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A Coincidence Theorem in Uniform Spaces
and Applications
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Presented by P. Kenderov

The main plﬁose of th eJn'esent paper is to establish a coincidence theorem for two mappings in
a uniform space. The obtained result extends Goebel’s theorem in metric spaces. As an application
a new treatment of the notion of noncontinuable solution of the Cauchy problem for ordinary
differential equations has been obtained. An existence of generalized solutions for the Goursat problem
with singularities possessing a local growth faster than distributions of infinite order (in the sense of
Sobolev-Schwartz) has been established.

1. Introduction

The main purpose of the present paper is to establish a coincidence theorem
for two mappings in a uniform space. As an applications we obtain a new
treatment of the notion of noncontinuable solution of the Cauchy problem for
ordinary differential equations in R"™ and- in a separable Banach space.
Besides, we prove that two-dimensional Goursat problem for hyperbolic
equations possesses a solution with singularities of local growth faster than
Sobolev-Schwartz distributions of infinite order (cf. [1]).

There are many extensions of classical result of K. Goebel [2], may be more
than two thousands (cf. [3], [4]), based on various contraction conditions of
Banach type. Since our generalization is generated by the applications, we shall
use results [2] and [5].

By X we shall denote a separated uniform space whose uniformity is
generated by a saturated family of pseudometrles A={p,(x, y):aeA}, where Ais
an index set ([6], [7]). Let j: A—»A be a mapping and }(a)—J(i""‘(a)), °(@=a
stands for k-th iterate of j(k=0, 1 2 .). Let (®)={®,(): aeA} be a fam1l of
contractive functions ®,(t): R% —[0 o0) with properties:

(®1) @,(2) is non-decreasmg and contluous from the right for every a€EA;
(®2) 0<® .(t)<t for all t>0;

(®3) for every ac A there is ®, (t)e(®) such that sup {®p,,(t):n=0,1,2,...} =B, (?)
and ®,(t)/t is non-decreasmg (cf. [8], [9D.

The space X is called j-bounded if for every x, yeX and aeA there exists
a constant Q=0 (, x, y)>0 such that px,, (x, ) <Q(a, x, y)<oo. The operator
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T:X—X is said to be ®-contractive if p,(Tx, Ty)S®,(pjq(x, y)) for every x,
yeX and aeA.

Theorem 1. [9] Let T: X—X be ®-contractive mapping and let x,eX be
a point such that p X, (xo, Txo)<Q (@ X, Txo)<o0 (k=0, 1,2,...). Then T has at
least one fixed point in X. If X is j-bounded, then the fixed point is unique.

2. A coincidence theorem

Let M be an arbitrary set and let F and G be mappings defined on M with
values in X. We shall prove the following

Theorem 2. Let us suppose:

1. F(M)=Range (F)cRange (G)=G (M) and G(M) is a sequentially complete
subspace of X; .

2. p,(Fx, Fy)S®,(pjx(Gx, Gy)) for all x, yeM, acA;

3. there exists x,€G (M) such that for every yeF (G~ x,) the following inequality
hOIdS pjt(a)(an y)éQ(ay xO, y)<w (k= 1’ 2’---)-

Then 1) there is at least one element X€ M such that FX = GX. Moreover, the
set of all solutions of the last equation is {xe M : Gx=GZX}; 2) If, in addition, X is
j-bounded and x, and y, satisfy the equation Fx=Gx, then Gx, =Gy, =Fx,=Fy;,.

Proof Let us put HZ%,=F(G '%, for %,eG(M) where G !X,
={xeM:Gx=X%,}. Since F(M)cG(M), we have HX,cG (M) for %,eG(M).

Let y, and y, be elements from HX,. Then there exists x,, x,€G™ ! %, for
which y,=Fx,, y,=Fx,. But for every a€A p,(yy, Yi)=p.(Fxy,
Fx) S®,(pjy (GXy, GX2))=®,(pja) (%o, X0))=0, that is, y, =y,. Therefore H is
one-valued.

If x, xeG(M) and yeG™'x, yeG~!x, then we obtain

pa(Hxa Hx_)=pa(FYs F;’)éma(pj(a)(cys GJ_?))=¢.(P;(¢)(X, x—))'
Consequently H is ®-contractive on G(M).

Since condition 3) implies p ., (2, Xo, Hxo)<Q<o0 (k=0, 1,...) in view of
Theorem 1 we conclude that there exists XeM such that X=HX. If x, is an
arbitrary chosen in G™!X, then we have Fx,=F(G™!X)=HX=X=Gx,.

Further on, for x, and y, satisfying the equation Fx=Gx we obtain for
every aeA

pc(le’ GY1)=P¢(F"1, FYI)§¢¢(pJ(¢)(le9 Gyl))
=@, (pja)(Fxy, Fy,))S ... é¢a(¢}(¢)(~~-¢j"(¢)(l’f+‘ @(Gxy, Gy,)...))
S0, (@j)(--- Py (Q(@, Gx,, Gy,))..))

From the last inequalities by n— oo we obtain p,(Gx,, Gy,)=0 for each xe A that
implies Gx, =Gy;,.

