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A Problem on Approximation by Euler Means
T.F. Xie*,S. P. Zhou**

Presented by P. Kenderov

By careful calculation, this paper presents the asymptotic rate of approximation by Euler means
for periodic functions with r continuous derivatives in Weyl sense. It gives, in particular, a positive
answer to a problem raised by T. F. Xie.

§ 1. Introduction

Let C,, be the class of continuous functions of period 2=. For fe C,_, define
the n-th Euler mean of f(x) to be

e.(f. )=2"" % (:)S,‘(ﬁ x),

k=0

n\ _ n! :
7 (k)_k!(n—k) r

S,(f. x)is the n-th partial sum of Fourier series of f(x). Furthermore, for a given
modulus of continuity w(z),

He={feC, :o(f. )Sw(), 0st=<n},
W'H®={feC,,: e H"},

where r is a nonnegative number, f” an r-th derivative in Weyl sense and w (f, t)
the modulus of continuity of f(x).

On the approximation by Euler means, there are some new and deep results
recently (cf. [1]—[3]). T. F. Xie [6] proved the following results:

L et r be a nonnegative integer. If f(x) € C,, has r continuous derivatives, then

r [ /M — x/2 2 2
@) o D=10= 2 £ ST (oer 2+ D022

2
T k=

where

2t 2t .
+fO (x—2t;,— ;) —fO(x—24+ —n-)) sin tdt

+0(n”" (S, n7Y),
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where

knr rm krn r’n

=T G=— o P =4[

n 2n
[x] is the greatest integer not exceeding x,

20, logn *2
12 swp e, N—f0)le,, = 5 J o (—)sm tdt

fe WTH® n
+0(n""w(n™Y),

where 0,€[1/2, 1].

Concernmg the derivatives in Weyl sense, T. F. Xie in [6] asked:

Are there corresponding results similar to (1.1) and (1.2) for the derivatives in
Weyl sense?

The present paper will prove this problem.

§2. Main Results

Theorem 1. Let r=0. If f(x)€ C,, has r continuous derivatives in Weyl sense,
then it holds uniformly on x that

r [ /M 1
(2.1) ¢,(f. x)—f(x)=n'21:2 ‘{1( fr

I (O (x+26+ —)—!‘"( +2t.——)

k=1
+f* (x—2t§-—;)— "(x—2t,’,+;)) sin tdt

+0(n~"0(f", n~Y),
where

krn rm , k=n r’n r
W g e TG

Proof. Without loss suppose x=0and n g 1. From [4] or [5),if f(x) € C,, has r
continuous derivatives in Weyl sense,
sin(2k+1)t/2+rn/2)

2sin(2/2) gt

S, (f. x)—f(x)=

T J oo

+0(k+1) "0 (S, k+l»’

where A,=[—n, —n/k]u[n/k, n), k=1, so it is not difficult to deduce that for
0<k=n,
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sin(2k+1)t/24rrn/2)

aichAL (k+1)' W‘"‘”‘) =76 250G/
+O((k+l)"'log o (1, kil»
(k+1)’ J UG- sm(ak;snl:(tzl/zz;rmlz) :
0((kr;)3+1 )
therefore

&, (f 0)—f(0)=2"" £ ()(S,,(f 0)—f(0))

k=0
—n —n n. n+l1
=2 E ( ) (k+ l)r + (2 kEO (k) (k+ l)r+1 (f‘ k+1))

where
sin((2k+1) t/2+rn/2)
2sin(t /2)

By Stirling formula, through a simple calculation for natural numbers n and
k=0, 1,.., n,

dt.

a4,=L (P 0-roo)
T An

[

F(n+r+1)

@2) () e+ 1) = (+1y T(k+r+1) (=) !

+0((Z)(k+ 1)=r74);
and from
1+ =2e2 cos %
we get
® (n+N(m+r—1)---(n+r—k+1)

sin(t/2+rn/2)+ X
k=1 k!

sin((k+1) t/24r1/2)

t
23 A =2"+'cos"*'§sin (n+r+1)t/2+rn/2).

By using an obvious estimate

U0, | 20D 4= 0 (4, 5™

A, | l z/n
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we have
24) A,=0(nw (S, n71)).
Therefore,
" C(n+r+1) 2 (n+r)(n+r—=1)---(n+r—k+1)
2.5) 27 E »
2-3) o I'(n— k+r+l)k' =2 .El k! A

+0(w (S, n~Y).
From (2.2)-(2.5) it follows that

e, M T+r+1)
&(f. 0-/O)=2""n for(n k+r+1)k'

—n n+1

® (n+r)(n+r—1)-- (n+r—rk+1)A

=2""n""(sin(t /2+rn/2)+ k'_Zl i ¥

@ (/2 —N+0 @, n7h)

—n n+1
+0@™ = () iy @

= z w gntr
n'ma, 2sin(t/2) = +25"1(("+r-|-l)t/2+r1t/2)dz

. n+l1 s 1 I
N +0(2 “Z‘:o( )_——(k+1)’+‘ o (f°, k+1)+0(a)(f” n~ ).

By the property of the modulus of continuity and an evident estimate

k+l

2°" 2 ( )(k+1) 3K ([s]+ 1) ! (n4+1)77,
k=0

it yields that

pn 2 () n+1

W o (S, E:%_‘T)éz'“([f]+3)!(n+1)"' o(fO, n°Y),
k=0 |

so that

2r r) (] .
2.6) &,(f, 0)—f(0)= n!% '*'%sin((n+r+l)t/2+r1t/2)dt

+0(@ (S, nY).

