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In this paper the question is considered how “large” is the class of one-parametric linear optimization
problems which are regular in the sence of M. Kojima. It is shown that almost all problems in the
sense of Baire category are regular. Moreover the regular one-parametric problems build a generic
subset of all one-parametric linear programs which is minimal in some sense.

0. Introduction

Many investigations are known in the literature about stability properties
and structural analysis of one-parametric optimization problems. In all of them
some notion of “regularity” play an important role. A notion “regular value of set
valued mappings” is introduced in [16,17] and a notion “regular value of
piecewise continuously differentiable mappings” is introduced in [11]. The relation
between both notions is studied with respect to one-parametric optimization
problems in [10]. There it is established that both notions are in some sense
equivalent. Some regularity assumptions are made also for the development of

path-following algorithms for solving one-parametric optimization problems .

(cf.[2-5,13,18]).

Therefore the question how large is the class of the problems which satisfy
those regularity assumptions is of interest both from theoretical and practical
point of view.

It is shown in [6, 7] that the class of problems F considered there is large in
some sense and it is known (cf. for example [18]) that F is contained in the class of
problems which satisfy the reqularity assumption of M. Kojima.

Our aim is to establish a result of this kind for one-parametric linear
problems.

1. Preliminaries

Let R" be the n-dimensional Euclidean space and C*(R", R) denote the space
of k-times continuously differentiable functions defined on R". We denote by £ the
set of all elements o of (C'(R"*!,R))'*!*™ whose components are functions
depending linearly on x, i.e. 8={ce(C'(R"*',R)!*'*™
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o=(c(t)x, d{t)x—q(t), aft)x—bft), i=1,...,1, j=1,...,m}.

An one-parametric linear optimization problem will be
described as follows:
PL,(t): minimize c(t)x subject to M (t), where

M (t)={xeR" d(t)x=q{t) i=1,...,] and
aft)x=<bfr) j=1,...,m}.

" For a point (%, )e R"*! we denote the index-set {je{l,....,m}:aft)x=b[t)}

by Jo(x, ?). ,
The function L:R"*!*m™*! R defined by

1 m )
L(x,y,t)=c(t)x+ Z y(d(t)x—q{t))+ Z y;+;(a;(¢)x—b; (1))
i=1 Ji=1
is the Lagrange function of the problem P,(t).
Definition 1.3 ([12]) The Karush-Kuhn-Tucker stationary
condition is fulfilled at a point (X, f) if there exists a point y€ R'*™ such that
H,(%,7,t)=0, where H,:R"*"*!*15R"*™*! is defined by

] m
() + Z ydf) + Z yihja )
i=1 j=1
H (x,y,t)= 4 —d{t)x+q(t) i=1,...,1
y,‘+,—aj(t)x+b,(t) j=1,....,m,

Here a* denotes the max {«,0) and a~ the min {«, o}.

The point (X,f) is called a stationary solution of PLJ(t), y —
Lagrange multiplier vector and (%,y,z) a Karush-Kuhn-Tucker
point (briefly KKT point).

We denote the set of stationary solutions of PL,(t) by Z,.

Let us consider the subdivision {7(J):J<{1,...,m}} of the space
where each cell is defined by

wJ)=R"*!x{yeR:y; 2o if jeJ and y;<0 if j¢J} xR.

Recall that the mapping H, is piece-wise k-continuously differentiable
(PC*-mapping) k=1 with respect to this subdivision if and only if for each cell
there exist an open set U>1(J) and a mapping G’e CXU,R"*™*!) such that
G’ /t(J) = H,/t(J).

We denote a face of ©(J) by #(J, J), i.e. #(J, J)={ze1(J): y;=0 for every jeJ}.

Definition 1.4 ([12]). 0eR"*'*™ is a regular value of H, iff for each set
J,J={1,...,m} there exist an open set U>1(J) and a continuous differentiab}c
function G:U—R"*!'*™ such that G/ .5=H,/«y., and the Jacobi-matrix
DG(i(x, y, 1)) is of rank n+1+m at each point (x, y,t), such that i(x, y,t)eU and
G(i(x, y, t))=0. .

The mapping i:R”x R'*™" W x R-»R"*!*™ is the natural embedding.

Let x={ceL:0 is a regular value of H,}.

Rn+l+m+1
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Definition 1.5. We call a problem PL (t) regular if e . Let xe R"and r>0be
a real number. We denote the euclidean norm in R"” by | |. Let
B(x,r)={yeR":||x—y||<r} and B%x,r) denote the corresponding open ball.

