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The present paper deals with the calculus of T, r.qx-OPCrator. The operator, which is a g-extension

of the operators given earlier by W.A. Al-Salam[2]and H. B.Mittal[10], has been used in another
author’s communication to obtain operational representations for various g-polynomials which are
very useful in finding the generating functions and the recurrence relations of the g-polynomials.

§ 1. Introduction

In 1964, W. A. Al-Salam [2] defined and studied the properties and
applications of the operator

d
1.1 0=x(1+xD), D=—-
(L.1) x(1+xD), D=+~
He used this operator very elegantly to derive and generalize some known
formulae involving some of the classical orthogonal polynomials. He also gave a
number of new results and obtained operational representations of the Laguerre,
Jacobi, Legendre and other polynomials. Further he showed how apparently

different generating functions can be obtained one from another.
In1971,H.B.Mittal[10] generalized the operator 6 by means of the relation

(1.2) T, =x(k+ xD),

where k is a constant. He used this operator to obtain results for generalized
Laguerre, Jacobi and other polynomials.

The present paper deals with a calculus for a g-extension of operator (1.2). We
have already shown several applications of this new operator for finding
operational representations for various g-polynomials. The results obtained here
are g-analogues of those proposed earlier by W.A.Al-Salam[2], H.B.Mittal
[10]and E.D.Rainville[11]). Besides, a good number of results obtained in this
paper are believed to be new.
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§ 2. Definition and notations

For most of the definitions one is referred to the papers of R. P. Agarwal
andA.Verma([l], W.Hahn[4], M.A.Khan[5-9] and to the books of H.Exton
[3Jand L.J.Slater[12]. However, for convenience, we reproduce here some of the
definitions and notations used in this paper.

For |g| <1, let

2.1 [a]=(1-¢9/(1—gq),

22 (@,=@90=0)n,=01—g9(1—g**") ... A—g**"");
(@) o=1

(2.3)

(@“")a=(a)ne= 11 (g")),
j=1

2 @)ng?
24 D la); (b)) 2l= T ——""GDne>
) ’) n=0 (q)ll.q (q(bs ‘

where g is the:so.called base of the ,®,-function. The @ function reduces to
ordinary hypergeometric function ,F, as g—1.

e [ 1=0/x)"
@9) (=p=x T [————1_@ /x)q,+,],
(2.6) e (x)= ﬁ (1—xq" 1= ; x’,

n=0 r=0 (q)r
2.7 E()=(1—x) = T (g%,

r=0 (q)r
N )

(2.8) D, .f(x)=D f(x)= I—ax lq|#1.

Also, let f(x)= Z a, x" be a power series in x. Then (see W. Hahn [4])

r=0

29) Slx=yD= T a,(x—),

r=0

and

(2.10) f( ! )=§ 3
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p(n) :q(b); x
(2.11) 4+8%Pc+p
P :q9; p*, ¢*

= ot Mxnpu(u 112 gunin+1)/2
n=0 (p(C)) n,p (q(d)) nq

where 4, u>0, |p|<1,|q|<1 and for A=0=y, |x|<]1.
We define the operator T, , . as follows:

(2.12) Ty.qx=X(1—q) {[k]+4*x D, .},

where k is a constant, |g|<1, [K] is a g-number and D, is a g-derivative with
respect to x given by (2.1) and (2.8) respectively.

Letting g— 1, (2.12) reduces to (1.2) which, on further putting k=1, becomes
(1.1). It can easily be shown that

(2 1 3) :.q.lx =4 T:.q.x,
where we define T, ., n— a nonnegative integer, as
(2.14) T:,q.x == Tk.q.x (T:.;.i)

and A is not depending on x.
For convenience, we shall use the notations T, and D, for T, ., and D, .
respectively, unless otherwise stated.

§ 3. Properties of the T, , .-operator

One can easily verify that
(31) T:,q {xa+l}=(qk+a+l)"xa+l+n

where 1 is an integer and « is arbitrary.
Further, the following properties can be obtained:

(3.2) Ti, ,2PM@,); (b); x1=x"(q"),,+19%2,[(@,), n+k; (b)), k; x]

and

(33) e(Tig) ,2?l(a,), (b)) x]= P [(a,), (b); x/11—xq"]).

(1-x),"
It can be proved by induction that.

n—1
(34 re=x"(1—q" I (k+jl+4**/x D)
j=0
n—1
=x"(1—qf T x '(1—=q)"* Ty g
Jj=0 :
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Let F(x) be a function having a Taylor series expansion, then we have the
following formal shift rule:

(35) F(Tk.q) {xaf(x)} =x* F(Tk+¢.q)f(¥)'

Also, for functions u and v of x, we have

(3.6) T {xPulx)(x)} = x* [u(x) To g v(x)+4* gx) T qu(x))

Hence, the g-analogue of the Leibnitz rule for the operator T, , is as follows,

ON T ) = T () ¢TI 0 Tk
q

r=0

which can be proved by induction and using (2.2) and (3.6).
As special cases of (3.7), we have

(3.8) ra {xFulx) v(x)} =x* ‘:‘.

r=0

(") g T35 oAg" x) T q u(x)
r q
and

G Ti ) uo)= 2 (7) ¢TI B Tt

r=0

Formula (3.7) implies
(3.10) eyt Ty.q) {x"u(x) ()}

. . pltr.
® tqur — (o

> T, @ Ha g 4

=X = (p),,,, ﬂ.qu(x)o-u Hl[p“': % x (q"x),

where the o,,®,,,-function on the right of (3.10) represents a ‘bi-basic’

hypergeometric function in the numerator and the denominator of which the

terms befcre the colon are on the base p and those after it are on the base g.
Setting p=gq in (3.10), we have

