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The problem to characterize the best algebraic approximation in a finite interval is of importance for
the approximation theory. For the spaces L,[—1,1], 1=p=< oo this problem is solved by K. Ivanov
in [4, 5, 6], but for the case 0 <p <1 only the theory of best trigonometric approximation has reached
a high level of completeness in [9, 10, 11]. The corresponding a%gcbraic problem (0<p<1) is unsolved
till now, because of the so-called effect of the ends and the fact, that we work in the quasi-normed
spaces. In this paper we prove a direct theorem for the best algebraic approximation in
L[—1,1], 0<p<]l.

1. Introduction

We shall consider functions, belonging to the sets LJ[—1,1], 0<p<]l1. As
usual we denote:

1 ¥
”f”Lp(—l.l]={_j If(X)I"dx} .

Let H,(T,) be the set of all algebraic (trigonometric) polynomials of a degree
at most n. For the best trigonometric approximation in L,[0,2n], 0<p<1 the
following direct theorem is known:

Theorem A .
1
E;r(f)péc(k,P)-wg(f, m) , nZk—1,

P
where

Ez‘my=inf{"f_tu"p’ tne Tll}

wy(f; 8),=supllA} f(¥)Il,, f(x)€L,[0,2n], 0<p<1
1h<3 A

2z ?
IAl,= { £ 1/ (x)l"dx} .

This theorem is obtained for k=1 by V. Ivanov [11] and E. A.
Storozenko, V. G. Krotov, P. Oswald [9]. The case k-arbitrary natural
number is considered by E. A. Storozenko, P. Oswald [10].

V. Ivanov [11] has proved the following converse theorem for the best
trigonometric approximation:
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Theorem B

1
wk(f, %) <clk, p).;f;{ z (v+1)"-"".Eem,,}".
p v=

From theorems A. and B. we have:
Corollary C. If fe L [0,2n], O0<a<k, O0<p<]1, then
E,.T(j)p =0(n"%) < = >w(f, §),=0(5.

For the best algebraic approximation in L,J[—1,1], O<p<1 only the
following direct theorem, obtained by E. A. Storozenko [7] is known:

Theorem D. Let ke N and n=k—1. Then

1
Enmpéc(k’ p)' wk (j; m) >

where

1—kh %
s d),= sup {1 18k sopax)”

0shss -1

While theorems A and B give solution of the problem of characterizing the
best trigonometric approximation in L,[0,2n], 0<p <1, theorem D cannot be used
for solving of the corresponding algebraic problem in L,[—1,1], 0<p<1, because
of the effect of the ends, which is not taken into account by the moduli w,(f, 3),.
For that purpose we use another characteristic — the moduli 7,(f, A(x)),.,-

For xe[—1,1], we set A(5,x)=6../1—x2+6% A (x)=A(n"1,x); d=const.

If WeC[—1,1], W=0, then we define the best algebraic approximation with
weight W as follows:

EW.0),:=inf{|W.(/f—Q)ll,: Qe H,}; E(1; f),:=E\f),
The following modulus is used in this paper:
(1.1) T, W;8)pp =W (). oS, .; 60D, ll,
tk(j; 1; 6)p.p= Tk(.f’ 6)p.p9
where the local L, modulus of continuity is denoted by:

1
(1.2) o, (f; x; 8(x)), = [(2 S6(x) 7 “f ) |ASf (X)I"dv];-

—&(x)
Here O0<p<1 and AXf(x) is defined as

k k
= (—1)‘".(r).f(x+r.v),

r=0

if x, x+kve[—1,1] and as O otherwise. With the help of the moduli W, A)e.ps
1=qg=<p=co the following equivalence is established by K. Ivanov [4]:

(1.3) For feL,J[—1,1], 1Sp=<o0, O<a<k we have
E(),=0n"<=>1(f,1; A1, =0(n~°).
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In this paper we prove the following theorem:
Theorem 1. Let feL,[—1,1], 0O<p<1. Then

(1'4) Enmp é C(k, P) s Tk(j;A . An)p.p’
where A= A(k,p) is a constant, depending only on k and p, ke N.

