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On the Existence of Solutions of Differential
Inclusions in Uniformly Convex Banach Space

Tzanko Donchev*, Radostin Ivanov**

Presented by P. Kenderov

__ This paper deals with the existence of solutions of multivalued differential equations and
differential inclusions with delay in uniformly convex Banach spaces. These questions were studied
under additional compactness type hypotheses in the existing literature. Here we replace the
compactness assumptions with one side Lipshitz condition on the right-hand side. The corresponding
approach for the ordinary and functional differential equations is well known. We use the results of
V. Lakshmikantham et al [7], [8)

1. Introduction

In the present paper we consider the multivalued Cauchy problem
1) X ()eF(t, x(t), x(0)=x, for tel:=[0, 1]

in Banach space X, where F (¢, x) = X is demiupper semicontinuous and x, is the
initial position. .

In the literature concerning the differential inclusions, the majority of existed
theorems are obtained under some additional hypothesis of compactness type for
F ([1], [3)), when X is furnished with strong topology. In this case F(+, ) is in fact
upper semicontinuous. As shown in\ [2], [7], there are existed results when X is
reflexive and furnished with weak topology. Another type of conditions are when
F(t, *) is required to be a Lipschitz function ([1], [4]) or the closed convex hull
co F(t, x) should have a nonempty interior (and F(-, °) is continuous).

The aim of this work is to prove the existence of solutions of the equation (1)
under the hypothesis of one-sided Lipschitz conditions for the right-hand side ([5],
[6)). The difficulty which arises, is connected with the fact that F is multivalued in
an infinite dimensional space. To overcome this difficulty one should carefully
adapt the methods and assumptions presented in ([5], [6]) for ordinary differential
equations. We consider that our results are actually new only when the space X is
infinite dimensional. Afterwards we prove the existence of a viable solution in the
autonomous case (theorem 2).
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We show that the tools available for the study of an ordinary differential
inclusion (1) are useful in the case of the differential inclusions with delay (the
functional inclusions)

) % ()eF(t, x,), x(s)=Dy(s), —1<s=0, tel,

where x, :[—17, 0] = X, x,(s)=x(s—1), t=0 is fixed.

The paper consists of four sections (with the introduction). Notations and
definitions are contained in section2, where we also establish some auxiliary
results. In section 3 we prove the existence of solutions of the differential inclusion
(1). The result for the differential inclusion with delay (2) is proved in the last
section. '

" 2. Notations and definitions

Throughout the paper X denotes a Banach space and X* denotes its dual
space. We let CI(X) be the space of nonempty, closed, convex and bounded subsets
of X. For AeCIl(X) we set |A] := max|a| (the norm of A), d(x, A) := min|x —a|

ac A ac A
(coordinate function of 4) and o (x*, a) := max {x*, A) (support function of A),

A
where (-, *) is the pairing between X and ﬁ‘. The Hausdorff distance between
the sets A and B is

h(A, B) :=max {maxd(b, A), maxd(a, B)}.
be B ae A
For the functional inclusion (2) we suppose that >0 is a given positive
number, X, :=C([—1, 0], X) denotes the space of continuous functions with the
‘norm, given by |®,| := max |®,(s)]. If xe X, then for any te] we let x,€ X, be
—-rSsS50
defined by x,(s) :=x(t+5), se[—7, 0} We set I :=[0, 1] and S :={xeX] |x|S1]}.
Also C(X, Y) is the space of all continuous functions from X to Y.
The derivative % (-) of the function x(?):I—-X is given by x(¢):
. x(t+h)—x(t) ’
k—O0

Definition 1. The multivalued function F : M — CI(X) (multifunction) is said
tobe upper semicontinuous (USC)(lower semicontinuous (LSQC))
in a point meM, when for every &>0 there exists &(g), such that
F(m)+e&S o F(m') (F(m) < F(m')+¢S) for every m’ with p (m,m')<d (¢). Here M is
a metric space with metric p (- +). The multifunction F () is called demiUSC
when the support function o (e*, F(+)) is upper semicontinuous as a real single
valued function for every e* € E*, i.e. lim supo(e*, F(y))<o(e*, F(x)). Obviously

y—x
every USC function is demiUSC also, but the inverse does not necessarily holds.

when the limit, of course, exists.
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Definition 2. The dual mapping J:X — CI(X*) is defined by
J(x) :={x*eX*|<{x* x)=|xI, |x*|=|x]}. .