Let A be a uniform space and let (®A)={®,(t, 1):x€Ad, AeA} be
a two-parametric family of functions with properties: (PA1) @, (¢, A): R} x A—»R%
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is non-decreasing and continuous from the right in ¢ for fixed A and continuous in

A for fixed teR% ; (PA2) 0<®,(t, A) <t for all t>0 and AeA; (PA3) for every ac A

and AeA there exists a function ®,(t, ) =(®A) such that for =0 sup {®x,,(t,

2):k=0, 1,...}<®,(t, 1) and ®,(t, 1)/t is non-decreasing for any fixed AeA.
Let X be j-bounded. Then the following result is valid:

Theorem 3. Let F(x, 1), G(x, A): M x A= X be continuous in A. If: 1) F(M, 2)
={F(x, A):xeM}c{G(x, A):xeM}=G(M, 2) and G(M, A) is a sequentially
complete subspace of X for all AeA; 2) p,(F (x, 2), F(y, A))S®,(pja)(G(x, A), G(»,
A), 4) for all x, ye M, ae A and AeA; 3) the equation F (x, A)=G (x, A) has at most
one solution xe M ; 4) there exists x,€G (M, A) such that for every yeF (G~ ' x,, 4),
Pfw (X0, Y)SQ <00 (k=0, 1,...) for some Q>0. Then there is a unique function
x(j.); A—M such that F(x(A), A)=G(x(4), A) for every AeA.

Proof. Let A be an arbitrary fixed element from A. In view of Theorem 2,
there exists xe M such that F (X, ))=G (X, 4) and x is unique. Therefore, there is
a unique function x(4): A—M such that F(x(4), 1)=G(x(4), 4) for every AeA.

Remark 1. If in Theorem 3 we suppose, in addition, that ®,(t, 1) are
subadditive (cf. [10]), Ch. VII), then F(x(+), ) and G(x(+), *) are continuous.
Indeed, let 4, A,eA. Then we have for every acA

P=p,(G(x(2), 1), G(x(4o)s Ao))=p,(F(x(4), 4), F(x(4o), 40o))
2P (F(x(4), 4), F(x(Ao), )+p(F(x(4e), 4), F(x(4o), 4o)).

Choose a neighbourhood N of A, such that if AeN, then

€
pft(a) (F (x (10)9 )')9 F (x (10)9 )'0)) <—4'; )
€
p]*(a) (G (x (A’O)a A‘)’ G (x (10)9 10» <z; (k = 0: la 2’ ceey n)
where n (positive integer) is prescribed below. Then we obtain

PSp.(F(x(), D, F(x(lo) M+ SOuos(Gx(D, D, Gx(o) D), Do
S0, (P (G (D) ), Gx(ioh Ao)+ 4o (G (x(do), do) G(x(ioh ), A

SO oxa(F (D), D, Flx(), 2+ D+

SO, (oo (F (D), D, Fx(oh D)+ py(F(x Aok D, Fx(do), o)

+

+4—e,_,’ 1)+%§d’.(l’1(a)(F(X(l), 2), F(x(4o) ,1))+2%, 2)
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+ S SOy (- P~ (7 (G (x(A), ),
€ & e
G (x(4o), ), 1)'*'2:1;, A+ ... +24—';, ,1)+_4;.

Since p}) (G (4), 1), G(x(4o), )=Q(x G(x(4), 4), 4g)<co we can choose n, so
large that &2 (Q, }.)<§ for n=n, in view of lim &2(Q, 4)=0. Therefore P<®2(Q,

€ €
}.)+d>:(2n, A+ ... +an
F(x(+), *) and G (x(+), *).

Remark 2. &, (t, A)/t are assumed to be non-decreasing and conse-
quently — superadditive (cf. [8], Ch. VII). On the other hand, they are subadditive.
Therefore ®,(t,, A)+®,(t,, )=8,(t, +t,, 4), that is, O (t, )=k, (A).

for AeN which proves the continuity of the functions

3. Application 1

Let us consider the known Cauchy problem

(1) X@)=f¢ x@), t>to; x(tg)=Xo-
Let {t,}° o be a sequence with the properties: 1) t, <t; . ; 2) lim t,=00; 3) {t,}i%0
has not a finite limit point. o

Introduce a family of functions {p,()}i%0, Pi:[tx> tx+1)—(0, ) (k=0, 1,

2,...) for which: 1) p, (¢) is continuously differentiable on [t,, t;+,) and pi(£)>0is

. . _ t) _ _
non-decreasing; 2) there is a constant p,>0 such that ng '," (t)g Dx» Where

k
te(T,, tx+1) for some T,e(t,, tx+1) (k=0, 1,..); 3) limop,(t)=l and
t-’lh+

lim p,(f)=oc0 where we shall use the usual denotations ty+;—0 (t+1+0),
LAt 28 0
that is, t tends to t;., with values smaller than ¢,,, (larger than ¢, ).
Remark 3. Let us note that the singularities in a neighbourhood of ¢, can
be of arbitrary order including non-integrable ones.