Let C¥B)={®e CXB°x,r),R): all partial derivatives of ® up to
order k are continuously extendable on the whole B(x,r)}.

A norm ||.||; can be defined on C¥B) as follows:
(1.6) |®|| p=max sup|d>'(x)|
la| Sk xe BO

where a=(a,,...,, and o; are natural numbers such that
o
Oxf1...0xpn"
Remark 1.7. C¥B) with the norm | || (1,6) is a Banach space and
CX(B) x R" with the norm | ||, defined by ||(®, x)|| = [|®| g+ |Ix]l, is a Banach space

(cf. [19]).
Let T,:C¥B)x B°>R be defined by the equality: T, (®,x)=®"

Lemma 18. Let k=2. The mapping T, is continuous for |a|<2 and
C!-Frechet-differentiable for |a|<1.
Proof: cf. [9]

Remark 1.9. The ball B(x,r) is closed and has smooth boundary. Therefore
every function feCXB) can be considered as a restriction of a function
fe CYR",R). (Corollary 3.1.3 in [8], p.105).

Definition 1.10. (C*-topology). The basis of Ck-topology for the space
CKR", R) consist of all sets
vk, ={ge CHR", R): 0% (x)—d°g(x)|<e&(x) for all xeR", for all a,
such that |¢|<k},

where fe C¥(R", R) and ¢ is positive valued continuous function, defined on R".

Remark 1.11. The space CXR", R) with the C*-topology is a Baire space
(cf.[9], Lemma 7.3.1).

A weaker topology (the so-called weak C"-topology) can be given by means
of a metric.

Definition 1.12. (C>-topology). Let x;eR", i=1,2,.:., such that (B(x;, 1)

cover R".
Each ball B(x;, 1) generates a seminorm in C*R", R):

n
i=1,...,n, |¢jJ=2Zo, @D*=
i=1

[fli= max {If(x)l+ z f(x)+ 3 7 f(x)}
xeB(xi.l) ji=1 Jjs=1 ja
These seminorms generate a metric on C?(R", R):
If—gl

d(f,g)=X 27 ———.
(.9) i=1 1+[f—gl;
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“The basis of the C2-topology consist of all sets
V.,={ge C*R"R): d(g.f/)<e} for &>0 and feC*R"R)

Remark 1.13. The space C*(R", R) with the metric d(.,.) is a complete metric
space and therefore a Baire space with the Cz-topology

Recall that a subset A of a Baire'space X is called generic iff A contains the
intersection of countably many open and dense subsets of X. :

A set AcR" is of Lebesque-measure 0, iff for every £¢>0 there is a
sequence W;cR”, i=1,2,..., such that Acu2, W, and %, |W]|<e, where
W;={xeR":|x;—X|Sa i=1,... ,n}, |W|-—(20)" j=12,....

Lemma 1.14. Let 6=(f,hy,....h9g1..-»g)€(CHR" L, R)Y ™ and
o=(f+cx, h;—q;, g;—b)). The set {(c, q,d)e R™+1+m. 0 is not a regular value of H,}
is of Lebesque-measure 0.

Proof. (cf. [18]).

Definition 1.15 ([14]). Let {U,} ael, where I an index set, be an open
covering of R". The functions {®,}, ael form a C>-partition of the unity for
{U,}, iff

a) supp®,c U, for all ael, where supp(b {xeR": d(x)#0};

b) {supp®,}, ael is locally finite;

- ¢) O (x)=0 for all xel, xeR";

d) 2 ,P(x)=1 for all xeR".

Lemma 1.16. Let {U,}, a €I (I an index set) be an open covering of R". There
exists a C®-partition of the unity for {U,}.

Proof. (cf. [14]).

2. Genericity of the regularity

It is shown in [15] that the following assertion are equivalent:
— 0eR"*™*! is regular value for H, with oce .
— Each stationary solution of PL(t) is one of the following four types. -

Definition 2.1.

2.1.1. The stationary solution (X, f) is of Type 1 (nondegenerate) if the next
conditions are fulfilled:

ND1: The vectors d(i) aft), i=1,... 1, jeJo(%, 1) are linearly independent.

ND2: |Jo(% 1) =

ND3: y,,;>0 for all j€Jo(x,1), where yj is the associated Lagrange

multiplier vector.

2.1.2. The stationary solution (X, f) is of Type 2 if the conditions A1 — A4 are
fulfilled:

Al: The vectors d(_) afd), i=1,...,1, jeJy(%,1) are linearly independent.