If X* is uniformly convex, one has that J(-) is single valued and uniformly
continuous on every bounded subset of X (see [6]).

When m(-) is a real valued function we let

D_m(z) := lim inf%:"(t)

[ Snd 4 5

(the left Dini derivative).

Also recall that g :1xR* — R is called Kamke function if it is continuous
with g(t, 0)=0 and the unique solution of the scalar differential equation:

s({t)=g(t s(®), s(0)=0 is s(t)=0.
It is well known that for small ¢ the maximal solution s,() of
3) §()=g@ s@)+e sO)=pu=e
exists on the whole interval I, and moreover s,(-) = 0 uniformly as ¢ — 0.
Definition 3. The absolutely continuous function x :I — X is said to be the

weak solution of the differential inclusion (1) or (2), when for every ¥ € X* the next
condition holds:

a) %{tﬁ, x(@)) oW, F(t, x(), x(0)=x, for the inclusion (1).

b) =¥ x@>SoWs F(6 X)) %=, for the inclusion (2

Every weak solution, which satisfies (1) (or (2)) for a.e. te I will be called a strong
solution of (1) (or (2)).

3. Existence theorems in ordinary differential inclusion case

In this section we examine the nonemptiness of the solution set of the
differential inclusion (1). We take the following assumptions:

H1. F :I1x X — CI(X) is such that F(, x) is LSC for all xe X and maps
bounded sets into' bounded.

We will use the fact that X* is uniformly convex in the following
assumptions. _

H2. For every xe X o(J(x), F(t, x))Sw(t, |x])|x|, where weC(IxR*, R")
and the scalar differential equation

$(@®=w(, s@), sO)=|x,|

has a maximal solution on the whole interval I.

As in the proof of the proposition 1, one can show that the maximal solution
of § ()=w(t, s(t))+e s(0)=|x,| exists on the whole I for small &>0.

H3. There exists a Kamke function g(-, *) for which
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c(J(x—y), F(t, x))—cJ(x—y), F(t, Y)=g(t, Ix—=yD)Ix—yl.

H4. For every tel the function F(t, ) is demiUSC.
H4'. For every tel the function f(¢, *) is USC.

Lemma 1. Under the assumptions H1 every weak solution of (1) is a Lipschitz
Junction and hence a.e. differentiable in I.

Proof. Let x(+) be a weak solution, defined on the interval [0, T]. If
t>se[0, T] then

£ IEO-x6), () SoUEO-x(6) F(s x@).

Since x is continuous, one has that it is bounded on every subinterval [0, ¢] for
t<T. Let M= max|x(t). Using H1 one can show the existence of a constant N

such that |F (t,‘eaglngN for all tel, |x|<M. Hence
o(J(x(®)—x(s), F(r, x(r)))So(J(x(s)—y(s), N.S)SN.|x(t)—x(s)l.

Integrating one obtains |x (£) — x (s)|> < N |x (t) — x (s)| [t —s]. That is x () is Lipschitz
function with constant N. From proposition 1 of {6, p. 100] we know that x(*) is
a.e. differentiable. The proof is complete. B

Let x(-) be absolutely continuous function with d(x (¢), graph F(t,x))<e.
When |x(t)] # O the following inequality holds:

—'I 0= |_(?)-|<J(x ®), x (@)= m a(-’(x(t), x ().

d
Using the definition 3 and the assumption H2 one obtains a-t-lx OISw(t, |Ix@))+¢

for almost all ¢ such that |x(t)] # 0. The last inequality implies that |x ()] <s(z),
where

s$@)=w(, s@t)+e s0)=|x,l.
Let M be as above. Define a new vector field as follows
F(t, x if [x|SM
F(t,x):={ ( )x .II
F(t, l—l') if |x]=M.