2.Auxiliary results

We shall use the.following auxiliary results:
Lemma 2.1 ([1]). For every feL,/(A), O0<p<l1, k=1,2,... there exists

Py ((x)=Pr-1(X;A,f,p)€Hy_,, such that !
e &
@1 If =Pyl Sclk, p).{lAl L0, f),_pdh}p,
o
= [IAK P 1Al _
Iy, = IS, ,,, OShsTZ, A=(ab)

Lemma 2.2 ([2])). If P,(x)eH,, T,(x)=cosn.arccos X is the Chebyshev’s
polynomial, |P(x)|SL for xela,b), then for every xela,b] the following

inequality holds:
2x—a-—b
(=)

1, x<y, —1=x,y =1
0, x=2y

22 |P(x)I=L.

Lemma 2.3 ([3]). Let

0(x, .Y)={

For n=0,1,...; I=1,2,... and fixed y:—1=y=<1, there exists a polynomial
R(x, y)e H,,,, with respect to x, such that:

(2.3) |0(x, y)— R(x, y)| < B,.[n.|arccos x —arc cos y| + 1]* ~ 2.,

Lemma 2.4 [(4]). For every x,ye[—1,1], |x—y|<A. A, (x), A>0, n=2A we have
(24) @A+2)" A (0)SA()=(24+3/2). A ().

Lemma 2.5 ([7]). (An inequality of Nikolsky.) If P,e H, and 0<p<q< oo, then

1 1 1
@9 IPdienSRE+D. 60— T 1nG6-D IPlz s

We denote with c(k, p) a constant, depending on k and p, which may differ at
each occurrence. About some properties of the moduli 7,(f,A,),., 1Sp= o0,
see [5].
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Xo=—1, 1
X, =X+ A (x0)=—1+ =30
x;=X; +A,(x,),
Xiv1=X;+ A(X)).
If Xpgm<1 and Xpm+A(Xem)>1, then we set x,m,=1. For every interval

8;,=(Xi-1,Xi+1), i=1,2,...,0(n)—1, we take the polynomial P;,_,(x) from
Lemma 2.1. Let us denote by S,_, .(x) the following piecewise function:

Si—1.(X)=Pis-1(x), for xe[x;—y,x), i=1,2,...,0(n).

One can write
@(n)

(2.6) Si—1.a(x)= Z P(x).[0(x, x;) — O(x, x; - 1)]
i=1
@(n)—1

=Pom(x)+ T [Px)—P;1(x)].0(x, x;).
i=1

We choose le N, such that
2.7) 2I—1).p>2(k—1).p+2, that is (2I—k).p>1.
Let :
@n)—1
Cni(X)=Pym(x)+ Z [Pdx)—Pi+1(x)]. R(x, x)),
i=

1

where R(x, x;)€ H,,, is the polynomial from Lemma 2.3, that is Q, x(x)€ Hapj+x—1-
Let h;=(x;,x;4+1), i=0,1,...,¢(n)—1 and |h|=A(x)=A,.

Let us formulate and prove the following basic Lemma, which we shall use to
prove Theorem 1.

Lemma 2.6. Under above conditions and denotations we have

dx

2.8 I,=

(2.8) ! (- 110\ (n.|arccos x —arccos x;| + 1)2!~1)-p
<ck,p). AF~ VP for i=1,2,... @(n)—1.
Proof: We shall consider 3 cases, depending on i:
(A) Let i:—1/2<x,<1/2. Then A% 1/n.
 § (k—1). 2 2 k—1).p
|x—x;—A/2| 4 A

= N N

L= _I, (n.|x —x;| + 1) = D-p dx=2 (I, nx+ 1)2-1D-p dx+2 £ (nx+1)3-b-p

=A,+A,. From (2.7) we obtain the estimations

(k= 1).p
x
dx
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z—1 (k—1).p
2n+1 n N 1 (k—1).p+1 2n+1
dz=2.(- [ Z®-DP-@I-bpq,
- n

1
A, £2.—. ~
1=""n .! Z2I=1)p )
Sclk,p). A DPHL
(k—1).p+1 2n+1 ’
A, =2.A,; ) 2”@ Drdz < c(k, p). Ak~ P,

1

1 . i s
B.) Let i: — 1 < x;< ——. We shall consider 2 cases, depending on the positions

of x.
1
a) .—1=<x=x; Then |arccos x —arccos x;| =(x;— X) . ———, where —1=x
JV1—&2

| 1 1
f<x<—1and ———32
2 V1-8 " J1—-x?
i’ (x;—x+A /2)%1-p
Ii= dx
' —jl (n.larc cos x —arc cos x;| + 1)/~ 1p
(xi —-x+ Ai/z)(k_ 1).p

Sck,p). | (m +l)(zz—1).pdx

1A

1
J1—=x?

We set x;—x=y
A2 1+x;

1+x; +A 2(k—l).p
e R A L dy="1 + [ =L+l
0 ( 4 1)‘2" n-» 0 A2
J1—=x?