@

By M we shall denote the set of all continuous functions x(f): U [z,
k=0
te+1)—R!=(—o00, o) satisfying conditions:

x(t) . x(t)

= 1
t=tp 410 p,‘(t) t=tp 4 1 +0 pk+1(t)
Roughly speaking, (M1) implies that every function from M turns into
a continuous function on [t,, oo) after a division by Pe(®) on [t txsq)

k=0, 1, 2,..).
The function x(t)eM is called a generalized solution of (1) if the limits

(M1) (k=0, 1,...).
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t
X+ [ f(s, x(s)ds
Xk+1= lim L (k=0, 1, 2,..) exist and x(t) satisfies the
=410 . P (?)
equation x(t)=x,+ | f(s, x(s))ds on [t,, tys,).
"k
Theorem 4. Let us suppose:

t
x.+ | f(s, 0)ds
4.1 f(t, u): v [t,‘, t,‘,;,)xR‘—»R1 is continuous and lim —%——
k=0 12410 p(t)
exists; | f(t, uy—f(t, @)|SL(t)|lu—i| for every u, ueR', where Lipschitz function

L(@): U [t tx+1)—(0, o©) is continuous and lim LOp©
k=0 a0 PR

T L,<1 (m=0, 1, 2,...), where

k=0

exists such that

L, =sup { IL(s)p,,(s)ds telty, tirq)} (k=0, 1,..);

k()
4.2 there exist the limits f* (t)= lim f(t 4 and lim f(t 4 =f" (t). Besides f* (t)

u—> u—* a0
o

and f~ (t) are continuous on U [t, tyy,) 4.3 there exist
k=0

llm f+ (t) D (t) l: , l im f (t) Dx (t)

’ ’ =I e
=t - Pk (t) - Dk (2) *
Then there is a unique generalized solution x(t)eM of (1) -
Proof. Define on M the mappings

( (t)[xo+ [ fGs, x(s))ds] telt,, t,)

(t)[xl'*'ff(s, x(s))ds] telt,, t;)

(Fx)(t) = J ————————————————

Y (t)[x,‘+ | fGs, x(s))ds] telty, trvy)
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@) where x;4;= lim 50 I:xg + I S(s, x(s) ds]
t=t; 4 ,-0 Pk

and (Gx)(t)=%, telty, tery)s (=0, 1,..)).

It is quite obvious that G maps M into C[t,, co)—linear space consisting of all
continuous functions f:[t,, c0)—R! with a topology of uniform convergence on

the compact subsets of [t,, o).
First we shall show that limits (2) exist and FxeC|t,, o).

If @, (t)=x,‘+j' f(s, x(s))ds is bounded on [t,, ty+;), then
%
X+ § f(s, x(s))ds

b =0 since lim p,(t)=o0
=410

lim
t=1,1-0 pk(t)

That is why, we shall consider the case lim j f(s, x(s))ds=oco. We observe
=170 g

lim . pi(t)= co since p;(t) is monotone and theretore p, (t) — p, (t) =Pr () (t—1,)
l‘-'t
< p: (lt) (t—t,). Then by the well-known I'Hospitale rule we look for the limit
(x (t)e M)
x ()
St, —= (D) i () x(t)

. S, x(t) . Pi(?)
li e N
dm T im0 T ROR®
pi(®)
(t)
Denote by u,(t)= x® pi(t). Since lim X0 eyists  we  obtain
: h(t) t=tp+,-0 Px(®)
H‘hm_0 u, (t)=o00
HWe shall show that
: S, u, (@) pi(t)
3 1 EA e A L8 o A L
® r*ml:l:—o u () p() h
Indeed
f(t’ uk (t)) pk_(t) _I+ f(t uk(t)) pk(t) f+( )pk(t)
w@® p@® * || w® PO pi (1)
+ I_’k(_t)_ + f(t uk(t»_ + + pt(t) + .
H T OuG SR T O+ Ok
The case _‘[ f(s, x(s))ds=—oo0 can be treated analogously. Therefore

""t+ 1-

limit (2) exists for every k=0, 1, 2,.
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On the other hand, f(s, x(s)) is locally integrable on every [tx+,, ) and then
. t
Xp+1+ I Sf(s, x(s))ds

lim bt =x;+:. Consequently (Fx)(t) is continuous on
1=t 41 +0 Pr+1(0)
[to, ).

We shall show that F and G satlsfy condition 2 of Theorem 2. A saturated
family of pseudometrics for C|[to, 00) is {|| X ||} xe 4 Where | x|l x=sup {|x(?)|: teK}
and A being an index set, consisting of all compact subsets of [t,, c0). We observe
that every compact K can intersect at most finite number of the elements of the
faml]y [tos t1), [ty, t2)s- -5 [tas tn+1), ... for instance [t'l, s, +1)seees [t:,- 5+ 1) so that

Kc U ., ,‘“) Then we define a mapping j in the following way: j(K)=[t,,,

t, +1], J 2(K)=... =]"(K)=j(K).
For every x, XxeM and te[t, s ,t“] we have:

(FDO-EFEDO__1

2® PO,

< LOP,0)ds 1()
s, Py

=L, | Gx—G% ||y = z L, || Gx—G% | xn-
i=1

I L@e)|x()— X(S)Ids

I Gx Gx ||[: +11

Taking the supremum in te[t,, t,iﬂ] we obtain

| Fx—Fx| < 2 L, |Gx—Gx| yx)-
U [‘-,r -,4»1];? i=1
i=1

The last inequality is valid for i=1, 2,...,l. Therefore

I
| Fx—F%l,< £ L, I Gx—G% -

i=1

l 1
But K< UMt fty+i] and then |Fx—Flxs T L, |Gx—G% . The

i=1
t

1
supremum L, exists because the function )j' L(s)p,(s)ds is continuous on [t,,

Pt
ty+1] since the following limit exists
L(®)p: (1)
L(s)p, (s)ds— sk,
P o.{ s = o T B

Since I depends on the compact K we introduce the denotation L(K)= Z'. E,‘
i=1
Then in our case (®)={®,(y)=L(K)y:K<[ty, )} ;
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In order to apply Theorem 2 we must find an element x,eG (M) for which
condition 3) is satisfied. Let us choose x, (1)=0 for te[t,, o). Then (G~ ! x,)(1)=0
and

(t)[xo+jf(s O)ds] telty, ty)

ll(t)[x1+jf(s O)ds] teflt,, t;)

(Fxo)(t)%J ———————————————
l(t)[xk+jf(s O)ds] telty, tiv1)

e

where x; 4 4 T_"klim o Pt )I:x,,+j f(s, 0)ds | exists in view of condition 4.1 of the
+1.0 Px

present theorem. Obvnously FxoeC[to, o) and therefore | xo—Fxg | g, <0
(n 0, 1, 2,...). (®3) is also satisfied, because j*(K)=j(K) (n=1, 2, 3,...) and
O, ()= d>jn x)(y) L(K)y. Finally, C[t,, o0) is j-bounded. Indeed, for arbltrary X,

xeClty, © Swe have | x— xll,n(x,—max{llx Xllgs Ix— xlljm}<oo n=1, 2,..)).
Consequently, there is a unique XeM such that FX=GZ, that is, the Cauchy
problem has a generalized solution.

Theorem 4 is thus proved.

In what follows we shall investigate a continuous dependence on the initial
date of the generalized solution of (1).

Let us choose A=R!.

Theorem 5. Let conditions of Theorem 4 be satisfied. Then: 5.1) Cauchy
problem (1) has for every initial condition x,=A only one solution x(A)eM with
x(A) (to)=x0; 5.2) if A, =A@ where AW, A@eA, then lim x(A®)(1)=x(A®)(r)

k-

1{mi}formly on every compact K which does not contain the points of the sequence
Lfk=o-

Proof. For every 1 we apply Theorem 4 for F(x, 4) and G(x, 4). So we
obtain an existence of a unique function x(1); A—M such that F(x(4),
A)=G(x(4), A) for AeA.

Let A™ A in A as m—oo and let K be a compact for which t,eK (k=0, 1,

...). Let K be intersected with the sets [t, s b+ 1) [ty L, w1t v y)- Then
we have

|x(A™) (8) — x(A?) (t)
Pi(2)

I X(A™) = x(A?) || g= max Sup{
is}
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1
:teKnlt,, t,‘+,)}§ max sup {-——:teKn[t,‘, Lt ,)}I)."'"—).‘ml
) ke(iy,....is} P ()

+ T L, [ 6A™)—x(1®) 5.
k=1

Therefore
1 1
| x(A™) — x(A®) | g =———— max sup{ :teKnlty, tes l)} | A _ 1)
1— 3 L. kelitenig P (t)
k=1 **
and

| x(A™) — x(A®) || ,—0 as m— oo, which completes the proof of Theorem 5.
Example 1. Let us choose the sequence {t,}i%o={k}o and a family of

1= —cxp 1} telk, k+1) (k=0, 1, 2,...). Obviously

both sequences possess properties 1)— 3). Let us consider a Cauchy problem with
the following right-hand side

functions p, (t)=exp [exp

e i N PP
W= AT 1—0? 2w+ 1)

Since all conditions of Theorem 4 are fullfiled, then there exists a unique
generalized solution satisfying the estimate:

telk, k+1); ¢, =const>0.

1
< - -
1x(©)= Ay explexp——— —exp 1), te&(Ty, k+1)

; 1 ;
where A4, >0, T, > k are constants. It is known that the function expr— provides
an example of a distribution of infinite order (cf. [1]). Here the generalized solution

has a local growth faster than exp sy

4. Application 2

Here we shall obtain an existence-uniqueness result for the Cauchy problem
in a Banach space:

@) X @O)=ft, x(1)), t>ty; x(to)=Xo

where the unknown function x(t) takes values in some Banach space B with
a norm || « || ;. The derivative is in the strong sense. In order to formulate explicite
sufficient conditions we shall assume Banach space separable. It is known (cf. [12])
that every separable Banach space possesses an equivalent norm with respect to
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which it is locally uniformly convex. We shall denote by || - || namely this norm.
In a such space an existence of the limits || x,[|z—= || X|l55 {Xxs /D> =<, f) implies
| x,— x|l ,n_—.:oO.