Let x be a weak solution of (1), then Ix( NecSM,ie F(t, x)=F (t, x). Thus x is
also a weak solution of

) X (t)e F (t, x(), x(0)=x,.

Hence the solution sets of (1) and (4) coincide. In view of H1 without loss of
generality one can suppose that |F(¢, x)|SN for all ¢t and x.
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Proposition 1. Let u and ¢ be positive numbers, and s(-) be the maximal solution
of the next differential equation:

$(@O)=g(, s@)+e, sO)=pn

Suppose r(0)<u and r (t)<g(t, r(t)) +¢, when |r (t)| = p, then the following inequality
holds |r(t) Smaxly, s(t)] for every tel.

Proof. Since the set {tel :|r(t)]>u} is an open subset of I, it is a countable
union of open pairwise disjoint subintervals of I. Obviously |r(¢)] <s(¢) on every
such interval. B

Theorem 1. Under the assumptions HIQH4, the differential inclusion (1) has a
nonempty and C(I, X) closed set of weak solutions.

Proof. Let {g}2; be a sequence of positive numbers, such that
8,=2(¢,+&,+1), where the series of the maximal solutions ; s, (t) of (3) with 6,
instead of ¢ converges uniformly. Such sequence exists than’ic-sltb lemma 3 of [10]. A
Consider also the sequence {y;}, of positive numbers, with ; u;< + oo. Since

. i=1

g(* , *) is continuous and 4 ={(t,s)| tel,s=|x| < M} is a compact subset of RZ, one
has that g (¢, ) is uniformly continuous on A. From the appendix in [6] we know,
that J : I x (MS) — X* is uniformly continuous also, where MS :={xe X ||x|< M}.
We set x, (t)=x,+t.f,, where f,e F(0, x,), i.e. X, (t)=f,. We choose 1,, so that

F(t, xo)+f31$ S F(0, x,) for all te[0, 7,) and moreover the following two
conditio_ns hold
Vx)—J(x+y)Sp, .6 /(3M) for [x|SM, YISt N
g, IxoD—g(, Ix@ODI=u,.e /3 for i€[0, t,).
Since x is Lipschitz function, one has that x,(z,) := lim x(t) exists. Similarly

[ 2nd
there exists t,>t,, such that setting x,()=x(7,)+(t—7,).f; for some
f,€F(t,,x,(r,)), one has that the following conditions hold

) FG x,(zl))+a—3‘s > F(z,, x,(z,) for all te[r,, t;)

i)  JE)—Jx+y|sp, - /[3M) for [X|SM, |ylS(r,—1 )N
i) g(ty, %@ )) —g (e e, @ODISpy -8, /3.

Let [0, T) be the maximal interval of the existence of x, (+). It is easy to prove
that x, is Lipschitz, hence there exists x, (T) := lim x(t). Moreover, there exists
=T
> T, s.t. if x,(®)=x(T)+(—T).f, fe F(T, x,(T)) then i)-iii) hold for t€[0, 7).
Thus. T=1. Wc claim that there exists a Lipschitz function x,(-) with the
following properties



18 Tzanko Donchev, Radostin Ivanov

1) |x, () —x, (O] <max {u,, r, (1)}, where
FLO)=g(t, () +2,+E,), r,0)=p.
D) x,(O)=x(})+(—1?).f2, where f2eF(z?, x,(z?))
3) W) —Jx+ ISy, /GM) for X|SM, WSt —17).N
9 F@ x,@)+ 2SS F, x,(}) for all tels?, i)