It is obvious, that
A2 1
(S [ AfTURdy=Z ApTUR
o

T—x2\@-Dp 1+x
?.zé(——x‘> . [ yRmve-@i-narg,,
A2
<clk, p).ARF VP AR DP-@ImDPHL_ gk p) AR D-PHL

We obtain, that I'<c(k, p). A~ V-P+1,
b) x;+1=x=1.
—x.—A,/2|k-D-p o 1
|x X; i/l dx= j +I=I;l'l+1;f'2.

1
”
i= I — 2i—-1).p
x4, (n-larccosx—arccos x| +1) x4y O

1
For xe[0,1] and —1=x,= =5 it is fulfilled
l]arc cos x —arc cos x;| R 7.
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1\@-1-rp 1 \&-D-p+1
i2=clk, P)-(;) <c(k, p)'(ﬁ) <clk,p). Afe—D-pH+1

where we have used the choice of I from (2.7).

‘Let’s consider I{;. We set z;= —x;; y=x+2,
, ¥ (—A/2*
£27 ;L [n.(arccos(—z)—arccos(y—z;)+ 1]~ 1-p dy.
y/2=<y—Ai/2<y. We have, that
y

arccos (—z;)—arccos (y —z;)=arccos(z;— y)—arccos (z;)= -—ﬁ ,
1—¢&2

where

1

\/1—62 \/l—(z —y?

We go on with the estimation for I7,.

“ 1=z +2.z,y—y*\@-vr
{ Sclk,p). [ y*= 1. (X5
f1=clk,p) AI‘y ( e dy

2 o v2\2I-1).p —Z2\@i-1.p 21-1).p
(\/1 2242z, y—y ) §c(k,p).[(‘/1 zi) +( 1 ) ]
n.y n.y n.\/;

1
0=z,—y=sé=z, —_ziSI

% % (21-1) 1\@-1-1r
r1=clk,p).fy* - VPmCImUrdy APITDP 4 ek, p). fyET I PT T2 P dy-('—l)
LH A;
-1). (21-1).
éc(k, p). (Agk‘ 1).p+1 +Ask- 1.p+1 -(*z.i_iu. (%) p) §cl(k’ p). Ask- 1).p+ 1,

1 .
because from Fg A,, it follows:

@-1.p /1\I-1-p
2 (g1

With this the case B.) is completed.
1
C) Let i: - =x;=1.

5=
We make in (2.8) the change x;= —y,, x=—y. We get
e (i—y—Ay2* 7
i= a0y Y
2, (n.arccosy—arccosy]+1)
t =y +A/2)* VP

+J

21-1
», (n.larccos y—arccos y;| + 1)2-n

dy=gi+77.
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We have, that
Fish
y—y:+A/2)* VP
(n.larccos y—arccos y;| + 1)2!~ 1-p

Yit1

;I=I;I+ f

Yi

From the estimations, established in case B.), we obtain the proof of (2.8). With
this Lemma 2.6 is proved.

3. Proof of Theorem 1

dy§c(k, p) As"- 1).p+ 1.

From Lemma 2.1 we obtain _
Xi +1 x(_ 1
T xi41—kh
f j |Ak f(x)IPdx dh.
o xj—1

[1f(x)— Pix - 1(X)||£,,(6,~) =c(k,p). m

From Lemma 2.4 it follows A,<(7/2).A;—; and

—Xi—-1 _ Ag_x"‘A‘ < 1+7/2
k kT k
Xi+1 1 5.4i—1
3 — - <c(k,p). _

(3.1 1 f()—Pix 1(x)||{p(,,i)_c(k p) x‘{l 10.A,_, _5.‘{‘-1
Using Lemma 2.4, we get for xe[x;—1,x]:A;—1/6<A,(x)=(7/2).A;-, and for
X€[X; Xi+1]: Ai-1=6.A;=36.A,(x)

Aoy Z(2/7). A2 (2/T)*. A(x).
So for x€d; we have (2/7)>. A (x)SA;—1 =36.A(x).
From (3.1) we get

(3.2) | fAx)— Py - 1(x) "i,,(t’;)

xi41 1 5.36A,(x)

<ck.p). | [ 1A% f(x)Pdhax.