Let MB be the set of all strongly continuous functions x(2): ) [t,, tx+1)—B
k=0

satisfying conditions

(MB1) fim 2O fm 0 k=0, 1, 2,..).

t=ty 4, ~0 P x(t) 1+t 4, +0 Pe+1(0)
The limits are in the strong sense. One can introduce a notion “generalized
solution” as in Application 1, replacing the usual integral by Bochner integral.
Theorem 6. Let the following conditions hold:

6.1) f(t, w): | [tx, tx+1) x B—B is. strongly continuous and
k=0

X+ § (s, 0)ds
lim —%———— exists; || f(t, W—f(t, D)=L lu—il,

t=tp .10 pk(t)

for every u, i€ B, where Lipschitz function L(t): U [tx> tx+1)—(0, 00) is continuous

and lim L(t)p"()extsts such that 2‘. L,<1 (m=0, 1, 2,...) where

"‘fk+l-o k( )

E,=sup{ph(t){L(s)p,(s)ds:te[t,‘, t.“)} k=0, 1, 2,...);
6. 2) there exists the limit '
g j;l(t ":)—f ®(t) and f*(t) is continuous on 'Ljo [ty, tx+1) in the strong sense.
6.3) there exist the limits (in the norm topology)
lim () O_ k=0, 1,2,..)

gy 2 (0

Then there is a um'que solution of (4), belonging to MB.
Proof. Let us define on the set MB the mappings F and G by the formula as
in the proof of Theorem 4. It is easy to verify that G maps MB into C([to, oo)' B).

In order to establish an existence of the limit lim x,‘+f fGs,

1 4 -.‘k"' —0 k(t)
x (s))ds | we shall note that f(t, x(t)) is strongly measurable (because it is strongly

continuous) for every x(t) on [¢;, t] (t, <t <t;+1). Consequently, the existence of
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4 If(s, x(s))lds is necessary and sufficient condition for an

integrability of S(+, x()) on [t,, t] (cf. [8]). Then we obtain (where u,(t)= x(()) P ()
I/ . @)ls P (t) |

lu,®llz Pi(2) e

1720122 ~ 141,

the integral

"f(t’ uk (t)) "D pk (t) fm( )w
lu@lz  Pe(® Pi(t)

16, 4 @)ls _
lu (®)1l 5 =If@ls

k

e o028,

which in view of the inequality

Ixlls+ § 1fGs, x(s)ll5ds

I

=D — 11l

: 1 '
lim fis (t)[ x.+]f(s, ]“" hlls-
Lt T

Let B* be the conjugate space of B If x* is an arbitrary functional from B*,
then

xu+j'f(s, x(S))dsna—II hlls|=

lp ®

implies (as in the proof of Theorem 4)

0 p,(t)<"'*‘“I £6, x(s)ds, x*>=Cly, x*>

because of the inequalities
j(f(t’ Uy (t))’ x‘> DPx (t)
lu@ls P

—<rea, xy 2,

x*> ()
llux (@)l 5 pi ()

l(f‘” @, x>2O_ o

—dy x*|s

P (1) A0)
By GNP N P N Y
Tl O, 1" I+ | O = k] 1=*1s.

Since B is separable we can apply the extension of Rlesz-Radon theorem and
conclude that

lim

0 [x,‘+j' fGs, x(s))ds] I, exists in a strong sense (cf. [10], p. 328);
Und N -0 Px

Further on, the proof is analogous to the one of Theorem 4. -
If we take A=B, then
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Theorem 7. Let conditions of Theorem 6 be satisfied. Then:7.1) Cauchy
problem (4) has for every x,= A€ B only one solution x(2) (t)e M B with x(4) (to)=x,;
72) if A™ —— 2@, then Lim x(A™)(t)=x(A?)(t) uniformly on every compact

K which does not contain points of the sequence {t;}i-o.
Theorem 7 can be proved as Theorem 5.

5. Application 3

We shall obtain an existence and uniqueness of a generalized solution of the
Goursat problem

(5) *u(x, ¥)

3 =f(x, y, u(x, y)), (x, y)eR? u(x, 0)=¢(x), xeR%;
x 0y

u(0, y)=y(»), yeR%

R% ={(x, y)eR?:x>0, y>0}, R% ={(x, y)eR?*:x=0, y=0}

R% ={x, y)eR?:x=0, y=0}; ¢(x), Y(y) are prescribed functions, bounded and
continuous together with their first derivatives.

Let {(x;, y)}o be a sequence of points in R? with the properties: 1)
X <Xp+1> Ve<Ve+1 (k=0, 1,..), xo=yo=0; 2) "li.rtlox,‘:oo Efl;y"=°°§ 3) {(xss

where

Yo}i=o has not a finite limit point.