5  lg@E, Ix, (@ —g (@ Ix,()=p,.¢,/3.
Suppose that x, () exists on an interval [0, 7], with t<1 (r=0 is possible).
Consider two cases:
1) t€A, (the corresponding to x, subdivision of I). If |x, (t)—x, ()| 2 u4, , then
we choose fe F(z, x,(t)), such that
Ulxy () —x, (@), X, (7)—H=e(J[x, ®—x,(0)), F(r, x,(7))
-0 (J[xl (f)_xz (t)]r F (T’ Xy (t)))'

Also take 7/, such that the conditions i)-iii) hold with e, replaced by e, , u, replaced
by u, and 7, by 7.
1) T€(7;, Ti+,) for some subinterval of I, 7;, 7,4, €A, . If |x, (1) — x, (1) = u, we
choose f, such that
Ulxy (7)) —x, (@), %, (r))=H=o([x, (t)—x, (1)), F(z, x,(7,))
—a(J[x,(t))—x, (), F(z, x; (@) +Ix, (t,))—x, (). d(%,, F(z, x, (7))

The last choice is possible, because F(-, ¢) is weakly compact valued. If
Ix, (t)—x, ()] <p,, then we choose f arbitrarily. Using HI-H4 we obtain the
existence of t'> t, such that all the conditions 1)- 5) hold for te[z, t'). Moreover, if
[xy ()—x,(®)| 2 ¢, then

Iy —x,), Xy —%,>S|x,—x,1.{g @, Ix;—x,))+2(e, +5,)}-

Using Zorn’s lemma one can show that x, () exists on the whole I. Thus for all
tel with |x, (£)—x,(t)|=p, the next inequality

D_|x,()—x, ()| =g (t, |x,()—x,(O))+2(e, +¢&,)
holds, because from [6] we know, that
d 1 .
alx 0= I;@(-’(x (@), x (©)> for |x(®)|=p,.
Thus |x, (t)—x, (t)| Smax {u,, r, (1)}, where
F 1 =g, r (t»+2(51 +¢&, ) r, (0)=l‘z .

In a similar way one can construct a sequence {x;(-)};2,, such that
[x;41 (©)—x, ()| Smax {y,, r,(t)}, where
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Fi(@)=g(t r;(&)+2e+&+1) 1:(0)=p,
and every Xx; satisfies the conditions 1)-5). The last sequence converges uniformly
to x(+), which is a Lipschitz function with the same constant N. Let ee X* be
arbitrary, from H4 it follows that
lim supa(e, F(t, x,(t))=a(e, F(t, x(1).
| Jnd-

Since |%,()I<N for all tel, one has that the sequence {X,(*)};~, is weakly
L,[1, X] ‘precompact thanks to Distel’s criteria on weak compactness in
L [ X] (see [9]). Using Mazur’s theorem it is not difficult to show, that x(-) is a

weak solution of (1). @

Corollary 1. If X is separable or F (-, +) is demiUSC, then every weak solution
of (1) is a strong one.

Proof. Since X* is uniformly convex, it is well known that X and X* are
reflexive and separable. Let {e, };2, be dense in X*, then for every weak solution
x (+) there exists a nulset n < I, such that {e;, X (t)) <a(e;, F(t, x(?))) for all i, and
all tel\n. That is x() is also a strong solution. Let now F(-, *) be demiUSC.
Suppose x (+) is weak solution but it is not strong one. Then there exists a compact
set A such that u(4)=¢>0 and x (t) ¢ F (t, x) for every t € A. From Lusin theorem
there exists a compact set B < A4 such that x (+) is continuous on B and u(B)> ¢/2.
Since B is compact, one has that there exists a point ¢’ € B such that u(Bn U)>0
for every open interval Ust'. Obviously there exist /e E* and open interval U st

for which — <I x())>a(l, F(t, x(t)))—contradiction. B

Corollary 2. Under the assumptions H1-H4' the differential inclusion (1) admits
a nonempty C(I, X) closed set of strong solutions.