A2: |Jo(%, 1) =

A3: Exactly one component a4 jo With jOeJy(x,7) of the corresponding
Lagrange multiplier vector vanishes.
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A4: The vectors D,D.L(X,7,1), dft), aft), i=1,...,1, jeJy(X,t)\{jo} are
linearly independent. '

2.1.3. The stationary solution (X, t) is of Type 3 if the conditions B1 —B3 are
fulfilled:

B1: The vectors D,D,L(X, y,1), d{), afD), i=1,...,1, jeJo(%,?) are linearly
independent.

B2: |Jo(%, Dl=n—I—1;

B3: y,4;>0 for all jeJ(X, 1), where y is the associated Lagrange multiplier
vector.

2.1.4. The stationary solution (x, f) is of Type 4 if the conditions C1 —C4 are
fulfilled: -

Cl: |[Jo(%, Dl=n—1+1;

C2: The vectors d(x,t), a (x,t), i=1,...,1, jeJy(x, t) are linearly independent,
where d{x, t)=(d(t), D,(d(t)x—q, 1)) i=1,... ] and a,(x,t)=(a(t), D(a(t)x —b(t)))
i=1...m.*

Without loss of generality we may assume Jy(x, t)={1,... n—I+1}. Observe
that C1 and C2 imply that there exist real numbers 4;, i=1,...,] and y,
j=1,...,n—I1+1 not all vanishing such that

1 n—l+1
Z 24T+ = pai@=0.
. i=1 j=1
C3: |pj+y14+;#0 for all jeJy(X,t) and
Vil # Yisi/i; for all i, jeJ (%, 1), i#j and such that pu,#0, u;#0.
t

if p;<0 exists
o= max y'+]/”j h .
JeIo&,D): <0 otherwise
-

if u;>0 exists

&={ min i+ i/ otherwise

jeJo(%,0): u,>0
+o0 J
We denote by il the index such that g=y,.;;/u;, if « is finite and by i2 the index
i such that &=y, /i, if @ is finite.

C4: The vectors d|(t), aft), i=1,...,1, je Jo(X, )\{ip} are linearly independent,
where ipe {il,i2}. ,

Let 7 be the product topology of 1+!+m copies of C'-topology and ts
be the product topology of 1+I!+m copies of C}-topology. We consider
also the following representation of an one-parametric linear optimization
problem: Let go =(c(t), D(t), A(t), q(t), b(t)) be an element of the space CXR, R")
x CR, R™) x CXR, R"™) x C¥R, R) x CR,R™). Let 2£=C'(R,R")x C!(R,R")
x CY(R,R"™) x C}(R, R) x C\(R,R™) and PL,(t): c(t)"x—min, xe{xeR":D(t)x
=q(t), A(t)x <b(t)}. We denote the subset of ££ which contains elements so such
that PL,.(t) is regular by .

Theorem 2.2. The set » is generic subset of & with respect to .

Proof. Let the points (x,,t), s=1,2,..., are chosen such that B,=B((x,, t,), 1)
cover R"*!, We consider the following subsets % of 2:2¢={c e £':0 is a regular
value of H,I,,«,‘_,‘M}. It will be shown that % are open and dense subsets of €.

Density of .
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Let o 2! and ¢>0. B ‘

Since Lemma 1.14 there exists a vector z=(¢,g,b)e R?*'*™ such that
|zl <e/(n+1) and for G=(c(t)+)x, df(t)x—qft)—q;, aft)x—bft)—b)) it holds
that e .

We will show that d(o, 6) <e.

loy — &, = max{lo(eyx —(e() + x|+  lef)—(cf)+E))
ji=1

xe Bg
+10/0t(c(t) — (c(t) + €))l = max {|cx| + i Icjl} <e/(n+1).1+ £ e/n+1)=e¢.
ji=1 j=1

For the difference o,—4;, i=2,...,l+m the inequality follows analogously.
Consequently & is in an g-neighbourhood of ¢ and Ge.

Openess of x% .

Let now 6. We have to proof that the sets 3¢ are open, i.e. for every i
there exists a neighbourhood U (6), such hat U (G)=". We do this in two steps —
local argument and globalization. For the local argument we will show the following
assertions: For all points (x,y,t) there exist a neighbourhood V; of (x,t) and
aneighbourgood U,(6), such that:

i) If (x,t) does not belong to Z;, so V,nZ, =9 for ae U, J),

ii) If (x,t) is a stationary solution of type 1 for PL.(t), then all points
(x,t)e Vs;nZ, for o€ U(G) are stationary solutions of type 1 for PL(t).

iii) If (x, t) is stationary solution of type 2 or 4 for PL;(t),then there is exactly
one point (x,t)e V;nZ, for o€ U,(F), which is a stationary solution of type 2, or
4 for PL,(¢). If (x, t) is stationary solution of type 3 for PL;(t), then there is exactly
one parameter value such that PL (t) possess stationary solutions of type 3 for it.