Introduce the denotations: Qo =R%(JR%, 0, =0:.JC1y>---» =0
UQnys--., where Qi.={(x, y)eR*:x2x;, y=y1}, @1,={(x, y)eER?:x=x,,
yg.V1}"°'9an={(xa Y)ERZ:ngm y=yn}9 Qny={(xa Y)ERz:x=x.,
Y2Vheon; O ={(x, Y)ER?: x>x; 1 and ys—; <y <y} UJ{(x, YER? : xp—1 <x<X;
and y>yi-1}, Q3=Qk—1UQk-

Let on Q,, (resp., on Q,,) be given sequence of points {A}:Zo (resp.,
{Bys}s>o) with the properties: )

1) Ais<Ags+1(Bis<Bis+1), Aro=Xx, Bro=Yyi; 2)lim Ay,=c0 (’hm By, = 0); 3)
S —+ o

{Ai}Z0 and {B,}2o have not a finite limit point for every k=1, 2, 3,... .
Let {p,(x, y)}i%o0 be a family of functions p,(x, y): el O,\Us%o {Ass, Bps}—
(0, o) with the properties:1) p,(x, y) is twice continuously differentiable
lim  pey(x, )= (s=0, 1,2,...;k=1,2,3,..) lim Pe-1(x,))=1

(x D=4, (r:m B) (x.y)—*(x, »

(x.9)e Q) (x,y)e 6g _
for every (%, y)€Qi-y (k=1, 2, 3,..) and  lim _ Px-1(% y)<oo for (%,
(x.9) (% » ¥g) .
(x.y)e 6,,

J)# Axss Bis (=0, 1, 2,... ; k=1, 2, 3,..).
2) there <exists a constant p,>0 such that
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%py_ 4 (x,
0<pi_y(x, yy LRt Y
) 6;c dy
0%pr—1(x, 0°pr—1(x,
3) Pka 1;3‘ }’)= Pka la(x y) and lim
XEY Fox (x-Y)-vA’u(rup.Bb)
By MG we shall denote the set of all functions

Spx-1 where (x, y)ecl Qk

*p_1(x, y)
—"a;a—y—y=oo, x, y)ed,.

w(x, y):clRi\ U {Axs1, Bi+1s)—R!

k,s=0
satisfying the conditions
(MG1) im 2B gy )
(x))+A, (resp. B, ) Px-1(x, y) (x.p)-4, (resp. B, ) pi(x, )
g, xed,
(k=1, 2, 3,..).

and the restrictions of w/p, on Q, are continuously differentiable and bounded

with their first derivative.
The function w(x, y)e MG is said to be a generalized solution of (5) if the

following limit exists

x ¥y
Wi+ 1(X, y)= lim [Wk(xa W+ [ flu, v, wu, v))du dv]
x,9)—(%,5) pk(xa y) £
(x.y)eQ" 1’ (i'mnl

k=0, 1, 2,..)

and the function w, . ,(x, y) defined on Q, ., by the above equality is continuously
differentiable and bounded together with its first derivative (on Q, 4, . this is the
partial derivative in x, while on Q. ,—the partial derivative in y) and w(x, y)
satisfies the equation

wix, )=wiles N+ § | S, v, wiw, D)dudo, (x, »efors k=0, 1, 2,..)
*x Yk

where w, (x, )= @, (X) + ¥, () — @4 (x3), @1 (x) =¥ (V1) @0 (X)=0 (x), Yo(»)=V ().
Further on, we shall need the following

Lemma 1. Let the functions ®(x, y), ¥ (x, y)#0 be defined and continuous on

an open neighbourhood D of the point (a, b)eD = R2. Suppose that: 1) lim , D(x,
(x,y)—*(a,b)

y)=c, lim W(x,y)=c0;2)there exist partial derivatives ®,, ®,, ¥, ¥,, ,,,
(x,y)—*(a,b)
®,., ¥,,, ¥,. and the second partial derivatives are continuous. Besides ¥,,#0

in D; 3) there exists the limit

: D,,(x, y) s D(x, y)
lim 22" -—=K. Then lim ——=K
@n~@b Vyy(x, y) @n~@b ¥(x, y)
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Proof. In view of the condition 3) for every ¢>0 there exist £>0 and n>0
such that for every (x, y)eA={(x, y)eR*:a—¢<x<a and b—n<y<b} the
following inequality holds
[@oe ) _ 7 ® _ where P is defined below. The cases A,={(x

. Lo ’
¥y (x, ¥) 2(1+P)
yeR*:a<x<a+¢&, b<y<b+n}, A,={(x, y)eR*:a<x<a+¢{, b—n<y<b},
Ay;={(x, y)eR*:a—¢<x<a, b<y<b+n} can be treated similarly.
For every (x, y)eA we have