Proof. Let {x,(-)}/>, be as in the proof of Theorem 1. We claim that x(+) is
a strong solution of (1). To see that, we set
k+ny k+ny

n= X 2, %,(0) {4,20, }: A, =1}

i=k
which converges a.e. in I to x (). Using H4' one can prove that
lim sup F(t, x; (t)) c F(t, x(t)

i= o

for all tel. It is evident now, that x(-) is a strong solution. B
Using the same fashion and the idea of the proof of Theorem 1 in [11], we
consider the next problem with state constrains.

(5) x (t)eF(x), x(0)=x,, x(t)eK

where K is closed convex subset of X. Let us denote
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Tx(x) :={veX|lim infd(x+hv, K)/h=0}
Aot
the Bouligand cone of K. Suppose the following conditions hold.
HY. F : X — Cl(X) is demiUSC and maps bounded sets into bounded.
H2'. W(x):=Ty(x)n F(x) is nonempty.
H3. o (J(x— ), W) —0 (J(x—), W) Su(x—yl) Ix—yl, for every x, yeK,
where u(+) is a Kamke function.

Theorem 2. Under the assumptions H1'-H3' the differential inclusion (5) has a
solution.

Proof. We will modify the corresponding proof of Theorem 1 in [11]. Let
{e;}>, and {y;}=, be two sequences of positive numbers such that the series
-]

Z (r;(t) +u;) converges uniformly, where r,(-) are the maximal solutions of
i=1

F()=u(r)+2(c;+8+,), 1;(0)=p,.

We claim that there exists a sequence {x; };2, of Lipschitz functions with constant
L such that

a) d(x,(1), graph W(x;})<¢;.

b) I, () =i 1 (D] Smax {r,(0), 4},

Moreover there exist partitions {tj}j; on I such that if tj and kj are two
successive pomts

) luCe () —ulx (KN =p e

d) W) —Jex+ySpe/GL), for xS L, YS(k—1))L

e) x,()=x,(t})+(—7)x, (), te[, ), x,(z}))eK.

We will prove the claim in two steps.

First step. We prove that there exists x,(-); satisfying a), c), d) and e).
Suppose that x;(-) is defined on [0, t), where 7 is the least upper bound of the
interval of the existence of x;. Obviously x;(r) exists since x;(+) is a Lipschitz
function. Thus the case T=0 is also possible. Choose f,€ W(x; (1)), X €K and T>1t
such that |x,(t)+df—R|<d¢e,u, for every 0<d<T—rz. It is straightforward to
show that setting
x0=x,0+(—9. 222,

T-—
one obtains that all the conditions pointed above hold also on [0, T]. Therefore
=1

Second step. Since K is convex, one has that x,(t)eK for every tel.
Evidently setting x;,, (t) = x,(t) one obtains the existence of 7}, ,. Supposc that .
the least upper bound of the existence of x;,, is [0, t]. Evidently, t€[7}, kj).
Consider two cases:

I) Ix;(tr)—x;+, (7)] <y, . Therefore there exist A>0 and ® € K, such that setting
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xi+1(t)=xi+1(f)+(t—r),L)‘.“(T_)’

one has that all the conditions aj—e) hold also on [0, T+4].
II) |x,(t)—x;+1 (D) =n;. We choose fe W(x;4+4(7)) such that

U, (7)) =H=sal, W@ —al, Wixis, (D))

where J :=J[x;(t})—x;4+, (r)]. There exists 1>0 such that setting y(t)=x;4+,(7)
+(t—1)f, one has that all the conditions a)-e) hold on [0, T + 4] with y(-) instead of
x;+1(*) and &, /2 instead of ¢;. Moreover d(y(t+4), K) <&+ t;+1 /2. Therefore
R—x;44(7)

there exist ® € K, such that setting x;,, (t)=x;,, () +(t—1). p)

, one has

that all the conditions a)-e) hold also on [0, T+ 4].