X1 m —5.364,(x)

From the definition of S;_; .(x), we obtain

0<h<Xitt A1 <5.A_4.

|A% f(x)|” dh dx.

@(n)
"f(x)—sk— l.ll(x)"ip[_ 1.1]=i=21 "f(x)_Pi.k—l(x)":p(hi_ l)

@(n) o(n) Xi+1 1 1804,(x) .
<z —P; - 1 Zck,p). X —_—. A Pdhdx
_‘=l"f(x) ik 1(X)|[£P(a.)_c( p) il xi; 360.A,(x) -18£A"(x)' » S

1 180.4,(x)
<ck,p). | ——— Ak f(x)|P dhdx=c(k, p).tf(f, 180.A(x
SAkD) - § SEATD _rde O (k. p). <E(f, 180. A, (x)),.»
ond hence:
(3.3) ||f—sk-1.»||L,[—1.11§C(k,1’)-Tu(f, 180.A,),,,-

We go on with the following inequality:
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34 ISk- 1.n(x)-Qn.k(x)||£p(— 1,1]

@(n)—1
=3 [I+ § :}Eurdnuuwww&xJ—Mnxmwx=M;+M,

i=1 h; [—1,1]\h;
The proof of Theorem 1. will be completed, if we proof

@n)—1
(3.5 ||Sk—1.n(x)—Qn.k(x)"£p(—1.1]§')’ (k,p). = "P.'—Pi-n"ip(h,);

i=1

because from (3.2) and from
1P;i—=Pis s IE oy = I Pi—SNIE jop + "Pi+1—f||ip(a,-+l)-
we shall get

(3.6) 1Sk-1.n— Qu.k"ip(— 1.1=7'(k,p).£(f,180.A,), -
From (3.3) and (3.6) it follows, that:
3.7 Enivk- 1(f)p§¢‘(k, p)-t.(f, 1804,), .

Let’s choose
m:2nl+k—1=m=<2(n+1).1+k—1.
Emmp§E2n1+k—lmp§c(kv p).w(f,180.4,),,,
m=2(n+1).1+k—1=3nl, n23

A)S Az ()

E (N, Sclk, p). t(f; 180.912. A (X)), p»

* that is (1.4) is proved with 4=180.912, m>2nl+k—1, n=3, where [ is determined
by (2.7).
So it is enough to prove (3.5). We shall evaluate first M, from (3.4). It is clear,

that
3.8) 10 (x, x) — R(x, x)| = B,
and
. @(n)—1
3.9) M, =<Bj. i‘:-'l "PI_P‘“";:,(A,)'

It remains to prove for M, an estimation, similar to (3.9), and thus the proofs
of (3.5) and Theorem 1. will be completed.
From Lemma 2.5 for g=o00 we have

(3.10)  |P(x)—Pis s ()P =2(p+1). A7 . (k—1)*. | P,— PisylIE np
=alk,p). A7 |P;—Pisallf Pk x€h,

From Lemma 2.2, applied for the polynomial (P;— P;. )-and the mterval h,, and
from (3.10), it follows, that for xe[—1, 1]\h;
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(3.11)

PR = Pi s Salk, p). ATE L IP— Py g .

(k—1).p

2x —2x;—A
Tf-, (—Ail-——‘) SO(k, ). IP;—Pis1lIf iy A7 %~ D01,

xX—Xx A
£ 2
In the last inequality we have used, that

|T,‘(t)|=%.((t+,/t2— D — /2 =14 =2* |t*, |e|>1, keN.

From (3.11) we get

@(n)—1
3.12) M,=<clk,p). £ |P;—Pissllf my- A7 P71

i=1
Ix—x;— Aya|* ™ PPdx
(- 1.1\, (1. larccos x—arccos x| + 1)@t=ve -
Using Lemma 2.6, (3.12) and (3.9) we obtain the proofs of (3.5) and Theorem 1.

X
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