(@, Y)—O(x, b—n)—®@—¢, y)+P@—¢, b—n)/¢n) _Pxy(a—06,¢, b—0,n)
¥(x, y)—¥(x, b—n)—¥(@—¢, y)+¥(@—¢, b—n)/(ln) ¥ (a—05¢, b—0,n)

where 0<0,<1 (i=1, 2,...,4) and therefore a—¢<a—0;{<a, b—n<b—0On<b
(s=1, 3; I=2, 4). So we obtain

|®(x, y)—P(x, b—n)—D(a—¢&, n)+DP@@—¢&, b—n)

e

[P(x, »—Fx, b—n—F@—¢ m+¥a@—s, b—n)'K|<2(1+P)'
It is easy to verify the following equality:
O(x, y) _ =[¢(x, N=0x, b—n)—-®@—¢, N+P@a—¢ b—n) _ K]
¥(x, ) ¥(x, y)—¥(x, b—n)—¥(@—¢, y)+¥@—¢& b—n)
-[1 L ¥ b—n)—¥@—¢, )+¥a@=¢, b—n)] ®(x, b—n)
¥(x, ) ¥(x, )
+®@—¢, y)—®@—¢ b—n)—K¥(x, b—n)—K¥(@—¢ y)—K¥@—¢ b—n)
¥(x, )

which implies

O(x, y) _ I |26 N—®x, b—n)—P@—¢, M+P@—¢, b—n)
¥(x, ») |T[¥x -, b—n)—F¥@—& n+¥@—¢, b—n)

—K|[1+P(x, N+0(x, y),

¥Y(x, b—n)+¥(@—¢, y)+¥(@—¢ b—n)
¥(x, y)
o(x,y)=
O(x,b—n)+Da—¢,y)—Na—¢,b—n)— K[¥(x,b—n)+W¥(@a—¢,y)—Y(@—¢,b—n)
¥(x, y)

where P(x, y)=

Since P(x, y) is continuous on cl/A, then there exists a constant P>0 such that

0=<P(x, y)S P for every (x, y)eclA. On the other hand, lim R ¥(x, y)=o00 and
(x,y)—*(a,d)

the numerator of Q(x, y) is bounded, that is, 0 < Q(x, y) < (0. Consequently, we can
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find ,>0 and 6,>0 (assuming &, <¢, 6, <n) such that Q(x, y)<§ for every

(x, Y)=B={(x, y)eR*:a—8,<x<a and b—5, <y<b}. Therefore for (x, y)eclA
we have

|(D(x, y) _ e . &
|q’(x, y) K §2(l+i)(l'r P\+2 =3

which proves Lemma 1.

Theorem 8. Let us assume:
8.1) f(x, y, w):el R% \UP=0{Ax+1.s Bi+1.s}xR'=>R' is continuous and

x Yy
wi(x, Y+ [ [ fu, v, 0)dudv
lim Xk Yk exist k=0’ 1, 2,_”; X, Y, W
RS pe(%, ) ( ); 1f(x, y, w)
(x)eQp 4 1+ (FNe Q4 4
—f(%, , WISL(x, y)|w—w| for every w, WeR", where Lipschitz function
L(x, y):clR3\UZ =0 {Ak+1,5> Br+1.}—(0, o) is continuous and

. L(x, y)pi(x, ¥)
lim —_—
(x,9)=*(%.5) 0* Pi(x, ¥)
(x,y)e 6; +1 0x 6y

Jor (X, Y)=Ax+1,s Or Bysy,s

exist such that £p-, L, <1 (m=1, 2,...) where

.

5 ) | L om Ddudo:(s, 9edie)
2 Xk Yk

I:,,=sup{

S(x, uy, “), f(x,y)= lim ﬂL’uyLi)are continuous

8.2 functions f* (x, y)=lim
on cl R?I-\U:.’i=0{'4k+l.sa Bk-f-l.s}'
8.3 functions o; (x), ¥i (), @i (X), Yx (v) are continuously differentiable and

bounded together with their first derivatives where

lim LG DRl Y) ={¢i‘ (®), XZx, F=¥
x.y) (%, azl’k(x: y) 'ﬂ:(;’)a X=X, Y2 W
xe Qg1 0x 6y

i £~ (x, Y)pu(x, ¥) _{fp{ (%), XZx, =y

m 3 = _ = - s
en—~En 02 p(x, y) e (9), X=Xy, Y2 W

(x.y)e 614» 1 0x 6y
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Then there exists a generalized solution w(x, y)e MG of (5).
Proof. Let us first define on MG the mappings

1 x y
Po(x, y)[w°(x’ -V)+£ .gf(u’ v, w(u, v))dudv], (x, e,
Ee, pmd 1 F o et T T T
Pt(l )I:w,‘(x, }’)+I If(u’ v’ w(u, v))d“dv] (x, €0y 4y

*k Yk

where

wi(x, y)+? ff(u, v, w(u, v))dudv]

lim g [
x. ) (%7€ Qp 4 1.5 Y)E Q) + 4 pk(x’ Y) xp Yk

and (Gw)(x, y)= ((y))

MG into C(R3), consxstmg of all continuos function f: R3 —R* with a topology of
uniform convergence on the compact subsets of cle
We shall show that limits (6) exist and FweC(R%). Indeed if the function

Y, (x, y)=w(x, y)+_[ jf(u, v, w(u, v))dudv is bounded on ¢/ Qy.,, then

*k Yk

Wit (X, §)=

, (x, )€Q, (k=0, 1,...). It is easy to verify that G maps

lim —*("—’1)—0 since lim p(x, y)=00. We
ENEN=(Ag 4 1.9 Bgs 1,9 ENeByrq Pr(Xs V) == ED
shall consider the case lim . _  W,(x, y)=00. The case —co can be