Consequently in either cases x;, () is extendable on I. The claim is proved.
Under our construction, {x,()};2, is a Cauchy sequence in C(I, X). Therefore
(passing to subsequences if necessary) x,(+)— x(+) uniformly on I. It is routine to
show that x () is in fact a solution of (5). B

4. An existence theorem for the inclusion with delay

Here we shall examine the existence of solutions of the functional differential
inclusion (2). We use the following hypothesis.

Al. F :I1 x X, — Cl(X) is such that F(-, ) is LSC for all y € X, and maps
bounded sets into bounded.

A2. There exists a Kamke function u, such that

c(JY ) - @) F@, ¥)—a(JY 0)—¢(0), F(t, ¢))
Su(t, WO)—e ). ¥ ©0)—¢©O)
Whenever ¢ —y €Q, where Q is
Q:={leX,|IEG)N=IEO), —T=5=<0}.

A3.Ify €Q, then o (J(Y (0)), F(t, y)<v(t, [y (0)) |y ()], where veC(I x R*,R™)
is such that the scalar differential equation

$(@)=v(t, s@®)+5, s(0)=|x,]|

has a maximal solution on the whole I for small 4.
Ad. For every telIF(t, +) is demiUSC.
A4'. For every telF(t, <) is USC.

Lemma 2. Under the assumptions Al, A3 every weak solution x of (2) is a
Lipschitz function.

Proof. Let x(+) be weék solution of (2) defined on [0, T), where 0<T < 1.
Let T>t>s20, then F(t, x,) is bounded, because x () is bounded on [—r, ¢).
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From the definition of the weak solutions of (2) it is possible to show as in the
proof of Lemma 1, that x(-) is locally Lipschitz. Now the following inequality

%lx ®I=v (¢, Ix(2)]) holds (see appendix in [6]). That is |x (t)] <s(t), where s(°) is

the maximal solution of the equation in A3 with §=0. Thus F(-, <) is bounded
with a constant N, which does not depend on x(). The proof is complete. B

As in the previous section one can suppose without loss of generality, that
|[F(t, )ISN for all tel, yeX,.

Theorem 3. Under the assumptions A1-A4 the functional differential inclusion
(2) has a nonempty and C (I, X) closed set of weak solutions, defined on the whole
interval I.

Proof. Let {¢}2, be a sequence of positive numbers, such that
6,=2(c,+€,+1), where {6,};2, is a sequence, considered in the proof of

Theorem 1. Consider the sequence from the proof of Theorem1 — {v,}2,. As in
Theorem 1, u and J are uniformly continuous. We will prove the existence of a
polygonal function x* (i.e. x! is Lipschitz with constant derivative on I_:=[z, u),

I= () I,), which satisfies the following conditions.
q=1
a) F(t, x,“)+al /3.8S> F(z,, 1.',1‘), telt, tis1)
) W)—Jx+))ISv,.¢,/(3M) for [xISM, |YS(c,—7,)N.
o lg@ Ix*@ON—g(z, Ix' @)=, .8 /3.
d) x'()=x'(r,)+(t—1;).f;, where fieF(z;, x;).

Let us set x! (t)=®, (0)+¢.f,, where f,€(0, x, ). From Lemma 1 and H3, H4
we know that there exists t,>0, such that a)-d) hold, when 7, and t,,, are
replaced by 0 and 7, respectively. We know that x(z,) exists thanks to Lemma 2.
Let us take f,eF(r,, x,‘l) and set x!(f)=x"(r,)+(t—71,).f;- Now there exists
7, >7,, such that a)-d) hold on [z,, 7,). We continue in the similar way. As in the
proof of Theorem 1 one can show, that x! is extendable on the whole I. We claim,
that there exists a Lipschitz function x2, which satisfy a)-d), when ¢, is replaced by
e, and 1, by p,. Moreover |x!(f)—x2(t)) Smax {v,, r, ()}, where