The assertion i) follows immediately since the Karush-Kuhn-Tucker
stationary conditions are continuous.

Let (X,%) be of type 1. It is easy to see that there exists a neighbourhood
Vs1(%, 7, 1) such that all stationary solutions of PL,(t) (x,t) which belong to
Vsi(x, 7, ) nR"* ! are of type 1. Let V5, denotes the projection of V,,(X, y,t) on
R with respect to the last coordinate and £2|;, =C'(Vs;, R") x C!(Vs, R™)
x CY(Vs1, R"™) x C}(V5,, R™). We consider the mapping T:V;; x 88];, = R*"*!*™,
defined in the following way:

T (x, y,t,c(t),d(t), aft),q(t), b{r)
] n—1
")+ Z ydl(+ Z yai(t) s;elqo(%,1)

i=1 j=1

—d(O)x+4q(t) i=1,...,1
—ayt)x+byt) Jj€Jo(%, 1)

Vi+j—aft)x+bft) je{l...m\Jy(x,1).

L
The mapping T is defined in a Banach space and is Frechet-differentiable because
of Lemma 1.8 and remark 1.7. DT, is of full rank and the implicit function
theorem in Banach spaces can be applied. Thus there exist neighbourhoods V3o of
(x,y) and U, of the restriction of 66 on £€|;; and a continuous function z(¢, 00),
defined on those neighbourhoods with the properties: z(t, o0)=(X, y, f) and
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T(z(t, 00), t, 50)=0. Consequently z serves as a local parametrization of the curve
of the KKT points of PL,,(t)—(z(t,60), t). All stationary solution of PL,,(t) are of
type 1 when oo € U,. We have to show that U, e 7. From remark 1.9 it follows that
the components of go from U, are restrictions of continuously differentiable
functions defined on the whole space for which the following inequality holds:

max {|oo;— 66|, |0/al06,—66)|}<e for all i=1...n+m+Dn+m+l

and teV; (since the definition of the norm 1.6.).

Thus U, et where é=¢/(n+1). The proof of ii) is completed.

Let (%,t) be of type 2. As it is shown in [15] there is a neighbourhood V;, of
(%, ?) such that all stationary solutions of PL4t) for t17 are of type 1. Let V;, and
£8|;, are defined as above and let j,eJ (X, ):5+jo=0.

We consider the mapping T: V;; x 88|;; — >R"*!*™, defined as it follows:

T (x, y, t,c(t), d{(2), aft), q1), b(t))
1 n—1

[T+ ‘;‘:ly.d.-’ (‘”,f,yf"zf(‘) s;€ Jo(%, D\{Jjo}
—d{(t)x +qt) i=1...1
= J —aft)x+b(t) JEJ (X, 7)
Yi+jo
i Yi+j—aft)x+b(1) Jje{l...mP\J(%,1).

The mapping T is defined in a Banach space and is Frechet-differentable because
of Lemma 1.8 and remark 1.7. DT, is of full rank and the implicit function
theorem in Banach spaces can be applyed. Thus there exist neighbourhoods Vo of
(x,y) and U, of the restriction of 6 on £€|;; and a continuous function z(co),
defined on those neighbourhoods with the properties: z(co)=(%,y,?) and
T (z(60), 66)=0. Consequently in the neighbourhood V, all KKT points of
PL,,(t), coeU,, defined by z correspond to stationary solutions of type
2 and moreover for every element oo there is exactly one stationary solution of
type 2 in this neighbourhood. The assertion in this case follows for the same
reasons as in ii).

For the stationary solutions of type 3 and 4 the mapping under consideration
is the following:

T(x9 y9 t9 C(t)’ dl(t)a aj(t)’ qi(t)a bj(t))

<)+ éy;d?(t)+"£y,a1,(t) s;€Jo(%, 1)
—d‘(t))‘c:q((t) = i=1...1

N —aft)x+byr) jeJo(%,1)
Yi+j—aft)x+bft) je{t...m\Jo(%,1).

- Let i be an index i=1...n, such that the columns of the following matrix A’
are linear independent:
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A.._(d,,(f)) s=1...1 p=1...n, p#i
“\al0)) jedox D)

Such an index exists since the condition B1 from the definition of stationary
solution of type 3.