X L. (x,9) = (X,5), (x.9)€ @ 4 1
treated in a similar way.
Using Lemma 1, we have

2 \Pk(x! y)_ : f(x9 Y w(x, }’))
fim P 3 7 g%, 9)
(x,y)— or (x,y)— ’ x4 S i
G Ay O en=B, ) =M+ 1 ——3_::?
wix, y).
X, Y, X,
i 16 % o 6 9) nx ») Rt ) px, y) W)
¢ m 3 P
X p) > Ag 4 105 w(x, J’). ( ) 9% p(x, ¥) % (%, Y)
p(x, y) 0x dy
w(x, y) . w(x, y) .
Denote by z,(x, X, Since lim ——— exists, then
y k( y) pk(x, y) pk( Y) (xy)-'Ak.,.l, k( X )

lim z,(x, y)=o0. Let the coordinates of A;4y, be (X, ¥), where xe,,
(x,y)— A4 s
y= y,‘ktlghen the inequalities
S5y, z(x, y) . Pl Y) +
. —of (x
2® ) Paln g *
Ox dy
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Sy, 2%, y). (x5 y)

< —_f+ pk(x’ y) )
T am oy nmn T O Vap, )
0x dy 0x dy
f+(x9 )’)Pk(x: }’)_ + —_= f(xa y’ zk(x’ .V))_ +
+ p.x, 7) ok () =P R Sr(x, y)l
0x 0y
AECD)) N CA ) NN I
+ %, 9) @x (x)| imply
0x oy
. f(x’ .V, zk(x’ ,V)). pk(xa y) — ot
(xvyl)l'{r(lf-;) zk(xa .V) azpk(x) y)_‘pk (x).
0x dy

Condition 8.3 of Theorem 8 implies that ¢, (x) (defined on the ray x=x,, y=y,) is
continuously differentiable and bounded together with its first derivative. When
£=x,, 7=y, we replace ¢; (¥) by ¥ () in the above inequalities and obtain the
same conclusion concerning ¥ (y) on x=Xx,, y=,.

It is known that the set C(R%) consisting of all continuous functions w(x,
y): el R% — R is a locally convex topological vector space with a saturated family
of seminorms ||w| g=sup {Iw(x, y)|:(x, )€K}, where K runs over all compact
subsets of c/R3. :

Every compact K can intersect only finite number elements of the family @, ,
0,,...,Q0,,..., for instance @, ,...,0, and finite number of points Ax+y.,
Bk+1’, So that KCU5=ICIQSI' i .

Let us define a mapping j; A—A in the following way j(K)=K, where
R=n{P:P>K}, PcclR? P is a rectangle with two sides lying on the
coordinate exis. Fuither on, we define j2(K)=j(K),...,/"(K)=j(K),... .

For every w, weMG we have for (x, y)eKnelQ, :

1 . 1
P, (%, ¥)7 Py (x5 Y)

i T L 0w, —ww, o) dudo

Xg Y.
5%

I(Fw)(x, y)—(FW)(x, y)l

x y i ( dud I Gw—GW“EMé"
=< 5 .. (4, v)dudv :
‘x{ ,{ G )Pt ) p;, (%> ¥)

i %

1 :
éE,, IGw—Gw| = £ ,E,‘ | Gw—Gw |l jx)
i=1 :

Taking the supremum on Rnel Q,i we obtain
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I I
| Fw—F#llnag S E Ly IGw—GWlljm. But U (Rnel@,)=R=j(K)

i=1 i=1

The last inequality is valid for every i=1, 2,...,l. Therefore | Fw —Fw | yx,
<Zi-1 L, IGw—GWlk. But Kcj(K). Consequently, || Fw—Fw|,

<z, E,‘ | Gw—GW || k). The supremum

1 x y
L,=sup {p.(x, y)[wk(x, M+ [ [ L, vy, v)dudv]z(x, y)ele;}

*k Yk

x y
is finite, because the limit limﬁ[w,(x, W+ | | L(u, v)p,(u, v)du dv] exists.
ks Xk Yk
Further on, (x, y)—(%, )€Qx+1, (x, y)€0i+1 the proof can be accomplished as the
one of Theorem 4.
Let us choose A to be a linear space of all continuously differentiable
functions w(x, y); @, —R* bounded together with its first partial derivatives. The

. 0 b}
norm is || w ||, =sup {|w(x, y)I: (x, y)€Qo} +sup % :x€[0, ), y=0 +sup{%|
:x=0, ye[0, oo)}.

Theorem 9. Let the conditons of Theorem 8 be satisfied. Then: 9.1) Goursat
problem (5) has for every wy(x, y)eé A at most one solution w(2)(x, y)e MG with an
initial condition wy(x, y). 9.2) if A® k—+l‘°’, then lim w(A®)(x, y)=w(A?)(x, y)

- k-

uniformly on every compact K which does not contain Ayii.s, Bi+i.s-
The proof is analogous to the one of Theorem 7.
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