‘ F (=g, r (1)+2e, +e,), r, (0)=0-

To see that we construct x2(+) as follows:
) x;, xi¢Q we choose f}eF(], xﬁl) and p;4, > py, such that |f7—(x!y(y,))l
=d[(x')(y), F(y, xfj)] and x;, x?¢Q, tely;, #y+1)
M x,, xi eQ If |x, (4;)—x, (1) Zv, we consider two possibilities :

1) ueA,, then we let fjeF(<], xﬁl) and p;,(>p;, such that

I () =x> ) ('Y ) =f> <o (Ulx! () —x* (), Fy,, x,‘,j))
—o(JIx" (4))—x*W;)), F(u;, x,fj)).
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Also take u;.,, such that the conditions a)-d) hold.
2) pe(ty, Ti4,) for some subinterval of I, 7,, 7,4, €4, we choose f7, such
that

lxb @) =32 () (e (@)Y =7 > Sa(Ulx* (o) —x* ()], F s xq,))

—o(Ulx* (r)—x' () Fluy xp))+Ix! (7)— %> ()l . d (2, F(af, x2)).

The last choice is possible, because F(-, +) is weakly compact valued. If
Ix, (4;)—x, (u;)l <v, we choose an arbitrary f7eF (u;, xﬁl). Using A1-Ad4 we
obtain the existence of u;,,>pu;, such that all the conditions a)-d) hold for
telu;, #y+1)- Asin lemma?2 one can show, that x? is extendable on the whole 1.
Moreover for all tel with |x'()—x?()|=2v, and x!, x?eQ the next
condition D_|x*(t)—x%()|<g(t, Ix'()—x2(t))+2(e, +¢&,) holds. Thus |x*(¢)
—x?(t)) Smax {v,, r,(t)}, where

FLO=g( r, () +2e, +&,), 1, (0)=0,.

In a similar way one can construct a sequence {x;(*)};2;, such that
[x*1(6)— x!(t)] Smax {y,, r;(t)}, where

r",(t)=_g(t, r,(t))+2(e,+a.~+,), ’{(0)=”‘
and every x' satisfies the conditions a)-d) and moreover for all tel with
Ix'(®)—x'*'()|]=2v, and x!, xi*'eQ the next condition D_ |x!()—x'*!(t)

<g(, X' ()—x"*1(0)))+2(c;+&+,) holds. The last sequence converges uniformly
to x(+), which is a Lipschitz function with the same constant N. Let ee X* be
arbitrary, from H4 it follows that

lim supa(e, F(t, x;))<o(e, F(t, x,))
Since |(x")(t))SN, one has that the sequence {x'(-)};%; is weakly L,[I,X]
precompact. Using Mazur’s theorem it is not difficult to show, that x(-) is a weak
solution of (1). ®

Corollary 3. If X is separable or F (¢, *) is demiUSC then every weak solution
is a strong solution also.

Corollary 4. If F satisfies A1-A3 and Ad4', then the functional differential
inclusion (2) has a nonempty and C(I, X) closed set of strong solutions.

Proof. Let {x;}2, be the same as in the previous proof. From Mazur’s
theorem there exists a sequence ;
k+n k+n

k k
@)= T 4, .(xy@ {20, T 1, =1}
i=k i i=k i
converges a.e. in I to x’(+). That is for a.e. te I and every £> 0 there exists n(g) s. t.
F(, x,)+e.SoF(t, xj) for n=n(e). Thus
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F(t, x,)+e.S>co U F(x), ie y,(0)eF(t, x,)+e.S

n=n(e)

for n=n(e). Since >0 is arbitrary and y,(¢) tends to x’(t) strongly in X for a.e.
tel thus x'(Y)eF(t, x,), x,=P,. The proof is complete. B
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