Let xX=(Xg,..0sXim15Xi41s--5Xp,)-

Thus DT, is of full rank and there exists a continuous function z(x;, go),
which serves as a local parametrization of the curve of KKT points in dependence
on x; in a neighbourhood ¥V, These KKT points correspond to stationary
solutions of type 3 for PL(t).

Let (%,1) is of type 4. We consider the same mapping T and find an index
i=1...m, such that I/+ieJy(x,7) and the columns of the following matrix A
are linearly independent:

A'=@I), al(®)) s=1...1, peJy(x,1), p#i.

Such an index exists since the condition C4 from the definition of stationary
solution of type 4.

l'et yy=(y1a---’yl'—l’ yi+ls---ayn)‘

It follows as above that DT, ,,, is of full rank and there is a continuous
function z(y;, 66) which parametrise the KKT points of PL,,(t) in dependence on
¥; in a neighbourhood V,. These KKT points correspond to stationary solutions
of type 4 for PL,(t). The proof of iii) and thus of the local argument is completed.

Let ¢ be an element of ‘. Since the local argument it follows that for every
point (x, t) there exist neighbourhoods V(x, t) and U ,(G) such that i)-iii) hold. The
neighbourhoods V; cover B((x;,t;),1). Since B is a compact set there is a finite
covering V; j=1...s. Let ¢; be the positive number of the neighbourhood U,} of
& which cofresponds to V,j. We define é= 'rgli;ls,. Consequently for an element
o € U; the assertions i)-iii) hold for all points from B((x;, t;), 1) thus o € . It follows
that %’ is open in £ with respect to the topology 7. »‘ is dense because ¢’
contains . Consequently =N’ is generic with respect to .

Theorem 2.3. 3¢ is generic in & with respect to ts.

Proof: Let the sets Vf,, Jj=1,...,s, chosen as in the proof of the theorem 2.2,
cover B((x;,t,),1). Thus V} j=1,...,s i=1,2,... are a countable covering of R".
Let {®;;} be the partition of the unity which exists for this covering by virtue of
lemma 1.16 . Since {supp @} is localy finite, there exist finite many indices i,j for
every point (x,t), such that (x,?)esupp ®@;; Let s,{, be the positive number of
a neighbourhood U(oo), which corresponds to V,,j in the proof of the above

theorem. We define for every ®;
@

g;={ming,;: supp®;supp®;} and &(x,t)= T g0 (x,¢).
j=1

The function &(x, t) is positive valued, continuous and &(x, t)<g; for all i,j, such
that the point (x,t) belongs to Vi r It is easy to see that all 6o, which belong to
&(x, t)-neighbourhood of GG belong to the set »x3¢. Consequently > is an open
subset of £€. ‘

Let us consider the sets
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K, ={cceLL 0 is a regular value of H,,l,,«,‘_,i,_l,}.‘

We will show that »x‘ is dense in £€ with respect to the topology ts. Let
e xx’ and &(x, t) is a positive continuous function. Since the sets B((x;, t), 1) are
compact, there exist &=min ,e g, &X, t).

Let |(¢, g, b)| <¢; and such that PL,,(t) is regular where oo =(c(t) + ¢, A(t), D(t),
q(t)—g, b(t)—b). Obviously oo belongs to the &(x, t)-neighbourhood of 66 and
oo € xx'. Consequently x5 is dense in £L. Thus %% =N %’ is generic in 28

_with respect to ts.

Remark 2.4. % is the minimal subset of £ with respect to the numbers of
types of stationary solutions which is generic in L.

Proof: If an one-parametric linear problem possesses stationary solutions of
types 1, 2, 3 or 4 then every one-parametric linear problem in a neighbourhood of
it possesses also stationary solutions of the same type. Let us denote the set of all
elements o, such that PL (t) does not possess stationary solutions of types i by X".
We will present examples for problems which possess stationary solutions of types
1-4. In this case it is obvious that the sets X‘, i=1,2,3,4 cannot be generic
because £\X'‘ has nonempty interior. Type 2 and 3:

PL(t): min{x, +t3x,:tx, +x,<1, x; —2x,<1}

PL(t) has stationary solutions of type 2 and 3 for t=1, of type 1 for t>1 and
has no stationary solutions for t<1.

Type 4: PL(t): :min {x, +3tx,: tx; +x,<1, x,—2tx,<1, x,+x,=1}
PL(t) has stationary solutions of type 4 for t=1 and all other stationary
solutions are of type 1. .
The work is partially supported by the Ministry of Siences and Higher
Education according to Contract No 127.
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