, where m=infEFj, and M=sup EFjo<,

iel iel el
then {Z(t)} extincts.

Since the proof of Theorem 6 is similar to [18, Th.3], then it is omitted.
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