Now we give an estimate to

OO0 et
I= ,{_W cos 2sm((n+r+l)t/2+r1c/2)dt.

k
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Let ¥ =4(r/4—[r/4]). Since
sin((n+r+1)t/24rn/2) sin(nt/2+r'n/2)
2sin(t/2) - t
_ . nt+rm cos((r+1) t/_2_1 nt+rn sin((r+1)t/2)
=i Fana/z Pt 3 2sin(c/2)

together with the monotonicity of the function cos"*"(¢/2) on [0, 7] and the
differentiability of functions

cos((r+l)t/2)_l sin((r+1)t/2)
2sin(t/2) ¢ "¢ T 2sin(/2)

on [0, 7], it follows by the integration mean value theorem and usual calculations
that

= wcos”’ sm((n+r+l) t/2+4r'n/2)dt

o 2sin(t/2) 2
_ i fwwsﬂ' Zsin(nt /2+7/2)dt+0 (@ (f*, n~Y)
x/n 5
/2 r) — {1 :
= j‘ wws”'tsin(nt+r’7z/2)dt+0(w(f(')' n~1)
_x/(2m) ;

2 fOQu—rn/n)—-f0) . rm . " n-
=x/!2n)f( (uu—:n/n(Zn) gos (u_rz—::)smnudu+0(w(ﬁ L n ‘))
s (1) ""f"’ " Qu+2t)— 1(0) cos™*" (u+t,) sin nudu -

k=1 ==/(2n) u+t,

+0(@ (S"n7Y),

where t, = n_pe
T 2n
By noticing that on [ n]
noticin - =
y g 2 2n

n n
[cos™*" (u+t,)—cos"*" 1, |Scos"*" (t,‘—z;)—cos"“(t,ﬁi;),

fOQu+2t)- ()
utt,

=0 (nw (f©, n7Y),
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and
. *2  sinu
0<I,:=—cos"*" ¢, j —du < 10nk~2
—x2 u/n+t,

as well as I, decreases as k increases, we have
1 Qu+2t,)—
[OQut2t)— 170 | sin nu | du

n—1)/2) =/(2m)
z [ lcos™*"(u+t,)—cos"*" ¢,
k=1 —=x/(2m) ' u+t,

_0@U®, i),
S0 — fO0) du=0 (@ (f7, 1Y),

-1/2) (_1
z g—zcos”'t,j'

o n —2 u/n+t,
then
r—1)/2) 2w 0 (24 +2t.)— (0
I= X (—1Fcos**'t, [PQur2)— S ()sinnudu+0(w(j‘”, n~1))
k=1 =/ (2m) u+t,

/2 f(r)(2u/n+2t,) £(0) sin udu+0 (@ (f®, n-1)

n—1)/2) (_
= I (——l—)kcos"*'t f
k=1 —x/2 u/n+t,
(n—1)/2) (__ x/2 () v),
= 3 (____l)k s"tre, Ij‘(2u/n+2t,) f((z")smudu+0(w(f‘" n~ 1)
u/n+t,

k=1 -x/2

By direct calculation,
n—1)/2) ntr . m cos"*' e, —1
g Mooty oo h—L G g

h-[\/i] k k=1 k
together with that

1
— 2 _omk2
u/n+t, kn O (k™).

we have thus obtained that

2.7 [{’ (" l)k

k=1

-x/2

+0 (@ (f*, n™")

Similarly,
—x/n £(r —f(n
(2.8) J= j/ %/?gmcos"*’%sin((n+r)t/2+r1t/2)dt
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( ko2
= T (920 n=26) (= 26 sin

k=1 -x/2

+0 (@ (S, n7Y),

r

k
where t;,=—n+r2—n. Combining (2.6)—(2.8), we have

CELT men+2-men-2

&l 0-f0)=—73 ké’

k=1
+ﬁ"(—2tl—g;t)—j‘”(—2t',‘+;))sin tdt+0 (n""w(f©, n7Y)),

thus (2.1) is completed. W

Theorem 2. For a given real number r =0 and a modulus of continuity w(t) we
have

_26,logn > A4t - -
sup e, (fi X)—fX ¢, =—=5— | o()sintdt+0 ™" 0 (™),
fe WH® * nm? n
where 0,€[1/2, 1), and 0,=1 if w(t) is a concave function.
Proof. The argument for the estimate

276, logn *2

sup |l&, () x)—f(x) "Cz: = j' (—) sintdt+0 (n~" w(n™1))

fe WHO n

is quite straightforward by applying Thicorem 1. On the other hand, in a similar
way to the construction of [2], for a concave modulus of continuity w(t), we can
find a B(x) e H® such that

FELT e+ 2)-plan—3)

+ﬁ(_2¢;—-;)—ﬂ(—2t;+;))sin tdt

x/2
=logn j' w(—)sm tdt+0 w(n™1)),

the rest of the discussion is usual, we omit the details. ®
For approximation to conjugate functions, we have

Theorem 3. Let r>0, fe W H®, then

£, N—f(x)= g(e..(f‘"- x—r'n/n)— fO(x—r'n/n)+0 (7" w(n”?)),
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where f(x) is the conjugate function of f(x), r"=4((r+ 1)/4—[(r + 1)/4]).
Theorem 4. Let r>0, then

~ 20,1 x2- 4
sup 118,(f, 9= fWllc,, =—2 2" | o(Z)sintdt+0 (1w (n).

S e WH® o

where 0, €[1/2, 1], and 6,=1 if w(t) is a concave function.
There is a corresponding result for r=0 in [6].
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