(3.11) e (t Ty o) {xP u(x) v(x)} =x* ; g

(q) ;,q u(x)eq (t Tk.q) v(q'X).
r=0 r

1
Similarly, setting p=— and replacing ¢ by t/q in (3.10), we obtain
q

(3.12) E(t T, o) {x*u(x) x)}
© (—tf qUAe-DYE
=x" 'fo @, T quxEq(@” 1Tr.qary

For f=k, (3.11-12) reduce to
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(B13) et T (u o} =x T L T7 uwle (¢ Ty Juia')

r=0 (q)r
and
(3.14) E(t Ty.p) {x* u(x)p(x)}
© (_gy q(l/2)r(r—l)+kr
=x* X @ kqU(X)E (3"t T} Ju(q"x)
r=0 r
respectively.
By means of formula (3.1), we have
(3.15) et Ty.g) {x*+2}=x*2 ;‘: Mx"t".
n=0 (p)l.p

Setting p=gq in (3.15), we get
x¢+2.

(3.16) et Tud {x**} =(l —xt),

1 . . .
and setting p=-q- and replacing t by t/q in (3.15), we obtain

k+a+d __
(317) Et T, {x***} =x**,0, [q_ S Z].
Hence, we obtain the general identity
X t
(3.18) . et Tho) {x f(x)}_(l—xt)H,f([l—xtq“'])'

87

It can be verified by means of (3.1) and Heine's theorem for the summation of

1 @o-function that

© on (1/2)n(n+1)
@l T4
n=0 (q)u

Formula (3.1) also gives the operational identity

(3.20) oW (@); tT, xT, O (@), y+k; xt

which yields

:.q {x’-"-f(x)} =xﬂ(1 ‘*‘t‘I)h+p+ oS ([x+xt qﬁ“‘])-
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(3.21) : W [:;3 ;T"':I {x7e(—x)}
o ; (—x) o0 (e,), k+y+n; xt
n=0 (q)u T [(B;) s A
and
(3.22) 2 [g; ;T""] {x"E (9}
o (_x)"q(”zm_l:“dﬁ"’[(a'), k+y+n; xtq
=0 (9), ®8) ;4

In particular, putting («,)=0=(8,) and A=0 and replacing y by a in (3.21-22),
we get

x* —-X

B23) et T Kel= =g e T
a — x. - x
620 et L) KB} = g El s

Similarly, putting (a,)=0, s=1, §, =k +a, A=0in (3.21) and using the value of
1 ®@,-function, we get

(3.25) o®P[—, k+a; T J{x*e(—x)}
at+k—2

————, —=Xx2tq
=x‘eq(—x)eq'(xt)od>ll: e N ]

1-k,(1/2(1—a—k)

=X t e,,(—X) e,,(xt)(q) atk—1 ¢J¢+k—1(2x\/t-),
1
If — is the inverse of the operator T, ,, then
k.q
1 _ (-1 q(1/2)n(n+l)+n(p—k)_’_n
- B —
(3.26) TL {x~*#} .
and
1 log
(3.27) —{(1—¢*"") log x—g*~ " log q} = 5x_

Ty,

Again, we have
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l)n q(l/Z)u(n+ 1)+n(y—k)(pﬂ+j)".p.yﬂ+n

(3.28) (’”)"{ =}=

qux (q1+7—k)"‘qu+n
which on setting p=g, yields

y N (l/2)n(n+l)+n(7—k)( A+ . +n
(329) (T:¢ )" {yﬂ} ( ) q (q1+7—k) x1+nq j) yﬂ

1 .
and on setting p=5, gives

Tj l/qy) {yﬂ} —qn(l +7—ﬂ—k—j(qﬁ+])n.yﬂ+n.

3.30 -
( ) Thqx (ql+y k)nx1+n
Using (3.29), we obtain
q(a), T
(3.31) A0 [q(,,, gt 22 ’]{ -}
Y e 4 —wd
_x1A+l B+1 q(b)’ ql+y_k; q
Similarly, from (3.30), we get '
(a) . T
(3.32) s [qm’ tqitk f-”“] {y” Yy
q > Tk.q.x
_y’ q(")’ q""j; yt ql+7—p/ .
_x—’ A+1 B+l[q(b)’ qx+7_l; j

In particular, we have

(3.33) {1/(1—q* T“'),} {y’

kqx

T 1/q.
334 (-gt+11 om0y

==,0,[¢, ¢**, ¢"*7% —ytq'*77F/x],

Y o q, ¢ —ty g/
} x72 1 ql+y-—k;

89
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(3.35) {1/(1—¢"*e %:—’f)m—t} {i—:}

=§{(1 +ytq*7/x)} " (1 +yt gt tox) .

We have also

(36)  E(—t/To) {x "} =(@)p-s /)" *F Jp-s2/V/K).

§4. Concluding remarks

The operator T,,. is a kind of generalized g-derivative. It has been
successfully used to derive generating functions and recurrence relations for some
g-polynomials sets. One can use it for deriving generating functions etc. for other
g-polynomials also. Its inverse T ... may be treated as a generalized g-fractional
integral operator and a calculus for it can be worked out which in turn may be
useful in the study of orthogonal g-polynomials sets.
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